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BBenenune

AKTyaJIbHOCTH TE€MBI.

B jnannoii pabore paccMaTpuBaeTcs 3ajiada MOCTPOCHUS MYJIbTUMOJIEIEH st
perenust 3a1a9 JBYXKIaccoBoil Kinaccudukanuu [9,23,24, 50,79-82]. 3amaua nByx-
KJIACCOBOI KJIaCCU(DUKAIIUU BJIsieTCs 0a30BOI B MAIIMHHOM OOYUEHHH, & 3aJiadu
MHOT'OKJIACCOBOW KJIaCCUDUKAIMKU MOTYT ObITh 3(DMEKTUBHO CBEJICHBI K PEIICHUIO
OJIHO¥ WJTM HECKOJBKUX 38187 JIBYXKJIACCOBOI Kiaccudukarmu [96-99,110]. Bamaua
JIBYXKJIACCOBOM KJIACCU(DPUKAIIMN BO3HUKAET BO MHOI'MX MPAKTHIECKUX 3aj@adax W3
pas3HbIX obJiacTeit. Tak 3agauaMu IBYXKJIACCOBOM KaacCu(pUKAIINK SIBJISETCS 3a,a1a,
onpejiesieHnsl Hajnanst 3a00/1eBaHKsl Y TalMeHTa 110 Habopy ero anaiuson [93,94],
3aJlaua AHAJIN3a TEKCTOB JIJIsl TTOJIY YeHUsT HACTPOeHUsT coobienwit [95] u 3a1a1a Kpe-
muTHOTO cKopuHTa 33,34, 84]. Tak 3amaua kpeaurHoro ckopunra |25, 33] cocrout B
orpejieJIeHUU TOTO, Oy/IeT JIM JIOMYIIeH 3aeMIIMKOM HeIlJIaTeXK 10 KPEJUTY 10 OTBe-
TaM 3aeMIINKa Ha KPEJIUTHYIO aHKETY, BKIIOUAIOINY0 HHMOPMAIIAIO O ero JI0X01axX,
ceMeifHOM OJIoXKeHUH, cobCTBeHHOCTH, obpasoBanun u T.J1. [25,33,43]. Bajaua cra-
HOBHUTCsI BCe DoJjiee aKTyaJbHOI BMECTe C PacIpOCTPaHEHHEM U ITUPOKUM HCIIOJIb-
30BaHMEM Pa3HOTO POJia KPEJIUTOB, OCOOEHHO MOTPEONTEIhCKNUX. TaK KaK UCIOJIb30-
BaHWE YKCIIEPTOB IPU IpPUEMe PEIIeHuT O BblJade KPeIUTOB 3aTPATHO W HE BCETA
BOBMOYKHO, KaK, HAIPUMeEp, B CJIydae ¢ paBHONPaBHLIM KpejuTosanuem [103], pere-
HUE O BbIJIade KPeJINTa U CTaBKe MPUHUMAETCS ¢ TTOMOIIBIO HEKOTOPOM CKOPUHTOBOM
cucrembt [33]. [Tog cCKOPHUHTOBO# CHCTEMOl TTOPA3YMEBACTCST ABTOMATH3UPOBAHHAS
CUCTEMa, KOTOpas TO MPEJOCTABICHHBIM 3aeMIIUKOM JaHHBIM OIEHUBAET BEPOSIT-
HOCTH Jiecbosrta o kpeauty [8,33]. OrMeTnm, 4To JOTHCTHIECKAsST PETPECCHST, T03-
BOJISIIOIIAS TIOJIYUUTh WHTEPIPETUPYEMYIO MOJIC/h, COJEPIXKAILYI0 MHMOPMAINIO O
BayKHOCTH KaXKJIOTO M3 MPU3HAKOB, IMIUPOKO UCIOJIb3YETCA KaK METOJ JIBYXKJIACCO-
BOIt KJaccudukanuu Bo Muorux obsiactsix [8,34,84,93,94], a B 0bs1acTH KPEJUTHOO
CKODUMHIa SIBJISIETCsT cTangapToM [8,33,84].

OHAKO OAMHOYHAS JIOTHCTHUIECKAST MOJIEh, KaK 1 J100ast 0000IeHHO-THHeHa st
MOJIEJIb, He II03BOJISIET ONUCATH HEOTHOPOIHOCTH B JJAHHBIX, TOCKOJIBKY BECa MPU3HA-
KOB OJINHAKOBHI JIJIsT BCEX 00'bEKTOB B BLIOOPKE, & 00y4YeHUE COCTOUT B ONPEJICICHUH
stux BecoB |21, 33, 34]. Hampumep, manuble MOTYT MMETh KJIACTEPHYIO CTPYKTYDY
U Ba>XHOCTH TPU3HAKOB, a, 3HAYUT, U WX ONTUMAJbLHBI BEC, MOT'YT 3aBUCETH OT
KJjacTepa JaHHbIX. [y pemenus mpoOieMbl HEOJIHOPOJHOCTH JTaHHBIX CYINECTBY-
€T HECKOJIBKO TI0JIX0JI0B, TTO3BOJISIONINX CTPOUTH KOMITO3UIMN KJaccudukaTopos. B
IIEPBOM ITOJXOJE KarKJIblii O0BEKT KECTKO OTHOCUTCS K OJHON M3 Mojeseil, mpu-
yeMm pazbueHue Mpu3HaKoOBOTO IMPOCTPAHCTRBA Ha, 00JIaCTH JIEHCTBUST MOJIE/Ie MOXKeT
IIPOM3BOJIUTHCST [TyTeM Kjacrepusaluu [25-27| uin pazbuenust Ha IPYIIIBI 10 3HAYE-
HUSIM [pU3HAKA WM TPYIIILI TPU3HAKOB. [Ipu 5TOM paszbuenne Ha I'pyHIbI IO 3HA-
YEeHUsAM TTPU3HAKa MOYKHO PeaJM30BaTh MyTeM MEePEeKOTUPOBKU COOTBETCTBYIOIIETO
Mpu3Haka B paMkax oauHouHON Mojenn [69]. Tloaxon ¢ kecrkuM pazbuerneM 00b-
eKTOB 10 KJlacTepaM TPUBOJUT K MOCTPOEHUIO MHOTrOYypPOBHEBbIX Mojesedi [50, 79],
B KOTOPBIX IPU3HAKOBOE IIPOCTPAHCTBO PA3dUTO Ha HeIepeceKaroluecs MoIMHOMXKe-



CTBA U B KaXXJOM M3 HUX JIeHCTBYeT ONMHOUYHAS MOJEb. Takoii IOJXOJ sIBJISET-
Cs1 CTAHJIAPTHBIM B KPEJUTHOM CKOpUHTE [25-28], 110CKOIBKY MO3BOJISET COXPAHUTD
MHTEPIIPETUPYEMOCTDb TTOCTPOEHHON MYJIBTHUMOJIENN, eCJIu pa3dueHne npu3HaKoBOTO
IIPOCTPAHCTBA, Ha, YaCTH OCMBICJIEHHO U MOJIEJIN, BXOJMAIINE B MHOTOYPOBHEBYIO MO-
JIeJIb, Pa3JIMIUMBbI, ¥ OJHOBPEMEHHO yUeCTh HEOJHOPOJHOCTH B JAaHHBIX. BTOpbIM
MIOJIXOJIOM SIBJISIETCsT MSITKasT KJIACTEPU3aIlysi, B KOTOPOI JIjIsi KarXK10I0 00heKTa, eCTh
BEPOSITHOCTH OTHECEHNUST K KaxKJI0i 13 MoJieseil, 3apucsimast |9 uiu we 3aBucAIasi or
obwexTa [6,11,23,24,30,31,80,81]. Tak 6arrunr (anri. bootstrap aggregation) [6,11]
COCTOUT B IMOCTPOEHWH KOMIIO3UIIMK MPOCTOrO T'OJIOCOBAHUS OJMHOUYHBIX MOJIEJE,
B Oycrunre [30,31] cTpouTest KOMIO3HUIUS TMYyTEM MOCTEIOBATEIHLHOTO TOOABICHUST
KJIacCU(PUKATOPOB, B CMECU MOJeJseil JIisi KaXKJJoro 00beKTa ecTh HeKOTopas (PUK-
CHPOBaHHAs BEPOSTHOCTD MPUHAJJIE)KATH Kaxk10#i u3 mogeseii [80,81,83], a B cmecu
9KCIIEPTOB T BEPOSITHOCTH TaKxKe 3aBUCAT OT 00bekToR [9]. CpaBHenue 1mojxo/08
C YKECTKUM K MSTKUM pa3dueHrneM oO0beKTOB 110 MOJEJSIM U KJacTepaM IIPUBEJIEHO
B |76,100-102].

DT MEeTOABI MO3BOJISIOT YUECTh HEOJHOPOJHOCTb JAHHBIX MyTEeM MOCTPOCHHUSI
boJtee CJIOKHOI MOJeH (MYJIBTHMOJIEIH ), COJEPIKAIIEH HECKOIHKO OJMHOUHBIX MO-
JleJieii, OJHAKO BO3HUKAET MpobJjieMa ee MHTepHpeTupyeMocTH. Tax Hmpu »KeCTKOM
pa3dbueHnn 0ObEKTOB MEXKJy MOJIEJSAMH HE MPOUCXOIUT yueTa OJM30CTH MOJeJei,
MOCTPOEHHBIX JIJIT PA3HBIX IPYIIT 00BEKTOB, a MOTOMY MO/JIEJIH, TTOCTPOEHHbIE Ha, Pa3-
HBIX I0JIBLIOOPKAX MOTYT COBIIAIATH UM ObITH OJTU3KU. KOMIIO3UITNH, TOCTPOEHHBIE
C MTOMOIIBIO0 O3TTUHTA, OYCTUHTA, UJIM CMECU MOJIeJIell TaK»Ke MOTYT COJIepyKaTh B ce-
Oe MHOXKECTBO OJIMHAKOBBIX MOJIe/Iei, HAJMIHe KOTOPBIX CJIOXKHO HHTEPIPETUPOBATD.
BoJiee Toro, jaxe JlaHHbIe, He UMEIOIUe HEeOJHOPO/IHOCTE, BMECTO OIMCAHWS B BUJIC
OJIMHOYHOM MOJEJIHN MOJYyYaloT OMUCAHKE B BUJIE CJIOXKHOM KoMIo3unuu. Paxee ObLIO
TPEJITIOYKEHO HECKOJBKO METOJIOB JIJIsT TPOpEeXKMBaHus Takux Mozeseit [10,12,13,15].
B pabore [10] npejaraercsi HECKOJILKO BPUCTUK JIJIsi TIPOPEKUBAHUST aHCAMOJIs
mojiesieit u3 Garrurra. B paborax [19,20] mist BeIOOpa MOJAMHOMXKECTBA MOJIEJIeH B
O3rTUHTE MPEJJIAraeTCsT UCTIOJIb30BATH NeHETHYECKIe aJropuTMbl. B paborax [17,18]
UCIIOJIL3YIOT KJIACTEPUBAIMIO MOJIeJIeil U BLIOOP eIMHCTBEHHOI'O MPEICTaBATEST JIJIsT
Kax,JI0ro Kjacrepa. B paborax [14,16] npejiaraior >ka[Hyt0 CTPaTeruio NOCTeleHHO-
ro HapalluBaHUs THCIa KJIaCCU(PUKATOPOB B OITTUHTE ¢ BHIDOPOM Ha KayKJIOM Iare
KJjaaccupukaTopa, HamboJee NpUOIUXKAOINIEro KOMIO3UIUIO K IEJIeBOMY BEKTODY.
Jl1st KOHTPOJIsT YuC/Ia MoJiesieil UCTIOJIB3YIOT allPUOPHOE TMOOIIPSIOIIEe Pa3perKeH-
HOCTh pacipejiesienne BecoB Mojiesieit B cmecu [21|. CTpyKTypy CMecH OTBICKHBAIOT
nyrem Makcumusanuu obocuosanroctu [9,90,91].

[TpetaraeMbie METOBI TTPOPEKUBAHUST KOMIIO3UIINIA HE YUUTHIBAIOT OJIU30CTH
MEXKJTY MOJEJISIMU, a TOTOMY MYJIbTUMOJIE/b MTO-TIPEXKHEMY MOXKET CojieprKarh OJIr3-
KHe MOJIEJH, UTO BeJeT K HEeMHTEepPIPETUPYEMOCTH U YXYIMIEHUIO KadecTBa KJiac-
cruprKaI, Tak KakK, HalpuMep, I MaJoro KjacTepa, JaHHBIX MOXKeT OBITH IMO-
CTpOeHa OTJe/bHasd HemH(OPMaTUBHASA MOJENb, OIEHKU MapaMeTpbl KOTOPOil 00-
JIAJAI0T OOJIBINON jauctepcueit. st ogydeHns: CTaTuCTUIeCKn Pa3andruMbIX MOJIEe-
Jeil B MyJILTUMOJIEJIN MOYKHO HCIIOJIH30BATH BHENIHIO MPOIEAYPY IPOPEKUBAHUSI,



OCHOBAHHYIO Ha CTATUCTHICCKOM CPaBHEHUU MOJIENIeil MyTeM MOACYeTa PacCTOSHUM
MEXKJTY allOCTEPUOPHBIMU PACTIPEJICIEHUSIMA TapaMeTPOB JIJIs Pa3HbIX MOJeseil, Ha-
MprMep, ¢ TOMOINbIO juBeprednuii Bpermana wiu f-nuseprenmuii [51,52, 54, 55|. B
JIAHHOW padoTe IMOoKa3aHO, YTO CYINECTBYIONINE MepPhl CXOJICTBA Pa3/IUvatOT HEWH-
(opMaTUBHYIO MOJIENb, OCTPOCHHYIO, HAIIPUMEP, JJIsI MaJjoro KjacTepa JaHHBIX,
¥ COBIIAJIAIONLYI0 WH(MOPMATUBHYIO, a TTOTOMY HE IMO3BOJISIOT MOCTPOUTH aJIeKBAT-
HYIO MYJILTUMOJIEIb. JisT penienns: 9Toi npodeMbl BBEJEHO MOHATHEe HemH(pOpMa-
TUBHOCTU ¥ MaJIOMH(MOPMATUBHOCTH PACIpEIe/IeHNnit U IpeIjIoyKeHa (DyHKIINS CXO/I-
CTBa, MO3BOJISIIONIAS PEIIaTh 3a/1a9y CTATUCTUIECKOr0 pasjndeHus mojeneit. Ha oc-
HOBAHUH IOJYUCHHBIX CTATHCTUYUECKUX CBOMCTB pacIpejiesleHns BBEJIeHHON (DyHK-
UM CXOJICTBA B YCJOBUSAX WCTUHHOCTU TUIMOTE3BI O COBIAJIEHUN MOJEJel Mpeo-
YKEH MEeTO]T MOCTPOEHMS aJIeKBATHBIX CMeceil Mojiesieil 1 MHOTOYPOBHEBBIX MOJIEJIEN.
PesyibraThl BRITUCIUTE/IHHOTO SKCIIEPUMEHTa, Ha, CUHTETHUECKUX U PeaJIbHbIX JlaH-
HBIX JIEMOHCTPUPYIOT TPEUMYIIECTBA IPEJIaraeMoro moaxoaa B TePMIHAX KaIeCTBa,
KJIaCCU(DUKAINKE ¥ UHTEPIPETUPYEMOCTH MYJILTHMO/IEJIeH.

E1ie o100t 11pobJieMoii siBJISIETCS BO3MOYKHOE HAJIMIUe M30bITOUHBIX WJIU MYJIHTHU-
KOPPEeJUPOBAHHLIX IPU3HAKOB, UTO BJIMSIET HE TOJIHKO HA KAUECTBO KJIaCCU(PUKAIIAN
IIOCTPOEHHOI MOJIe/IH, HO ¥ Ha ee ycroiiuuBocts [1,7]. st perenust 3a1aun or6opa
MMPU3HAKOB WCIOJIB3YIOT MeHeTHIecKue aaroputmbl (35, 36, 40|, MeTos! mociieoBa-
TEJILHOTO JI00aBJIeHUs U yJiajenns: npusHakoB [35, 36, 39|, MeToibl, OCHOBaHHbBIE Ha
aHAJII3e MATPUIIBI B3auMHOI nadopMaruu [41], a Takyke MeTo/bl 0TOOPa MTPU3HAKOB
C TIOMOIIBIO PeIleHus 3aa11 KBapaTndHoii ontumusanuu [37|. B ganuoii pabore B
pamMKax 0afieCoBCKOIo MoJixo/1a UCIOJIb3YeTCs MPUHITUIT MaKCUMyMa 0D0CHOBAHHOCTH
JJIsT OTpeJiesieHnst CTpyKTypbl Mojeseit [9,21,90,91]. OrmernM, 9TO aHAJIUTHIECKOE
BbIpaKeHUe JIjIst 0O0CHOBAHHOCTH JIJIs IOTUCTUYIECKONW MOJICIN U JIJIsi CMECH JIOTUCTH-
YeCKUX MOJIeJIeil OJYUINTh He VIAeTCsd, a JIJId allpPOKCUMAIn 000OCHOBAHHOCTU UC-
noJib3yercst armpokcnmaist Jlarmiaca [21] w Bapuannonsbie HikHIe onenkn [85,86].
OrmMmeTnM, OJHAKO, ITO KpOMe U3DBITOUHBIX IPU3HAKOB, KOTOPBIE TPeOYeTCs YAAJIUTD
13 pacCMOTPEHUs, TPU3HAKOBOE OIMMCAHIE MOYXKET COJEPKATh MYJIbTUKOJINHEAPHDBIE
MPU3HAKW, HAPUMEp, 3alTyMJIEHHbIE KOTWH OAHOr0 npu3Haka. ODOIMM MoIxoa0M
SIBJIIETCSL TIOCTPOEHNEe HabOpa HEeMYJILTUKOJINHEAPHBIX MPU3HAKOB IO HCXOJIHOMY
HabOPy NPU3HAKOB IyTEM ONTUMU3AIMK HEKOTOPOro Kpurepusi Kadecrsa [7,38]. B
JIaHHOI paboTe MOKa3aHO, UTO MOIXO/, CBSI3aHHDBINA ¢ OTOOPOM IIPU3HAKOB, SBJISIETCS
HEONTUMAJIbHBIM ¥ JIJIsT ONITUMAJILHOIO yuera WH(MOPMAIUU OT MYJIbTHUKOJIJINHEeAP-
HBIX NIPU3HAKOB IPEJJIaraeTcs nX KOMOMHUPOBaThL. [Ipu 3TOM MoOKa3aHo, ITO METOJ
MaKCUMyMa 0DOCHOBAHHOCTH HE MO3BOJISIET YUYECTh 3aBUCUMOCTH MEYK/ly MPU3HAKA-
MU, TIOCKOJIBKY OIICHKa MaKCHMyMa ODOCHOBAHHOCTH JIJIsi KOBapPUAIIMOHHON MaTpH-
ITbI BECOB TIPU3HAKOB SIBJISIETCSA aCUMITOTHYCCKN BBHIPOXKJICHHOMN. I onTuMaibHOTO
ydera nHMOPMAIK OT MYJbTUKOJJIMHEAPHBIX MPU3HAKOB MPEIaracTcs ux KoMou-
HUPOBATD.

IHenan paboThl.

1. PazpaboTka cTaTHCTHYECKOrO MOJXO0/a K 3aJ1aUe CPaBHEHUsT MOJIeNel B MyJ/Ib-



TUMOJEJIAX.

[TocTpoenune u Teopermueckoe oOOCHOBaHME (PYHKIHUKM CXOJCTBA IJIOTHOCTEM
AIfOCTEPUOPHBIX PACIPEJICJICHIH, TTO3BOJIAIONIEH pernarh 3a/ady CpaBHEHWS
MOJICJICH.

PazpaboTka MeToI0B MPOPEXKUBAHNS MYJILTUMOIEEH JIJIsT TOCTPOEHUS aJIeK-
BATHBIX MYJILTUMOJIEICH.

[TocTpoenue meTona yueTa MyJIbTUKOJLIXHEAPHOCTH MEXKy ITPU3HAKAMU.
Peajimzarust aJiropuTMOB MOCTPOEHUST aJIEKBATHBIX OMTHMAJILHBIX 00YIEeHHBIX
MYJIBTUMOJIEJICH U IIPOBeJeHNe BHIUUCIUTEILHOIO SKCIEPUMEHTa, JJIs ITPOBEepP-
KU YJIYUIIEHAsT KA9eCTBa U MHTEPIPETHPYEMOCTH MTOCTPOEHHBIX MYJIHLTHMOIE-
JICA.

3agaun pabOTHI.

1.

Pazpaborarh cTaTHCTUYECKHH MOJX0/ K 3ajade CPaBHEHUS MOJeIeil B MyJIb-
TUMOJIEJISIX C MTOMOITBI0 (DYHKITUI CXOJICTBA alOCTEPUOPHBIX PACIPEIeIeHUI.

[TocTpouTh 1 ucCIEI0BATH CTATUCTHYECKHE CBOMCTBA pacipejiesieHnsa (pyHK-
MU CXOJICTBA IJIOTHOCTEI allOCTePUOPHBIX paclpejie/leHnit 1 CPaBHUTH C CYy-
IECTBYIOIUMUA.

[ToayunTh OIeHKM Ha MaKCHMaJIbHOE YKUCJIO MOJeseil B aJleKBATHON MYJIbTH-
MOJIEJIN.

PazpaboTaTh MEeTOIbI POPEXKUBAHUST MYJILTUMOJIEECH I TIOCTPOEHUST aleK-
BaATHBIX MYJILTUMOJEJICH C TMTOMOIIBIO MOMApPHOTO CTATUCTUYCCKOTO CPABHEHU
MOJIeJIei.

[TocTponuTh MeTO[ yueTa MyJIbTUKOJLIMHEAPHOCTHA MEXKIY TPU3HAKAMU C TIOMO-
IO AHAJIN3a OICHKN WX KOBAPUAITMOHHONW MATPUIIBI U C TTOMOIIBIO TTPUHITUATIA,
MaKCUMyMa 000OCHOBAHHOCTH.

[TpelyIoXKUTH METOJI COBMECTHOI'O ODYUeHHsI U OTOOpa, MIPU3HAKOB JIJISI CMECH
MOJIeJIei.

Peajim3oBaTh aJIrOPUTMbI [TOCTPOECHUST aJIEKBATHBIX ONTUMAJIBLHBIX O00yUeH-
HBIX MYJIBTAMO/JIEJICH W TPOCTU BHIYUCIUTEILHBIA IKCTIEPUMEHT JIJIs TTPOBEPKU
VAYUIICHUS KaueCTBa U UHTEPIPETUPYEMOCTH MOCTPOCHHLIX MYJIBTUMO/ICIEH,
a TakKXKe JIJIsT YCTaAHOBJICHUS TPAHUI] MPUMEHUMOCTH TTPEJJIaraéMbIX METOJIOB.

OcHoBHBIE IIOJIO2KE€HN A, BbIHOCMMbIEC Ha 3aIlIuTy.

1.

PazpaboTranbl MeTO/bI BHIOOPA aJIEKBATHBIX ONTUMAJIbHBIX ODYUEHHBIX MYJIb-
TUMOJIeNIell B 3aJladaxX PACHO3HABAHUA W KJIACCUMPUKAIINN, CONEPIKAITUX TT0-
MapHO CTATUCTUYCCKU PA3JIUIUMbIE MOJICJIIN.

[Tpenyioxkena pyHKIHS CXOICTBA IJIOTHOCTEH allOCTEPUOPHBIX paCIpe/Ie/IeHni

napaMeTpoB MoOJIeJIei, YIOBIeTBOPsOIIas TpeOOBaHNUAM K (PYHKIIUU CXOJICTBA
JIUTS PeIeHunst 3319 CpaBHEHUST MOJIeel.



3. [Homyvennbl BepxHAS W HWKHAS OINEHKN Ha MaKCUMAaJbHOE YHUCIO MOJeNeil B
aJIEKBATHOW MYJIbTUMOJICIIN.

4. Tlpepgoxken mMeTos; KOMOMHUPOBAHUST MYJILTUKOJLJIMHEAPHBIX MpU3HAKOB. Jlo-
KazaHa aCUMIITOTHIeCKas BBIPOXKJIEHHOCTh HEJNArOHAIBHON OTIEHKN KOBapua-
[IMOHHOW MaTPUIILI TapaMeTPOB JOTUCTUICCKON MOEIN, TTOJYIeHHON N3 TPUH-
U1 MaKCUMYyMa, 0OOCHOBAHHOCTH.

5. Tlocrapiena 3ajada cpaBHEHUs] MOJe/eil U MPEJJIOXKEH CTATUCTUIECKUI T10/1-
XOJ[ JIJIs1 ee pelleHns] Ha, OCHOBAHUK (DYHKIIMI CXOJICTBA allOCTEPUOPHBIX PaC-
peJieJICHIi.

6. [IpengoxkeH MeTOJ COBMECTHOrO OOyYeHHUsI U OTOOpa NPU3HAKOB JIJIsT CMECH
MOJIeJIei.

7. Pazpaboran mporpaMMHBI KOMILIEKC I MOCTPOEHUS aJeKBATHBIX OINTH-
MaJIbHBIX OOYUYEHHBIX MYJIBTHMOJIENel B 3ajadax JIBYXKJIACCOBOI Kaaccudu-
Kallii ¥ KOMOMHMPOBaHMs NPU3HAKOB. [IpoBeeHbl BHITUCINTEILHBIE JKCIIe-
PUMEHTBI, MOJATBEPXKIAIOININE aJICKBATHOCTHL METOJIOB.

Metoabl mcciaemoBaHUdA. [ljis1 JOCTHXKEHMSI IMOCTABJIEHHBIX IeJIeil MCIIOJb-
3YIOTCS METOJbI MMOCTPOCHUST MYJIbTUMOJIECH ISt JIBYXKJIACCOBOI KJjaccuuka-
nuu |9, 50, 79-81]. st oOyueHnst MHOrOYPOBHEBBIX MOJIENeli UCTOIB3YIOTCS METO-
JIbl BBITYKJION onruMusaiun [21, 88| st HE3ABUCMMOrO HAXOXKJIEHUST TTAPAMETPOR
KaXKJI0i M3 MoJjiesieit, BXOJANNX B MHOTOYPOBHEBYIO MOjeNb. st obyuenus: cme-
ceit Mojiesieit ucnosib3yercs Bapuanuonubiit EM-anropurwm [29,104,105], a st yue-
Ta, MHOTOIKCTPEMAJILHOCTH UCTIOJIb3yeTcst Mysbructapt [92]. st nocrpoenus onru-
MaJIbHBIX MHOTOYPOBHEBBIX MOJEJel NCIOIB3YIOTCA METOIbI alPOKCUMAITIH 000C-
nosarnoctn [90, 91| ¢ momomipio anmpokcumannu Jlammaca [21] w BapuanuoHHbIX
HIKHIX OTleHOK |85, 86]. TlocTpoerne onTuMabHbIX cMeceil MoJIeseil TPOM3BOIUTCST
C OMOIIIO METOJIOB BaPUAIIMOHHOIO DailiecoBCKOro BbiBoja [29,104], a jyist anmpok-
cuManuu 06OCHOBAHHOCTH HCIOJIB3YIOTCs anmpokcuMalust Jlammaca [21] u mocrpo-
eHVe BapHal[MOHHBIX HIKHUX oreHoK [85,86|. st wccieqoBanusi craTucTnaeckux
CBOHCTB pacipejie/ieHuit UCIIOJIL3YIOTC PE3yJIbTaThl Teopur BepositHocreii [89] u
cratuctuku [2,3,59,60|. Iasg KoMOMHUPOBAHUST TPU3HAKOB HCIOJIB3YIOTCS PE3YJIb-
TaThl CTATUCTUKU JIJIs OTEHKK KOBAPUAI[MOHHONW MaTpHIlbl 110 BhIbOpKe [61,62].

Haygnas moBu3Ha. Pazpaborana Teopust OCTPOCHUS aJIEKBATHBIX MYJIbTHMO-
JleJieit, Bce MOJIeJIM B KOTOPBIX SIBJISTIOTCS MOMAPHO CTATUCTUYECKU Pa3IUIUMbBIMHU.
[Tpeytoxken MeTOM, CTATUCTHIECKOTO CPABHEHUS MOJIENel B MYJIbTUMOJIENI Ha OCHO-
BaHUU TIPEJJIOKEHHON (DYHKIIMK CXOJICTBA, alIOCTEPUOPHBIX PACIPEJIC/ICHNI TapaMeT-
poB mojiesieit. [Tokazano, aTo cymiecTByionme (PyHKIMA CXOJICTBA MEXKJTY Pacipeie-
JICHUSIMU, TTOPOXKJICHHBIE JINBEPTeHIINsIMA BpermMana m f-IuBEepreHIusaMu, a TaKKe
MH(MOPMATUBHOCTHIO Ha OCHOBaHUM juBeprennnn Kysnnbaka-J/leiibiepa, He sBisitoT-
csl KOPPEKTHBIME, TO €CTh HE YIOBJIETBOPSIOT TPeOOBAHUAM K (DYHKITUU CXOJICTBA, a
MOTOMY HE TMO3BOJIIOT PEIUTh 3aJ[ady CTaTUCTUIEeCKOro cpaBHeHus mojeseii. [To-
Ka3aHo, UTO MpejiiaraeMas (PYHIUSA CXOJICTBA SBJSICTCS KOPPEKTHO#. McemenoBanb



CTATUCTUUIECKHE CBOMCTBA pacipeeseHus IpeaaraeMoil pyHKINE CXOJCTBA B YCJIO-
BUSIX UCTUHHOCTH THIIOTE3bI O COBMaieHnn Mozeeit. [Ipeioykern MeTo s CoBMeCTHOTO
obydeHust © orbopa IPU3HAKOB JJIsI cMeceir Mojeneit. [lokazana acuMIToTHYeCKast
BBIPOYK IEHHOCTU HEJINArOHAJIBLHON OIIEHKN MaKCUMYMa 000CHOBAHHOCTH JIJIsI KOBAPU-
AllMOHHOM MaTpHILI BECOB MPU3HAKOB. lIpenyioken MeTos, KOMOMHIPOBAHUS MYJIb-
TUKOJLIMHEAPHBIX MPU3HAKOB Ha, OCHOBAHUN OIEHKN KOBAPUAIMOHHOW MATPUIIHI JIJIsT
MOBBIIIEHUsT KauecTBa Kiaccupuraiuu. [logydennbl BepxXHss 1 HUXKHAS OINEHKH Ha,
MaKCUMAaJbHOE YHUCJIO TIOMAPHO Pa3JIMIUMbBIX MOJieJieill B MyJAbTUMOJIEIIH.

Teoperudeckasi 3HAUMMOCTD. B nanHoit grcceprannoHHoii paboTe moKa3aHo,
qTO MPEJIJIOKEHHBIE paHee (DYHKIMKM CXOACTBA MEXKJIy PACIpeIe/IeHUIMU He TT03BO-
JISTIOT PENTUTh 331a9y cpaBHernst mojeseii. [Toctpoena byHKIMsS ¢X0nCcTBA, MTO3BOJISI-
[OITIasl PEIUTh 3aJ1a9y CTATUCTHIECKOTO CpaBHEHUS Mojesneii. MccaenoBaHbl acuMII-
TOTUIECKWE CBOMCTBA, pacIpeiesIeHusT MPeJIOKEeHHOH (DYHKIMU CXOACTBA B YCJIOBHU-
SIX WCTWHHOCTH THUIOTE3hl O COBMajeHnn Mojeneir. Ha ocHoBanmm sTmx crarncTu-
YeCKUX CBONCTB MOCTpOEHA TeopHsi BHIOOpa (S, () — aJIeKBATHBIX MYJIBTHMOJIEEII.
[Tosryuenbl BepxHsist W HUKHSIS OIEHKA HA MaKCHMAaJIbHOE UNCIO0 MOJE/eil B ajeK-
BATHOW MYJIbTUMOAETH. [[JIsT MCKITIOUeHNsT M30OBITOYHBIX TPU3HAKOB HUCIOJIb3YEeTCS
MeTosr 0TOOpa, MPU3HAKOB, OCHOBAHHBIH Ha MaKCHMU3AINK OOOCHOBAHHOCTH MYJIb-
tuMonesn. IIpejosken Tak>ke aJrOPUTM COBMECTHOTO OOYUeHMS CMECH Mojesei u
orbopa nmpuszHakoB. [lokazaHo, 9T0 HeMAroHaAJHLHAS OIEHKA MaKCUMyMa 000CHOBaH-
HOCTH JIJIsT KOBAPUAIIMOHHOW MATPUIIHI BECOB MPU3HAKOB STBJISIETCST aCHMITTOTHIECKN
BBIPOKJICHHOM, a MOTOMY JIJII y9IeTa 3aBUCUMOCTeH MeXK Ty TpU3HAKaMU TPeII0KeH
METOJT UX KOMOMHUPOBAHWS.

IIpakTnyeckas 3HAYUMOCTD. [Ipe/iokeHnbe B pad0Te BLIYUCIUTEIHLHBIE Me-
TOJIbI, TIPEJHA3HAYCHHBIC JIJIsi TTOCTPOCHUST aJIEKBATHBIX ONTUMAJBHBIX 00yYEeHHBIX
MYJbTEMOJIETICH B 3a/1a9axX paclo3HaBaHus W KJIacCu(UKAIUT, JTeMOHCTPUPYIOT Cy-
[[IECTBEHHOE TOBBIINIEHNE KavyecTBa W 3HAYMTEJbHOE CHUXKEHUE Yhcjia MoJiesieil B
MYJAbTUMOJICJIAX [MPU PEIIeHUN pPeasibHbIX TPUKJIAJHBIX 3a/a4 paclio3HaBaHusa W
Kaaccudukanumu. PazpaboTaHHblii TPOrpaMMHBIH KOMIIIEKC MO3BOJISIET PENIaTh 3a-
Jlady JIBYXKJIACCOBOM KJIaCCU(pUKAINN ITyTEeM TTOCTPOEHUsT OTITUMAJILHON aJIeKBaTHOM
O0DYUEHHOI MYJTBTUMOJICNIA C aBTOMATUICCKIM BBIOOPOM BaXKHBIX TTPU3HAKOB U yUe-
TOM WX MYJbTUKOJJIMHEAPHOCTHU W CPABHUBATH PE3YJIbTATHI ¢ U3BECTHHIMU METO/a-
MH.

CreneHb JOCTOBEPHOCTU M arpodbarus paboTwl. [locToBepHOCTH pPE3yiih-
TaTOB TIOATBEP2XKJICHA MaTEMaTUYECKUMU JJOKa3aTCJIbCTBaAMU, SKCHepI/IMeHTaHbHOﬁ
IIPOBEPKOIi TTOJIYUEHHBIX METOOB Ha peabHbIX 3aJauaX JBYXKJACCOBON Kaaccudu-
Kall Ha JJaHHbIX MO HEMEI KM HOTpe6I/ITeHbCKI/IM KpeJnuTaM, 11O Ka49€CTBY 6eJIOFO
BIHA, 0 JOKAJU3AINKA OEJKOB B KJIETKaX, [0 3aboeBanusM cepana B FOxmnoit Ad-
puKe U 10 IieHaM JIOMOB B bBocrone; mybimkamusMu pe3yibTaToB UCCIEI0BAHUS B
PereH3npyeMbIX HayIHbIX U3TaHUsIX, B TOM 9ucje pekoMmennoBanibix BAK. Pesyin-
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pPabOTHI TOKIAABIBAIUCH U OOCYKIAJNCH Ha CJIEIYIONNX HayIHBIX KOH(MepeH-

Mexaynaponaas Koudepenrus <«20th Conference of the International
Federation of Operational Research Societies», 2014, [65].

Beepoccuiickast Kondepenrius «b7s nayaHas kondepenius MOTHUy, 2014.
Mexnynaponaas Koudepennus «27th European Conference for Operational
Research», 2015, [66].

Bcepoccniickast kondepennus «MaremaTniueckine METOILI PACIIO3HABAHIS 00-

pazoB» MMPO-17, 2015, [67].

Mex nynaponaas kondepenius «aTemmekTyaan3ans oopadboTKk nH(popMa-
nuny, 2016, [68].

Pabora nmommep:kana rpantamu Poccuiickoro dponna dpyHIaMeHTAJbHBIX UCCTIe-
JIOBQHWIA.

1.

14-07-31205, Poccuiickuii dbon1 dpyHIaMEHTAIbHBIX UCCIEOBAHUN B PaMKax
rpanTa ‘PazBuTne Teopun BbIOOpa MYJILTUMOJENEH B 3a/a49aX MTPOTHO3UPOBA-
HUS ¥ KJIaccupuKaimm .

13-07-13136, Poccuiicknuii oy dpyHIaMeHTAIbHBIX UCCIEIOBAHUN B paMKax
rpanTa “MaremMaruieckne MeTo/Ibl U CPEJICTBA PelieHust 3a,/1a9 TPOrHO3UPOBa-
HUSI COCTOSTHUST YKEJIE3HOJIOPOYKHBIX O0O'bEKTOB U MHYKEHEPHBIX COOPYXKEHU 110
CIIyTHUKOBBIM CHUMKAaM .

IIy6aukanuu mo teme auccepramuu. OCHOBHBIE PE3yJbTATHI 10 TEME JIHC-
cepTalii U3JI03KeHbI B 14 mevaTHbiX N3JIannax, 9 3 KOTOPLIX U3JaHbl B KyPHAJIAX,
pekoMentoBannbix BAK.

1.

Agnyenko A.A. Bribop nmpu3HaKoB M 1maroBasi JJOTUCTHIECKAsT PErPECCHsT ISt
3aJlaun KPeJUTHOrO ckopuira // Maimunnoe obyuenne u aHaau3 JaHHbBIX,
2012. Ne 3. C. 279-291, [69].

A. A. Anyenko, A. A. Kyzpmumn, B. B. Crpmxos Bribop npusnakos n onTu-
MU3aIUs METPUKU [IPU KJIACTEPU3AIMN KOJLIEKIUK JOKyMeHToB // V3secrust
Tynl'V, 2012. Ne 3. C. 119-131 [70].

A. A. Anyenko, B. B. CrpmxkoB AJropntv onTUMaJIHLHOTO PACITOJIOKEHWST Ha-
3BaHmii KoJutekImn JokyMenTos // IIporpamvuas wmxenepus, 2013. Ne 3. C.
21-25 |71].

A. B. Usanosa, A. A. Anyenko, B. B. CrpmxoB AnropuT™M mOCTpOEHUST JIO-
PUYECKUX TpaBuJl pu pasmerke rekcros [/ TIporpammuast urxenepusi, 2013.
Ne 6. C. 41-47 [72].

A. A. Anyenko, H. 1. Amennknn O nipefieibHBIX IBUKEHUSIX BOJIYKA C BHYT-
peHHell nuccunarmeii B omxHopoaHoM moje tskectun [/ Tpyast MOTU, 2013.
Ne 18(2). C. 126-133 [73].

A. A. Kysomun, A. A. Anyenko, B. B. Crpmxos Temarnueckast kiraccuduka-
[IWsT Te3NCOB KPYITHOW KOH(EPEHIMN C WCIOJIHL30BAHNEM SKCIEPTHON MOIen

/] Nndopmanunonusie texuosornu, 2014. Ne 6. C. 22-26 [74].
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7. A. A. Anyenko, H. 1I. Amenbkun AcuMOTOTHIECKHE CBOMCTBA JIBUXKEHUN TsI-
XKeJIOro BOJTIKa ¢ BHyTperHeil auccunanueii // TIMM, 2014. T. 78. Beim. 1. C.
13-28 [75).

8. A. A. Aduenko , V. V. Strijov Multimodelling and Object Selection for
Banking Credit Scoring // 20th Conference of the International Federation
of Operational Research Societies. — Barcelona: 2014.— P. 136, [65].

9. A. A. Axgyenko, B. B. Crpuxkos CoBmecTHBIT BHIOOP 00HEKTOB ¥ TTPU3HAKOB
B 3a/1a9aX MHOTOKJIACCOBOI KiraccuduKanuy KOJUIeKInK JoKyMenTos // Uu-
dboxkommyHuKauonnbie rexnosiorun, 2014. Ne 1. C. 47-53 [76].

10. A. A. Aduenko , V. V. Strijov Multimodelling and Model Selection in Bank
Credit Scoring // 27th European Conference for Operational Research. —
Glasgow: 2015.— P. 273, [66].

11. A. A. Anyenko, B. B. CrpmkoB Amnain3 mpocTpaHcTBa MapaMeTpoB B 3a-
Jadax BeIOOpa MmyJibTuMojesieit // Maremaruiyeckue MeTojibl PACio3HABAHUS
obpazoB MMPO-17. Tesucsl noknago 17-it Beepoccuiickoit kKondepeHIun ¢
MeXKIyHapoaHbiM yaactueM. — 1. Cpersnoropek, Kanmvunnrpaickas obiacThb:
Topyc mpece, 2015. C. 10-11, [67].

12. A. A. Anyenko, A. C. Bacuneiicknit, A. 1. Kapenos, 1. A. Peiiep, K. B. Pyna-
koB, B. B. CrpmxoB ANropuTMbl BBIJICTEHNST ¥ COBMENIEHUST YCTONIMBBIX OT-
paxkareJieil Ha CIy THUKOBBIX cHuMKax // Kommbiorepras onruka, 2015. T. 39.

Bemm. 4. C. 622-630 [77].

13. A. A. Anyenko, H. 1I. Amenpkun O pe30HAHCHBIX BPAINEHUSIX MAATHHKA C
suOpupyionumM nojgsecom // ITIMM. 2015. T. 79. Boi. 6. C. 756-767 [78|.

14. A. A. Anyernko, B. B. CrpukoB Anasms mpocTpancTBa MapaMeTpoB B 3a/1a-
qax BbIbOpa MysbruMogeseit [/ Mnrennekryanuzanust 0bpaborku undopMa-
mun MOM-2016. Tesucwr noknamos 11-it MexaynaponHoit kordgepeHnum. —
Mockga, Poccusi-Bapcesiona, Ucnanusi: Topyc npece, 2016. C. 10-11, [68].

JIwanuwtit BKaaa. Bee npuBesieHHBIE PE3yIbTaThl, KPOME OTJ/EJIHHO OTOBOPEH-
HBIX CJIYYIAEB, TIOJYUIEHBI JTUCCEPTAHTOM JIMYHO TPU HAYIHOM PYKOBOJCTBE JI.(b.-M.H.
B. B. Crpuxoga.

CrpykTypa n oobeM paboThwl. [uccepraliisi COCTOUT U3 OrJIABJICHUS, BBEJIE-
HUS, TITH Pa3/iesIoB, 3aKJ/II0UCHWST, CIIUCKa, WJLJIIOCTPAIMil, CIIMCKa TabJINIL, TIepedHs
OCHOBHBIX 00O3HAUeHMI U crucka jureparypbl u3 110 mamMenoBanmii. OCHOBHOM
TeKCT 3annMaeT 175 cTpanuir.

Kparkoe cozaep>kaHme paboThl mo ryiaBam. B 1epsoit riaBe BBOJSATCS OC-
HOBHBIE TIOHATHUS U OnpeJiesienns. PaccMaTpuBaeTcs 3ajada JIBYXKIACCOBON KJTACCH-
bukaruu, ee pererue B 001IEeM BUJIE, 8 TAKXKe MOHSITHE ONTUMAJILHOCTA W 00y IeHUsI
BEPOSITHOCTHOM MOJICJTH IBYXKJIACCOBOM Kiaaccudukamnuu. Il puBoguTes onpeenenne
MOJIEJIN JIOTUCTUUECKOW PErpeccuu, siBJISIONIEHCs CTaHIaPTHBIM METOJI PEIeHUsT 3a-
JIAUN JIBYXKJIACCOBO# Kaaccudukanyum. PaccMaTpuBaOTCsS MHOTOYPOBHEBBIE MOJICTH
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I CMeCH MOJeJieil, a TaKxKe alpropHble paclpenaesaeHns Ha IapaMeTpbl MoJeseil n
Beca MOJIeJIeil B MYJIbTUMOJIEJIN.

Bo BTOpOIi 1yIaBe paccMaTpuBaeTCs 3aja4a MOCTPOCHUsT ONTUMAJILHON MYJIbTHU-
Mojienu. [IpuBeieHbl MeTOJIbI MPUOTMKEHHON ONTUMU3AITMH 0OOCHOBAHHOCTH, OCHO-
BaHHbIC Ha alnpokcumaluu Jlamjiaca u BaprallMOHHBIX HUXKHUX OlleHKax. [loka3a-
Ha aCUMIITOTHYECKasi BBIPOXKJIEHHOCTH HEJIUArOHAJLHON OTEHKM MaKCHUMyMa, 0D0C-
HOBAQHHOCTHU JIJIs1 KOBAPUAIIMOHHOW MaTPUILI ITapaMeTpPOB JIOIMCTUYECKON MOJIeJIN.
PaccmoTpena 3a/1ata KOMOMHUPOBAHUS TPU3HAKOB JIJISI yUeTa B3aUMOCBSI3eH MEXK 1y
HUMW ¥ TIPEJIJIOXKEHa, CXeMa, ONITUMAJILHOTO 10 JIMCIIEPCUN TITyMa, KOMOWHUPOBAHMSI.
[Tpe iytoXKeHb! aJaropuTMBbI JIETEKTUPOBAHUS U yUeTa HAJMUNS KOTUI OJIHOIO NPU3Ha-
Ka B JIAHHBIX, & TAKXKe MYJbTHKOJIUHEAPHOCTH ODIIEro BUIA.

B TpeTbeii Ty1aBe paccMaTpuBaeTcs 3ajiada o0ydeHuss MyabTuMojese. [lnsa oby-
YeHUsT CMECH MOoJIeJieil NCoib3yeTcest Bapualmonubiii EM-aiaropuTsM, KoTophbiit 103B0-
JITeT 0OY9IUTh CMeCh MOJIesIell ITpU W3BECTHBIX THIIepapaMerpax cMecr. [Ipeamoxen
TaK»Ke aJropuTM COBMECTHOIO OOyUEHUsI U ONTUMUBAIUU CMECU MOJieJiell, OCHOBaH-
HBIIl Ha anmpokcuManuu Jlamnaca u Bapuarmonnom EM-anropurMme.

B geTBepTOii T/1aBE paccMaTpPUBAETCS MOHATHE aJeKBATHON MyIbTUMOJIETN. BBO-
JINTCs TIOHSATHE CTATUCTUIECKON Pa3JIMINMOCTH MOJIE/Iei ¢ TIOMOIIbIO pacueTa pyHK-
M CXOJCTBA MEXKJy allOCTePUOPHLIMHU pACIpPEIeICHUAMEI IapaMeTpPOB MOJesIeil.
PaccmarpuBarorcs TpebOBaHUS K KOPPEKTHBIM (DYHKIIUSAM CXOJICTBA MEXK]1y pacipe-
jesiennsivu. [lokazaHo, 9TO CyIIECTBYIOIIME PACCTOSIHUS MEXKJLy PACIpPEJICJICHUSIMU,
BKJIIOUAsT JUBEpPreHny bperMana u f-auBepreHImm, He MOPOXKIAIOT KOPPEKTHOTO
CXOJICTBA, KOTOPOE MTPUMEHUMO JIJIsT PelIeHus 3a/iaqu cpaBHeHus: Mojeneit. Paccmor-
peHa Mepa CXOJICTBa, OCHOBaHHas Ha WH(MPOPMATUBHOCTH, MOCTPOCHHON IO JIMBEp-
rerrun Kynnbaka-Jleitbyiepa u mokazaHo, 9To OHa He SBJIsieTCsl KOPppPeKTHOW. Jljs
pereHns 3a/1a9 CpaBHEHUs MoJiesieit mpeioykeHa, (DYHKIHMA CXOJICTBA, S-SCOTe U T10-
Ka3aHO, YTO OHa, YJIOBJETBOPSET BCeM TPEDOBaHUSAM K (DYHKIIMK CXOJICTBA, BKJIIOUAS
XapaKTEepUCTUIECKOe JIJIs peraeMoil 3ajiadu TpeboBaHue HEPa3JIuduMOCTH JII000-
TO pachpejieJieHus 1 MaJIOMH(pOPMATHBHOTO pachpenesenns. [lokazano, 4ro i
npejiiaraemMast (pyHKIMS CXOJCTBa KOPPEKTHO OIpejesieHa JJjisi pacipejie/ieHnii ¢
HECOBTIAIAIONTAMI HOCUTENAME. [[oTydensbl acMMITOTHIECKTEe CBOWCTBA pacipeie-
JieHusi (DYHKIIMKM CXOJCTBA B YCJOBUSAX UCTUHHOCTH TMIIOTE3bI O COBIAJCHUU MTaphbl
MoJiesIeil, KOTOpbIe MTO3BOJIAIOT PelllaTh PacCMaTPUBACMYIO 38189y CTATUCTUIECCKOTO
cpaBHeHusi Mojiesielt. [Ipe/yioyKeHbl aJropUTMbl TTOCTPOEHUS aJIEKBATHBIX MYJIbTHU-
MoJIesieit o yrKe MOCTPOEHHON ONTUMAIBHON 00yIeHHON MYTBTUMOJIENN JIJIsT CMeceii
MoOJIesIeil 1 MHOTOYPOBHEBBIX Mojiesieii. [lokazano namname cBoiicTBa MOHOTOHHOCTHU
y mpejiaraemMoit (pyHKIMN CXOJCTBA, a TaK>Ke MOJIyYeHbl BEPXHSIS U HUYKHsIsI OIICHKHT
Ha YUCJIO TONapHO Pa3ININMBIX MOJEJIeil B MyJIbTUMO/JICIIH.

B ngaroit rraBe NpUBOAUTCS ONMUCAHNE pa3pabOTAHHOTO Ha Oa3e MpeJJIoKEeHHbIX
METOJIOB TTPOrPAMMHOI0 KOMIIJIEKCa, PENIAIOIIero 3a/iady JIBYyXKJIacCoBOM Kaaccuu-
KAI[IH TTyTeM IMOCTPOCHUS aJIeKBATHON ONTUMAIBHON 00yUeHHO# My TbTUMOAe H. Pa-
60Ta MPOrpaMMHOI0 KOMIIJIEKCa aHAJU3UPYETCs HA HECKOJIbKUX Habopax CUHTETUIe-
CKMX W peaJIbHbIX JaHHbIX n3 perniozuTopus UCI. Pe3yabraThi, MogydeHHbIE ¢ TIOMO-
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IbIO NIPEJVIOKEHHBIX METOJ0B, CDABHUBAIOTCA C PE3yJIbTaTaMU U3BECTHLIX aJITOPUT-
MOB MOCTPOEHUST MyJIbTUMOJIes el u orbopa rnpusHakoB. [IpuBoguTCs MLIIOCTPALNS
BBIPOKJIEHHOCTH HEJIMATOHAJBHON OINEHKN MaKCUMyMa ODOCHOBAHHOCTH JIJIsT KOBa-
PUAIIMOHHON MaTPUIbI BEKTOPa TapamMeTpoB.
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I'maBa 1
ITocTanoBka 3amaun

3ajlaua JIBYXKJIACCOBOM KJacCu(PUKAIIMK SIBJISETCA OJHON U3 0OA30BBIX 3aJad
B 00JIaCTH WHTEJJIEKTYAJILHOIO aHan3a JaHHbIX. MHOrHMe mpakThYecKue 3aJiadw,
HAIIPUMep, 3aJlada OMpeJiesieHnsT HaJaudaus 3aboeBanus mo anaiusam [93, 94|, 3a-
Jlada orpeJie/ieHrsi HACTPOEHHUsI TEKCTOBBIX coobienuit [95], 3ajaua KpejuTHOro
ckoputra (33,34, 84|, cBOATCH K PEIIeHUIO 3a/iad1 JIBYXKJIACCOBOH K/accu(uKa-
nuu. 3a/1avu ONMpe/ie/ieHrsT PeJIeBAHTHOCTH JIOKYMeHTa |44, 76|, kareropusanum Tek-
cros [70,74,106], 6yyuu 3ajlauaMi MHOIOKJIACCOBOH KJIACCU(DUKAIMU, MOTYT ObIThH
9P HEKTUBHO CBeJeHBI K PEIIeHU0 OJIHON MM ceprur 3a7ad ABYXKJIACCOBOI KJIaCCH-
dbukaiun [96-99|. Takum 06pazoM, TeopeTuyecKue pesysbrarhl B 00JaCTH PelieHust
3aJIa9H JIBYXKJIACCOBOI KaaccupUKaIUy UMEIOT IIpsiMOe IIPUMeHeHne Ha MIpaKTHKe.

Omnpenenierne 1. Obsexmom HazbiBaeTcs mapa (x, y), e x € X C R" ecrb
BEKTOP MPU3HAKOBOI'O ONUCAHUs 00beKTa, a Yy € +1 ecTh MeTKa KJIacca.

Onpenenenne 2. [Ipusnaxosot mampuued; nis Boibopku © = {(x;,y;)}, 1 € Z =

{1, ..., m} pasmepa m HazbIBaeTCS MaTpuia X = [Xi, ..., X[ € R™*™.
Onpenenenne 3. Bexmopom omeemos (6exmopom 3nauenud, 4eaeeoli nepemen-
noti) nust Beibopku © = {(x;,v;)}, @ € Z = {1, ..., m} pa3mepa m Ha3bIBACTCS
BEKTOPD Yy = [y1, - .., ym]" € {—1, 1}"™

Onpenenenue 4. Modeavio deyxrraaccosoli kaaccudurayuy HA3bIBACTCA MapaMeT-
prdeckoe ceMeiicTBO PYyHKIH f, 0TODparKaionnx 1eKapTOBO MPOU3BEIEHIE MHOXKE-
CTBa 3HAYCHUN TTPU3HAKOBOI'O OMUCAHUS OOBEKTOB X M MHOXKECTBA, 3HAUCHUIT mapa-
metpoB W B MHOXKECTBO 3HaUeHUi 1esieBoii nepementoit Y = {—1, 1}.

f: XxW—{-1, 1}.

Onpenenenue 5. J[6yrkiaccosvm KAGCCUPGUKAMOPOM HABHIBAETCST 0TOOparKeHNe
f: X —=Y={-1, 1}, conocrapsitoree MpU3HAKOBOMY OIMCAHUIO OOBEKTA METKY
KJ1acca.

Onpenenenue 6. Bepoamnocmnoti Modesvio d8yrkAacco8oll KAACCUDUKAUUY HA-
3BIBAETCST COBMECTHOE PACITPE/IC/ICHIE BU/I

ply, wix, ) = p(ylx, w)p(wlp) : ¥ x W x X — R,

rie w € W ecrb Habop mapamerpoB momenu, p(y|x, w) 3amaer mpapiomnogobue
obbeKTa, a p € Q) ecTh HAbOp THIEPIAPAMeTPOB, 3a/AI0NNX AlPHOPHOE PACIpe-
JeTIeHne mapaMeTpoB p(w| ).

Onpenenenue 7. Bepoammocmuvim 08YTKAACCOBVIM KAACCUPUKAGMOPOM HABHIBA-
eTcsl YCJIOBHOE pacIpeie/IeHIe BUIa,

qlylx): Y x X — R".
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Onpenenenune 8. ObocHosannocmvblo BEPOATHOCTHON MOJENH JIBYXKJIACCOBO
kyaccudukanmu jist ipoctoit Beibopku ® = (X, y) = {x;, v;}, i € {1, ..., m}
Ha3bIBACTCS BEJIMUNHA

m

p(y|X, 1) = / plwli) [T (o, xdw

=1

Onpenenenune 9. BeposiTHOCTHAsT MOJIeJIb JIBYXKJIACCOBOW KJaccupUKaIUl Ha3bl-
BAETCST ONMUMAAbHOT JIJIsT TPocToii BeiGopKku D = (X, y), ecjin runepnapaMeTpsl
MO/IESTN BBIOPAHBI U3 YCJIOBUS MaKCUMyMa, OOOCHOBAHHOCTH, TO €CTh

p" = argmaxp(y|X, p).
HEQ

Onpenenenne 10. Obyuenuem BEpOITHOCTHON MOJIENIN IBYXKJIACCOBOM Kaaccudu-
KaIid 110 TpoCToit BhiGopke D = (X, y) HA3BIBAETCS MOJIYIeHHE OIEHOK MAKCHMYMa,
AITOCTEPUOPHON BEPOSATHOCTH JIJIsT TTAPAMETPOB MOJIEIH, TO €CTh

. ply, w|X, p) &
w* = arg max = argmaxp(w|p) | | p(vilw, x;).
weWw p(lea ,Ll,) weWw E

Onpenenenue 11. Onmumarvrotl 00y4enHnot GEPOAMHOCMHOT MOJEALIO 08YT-
KAGCCO60T KAaccudurayuy J7st TpocToil BeIGOpkH D = (X, y) Ha3bIBAETCS OINTH-
MaJibHast BEPOSITHOCTHAsT MOJIEh (CM. ompejesierre 9), Jist KOTOPOil TPOU3BEIEHO
obydeHue 1Mo ® i ONTUMAJbLHOINO 3HAYEHUS THIIEPIapaMeTpoB, TO €CTh

m
p* = argmaxp(y|X, p), w* = argmax p(w|u) [ [ p(yilw, x;).
HeEQy wew i—1

Onpegenenune 12. 3adaueds dsyxkiaccosoli KAACCUPUKAUUY HASHIBACTCS 38248,
IOCTPOEHUS IBYXKJIACCOBOIO KJIacCU(pUKATOPA, TO ecTh orodpazkenus f : X — Y =
{—1, 1}, conocrap/siomnero Mpu3HAKOBOMY OITHCAHUIO OOBEKTA METKY KJIACCA.

Permrennem 3a1aum IBYXKJIaCCOBOM KaacCu(pUKAINK ABJISIETCsI, HAIIPUMED, AJII0-
put™m k OsKaitinumx cocejieit ¢ (pUKCUPOBAHHONW METPUKON U YKCJIOM cocejieit k, mo-
JYYEHHBI B paMKaX »KEeCTKOH MOJIeJIN JBYXKJIACCOBOU KIaccupUKaIUN, B KOTOPOii
rureprapaMerpoM BeICTYTTaeT 9nciio coceneit k. O1HaKo, BEPOSITHOCTHRIH aJIrOPUTM
JIBYXKJIACCOBOM KIACCH(DUKAIINN TOKE MOXKHO HUCIOJIB30BATL JJIsI PEIIEHUS STOM 3a-
Jadu, myTeM JOoOaBJIEHUsT PeIaoIero mpapuia, Kotopoe mo ¢(y|x) Bbiiaer Merky
KJacca. PermaonmM mpaBmnjioM, KOTOPOe MCIOJIh3YeTCsl B JaHHON paboTe sTBIISIeTCs
cJaeyroIree.

Ompenenienune 13. J[6yrkiaccosvm Kaaccuuramopom, noporcoeHnviLm 6epoAm-
HOCTMHBILM, 38JAHHBIM YCJIOBHBIM pacipejiesenueM ¢(y|X), Ha3biBaeTcst 0ToOparkeHne
[ X=Y={-1,1} suna f(x) = argmax,cy q(y[x).
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Omnuiem Ternepb MOJETh JOTUCTUYIECKON PErpeccuy, KOTOpas UCTIOJb3YeTCs JIIsT
pereHust 3a/ia9 JBYXKJACCOBON KJacCupPUKaIMKM B Pa3JUIHbIX MPUKJIAJIHBIX 00Ja-

crsax [8,84,93,94].

Omnpenesierne 14. Modeavio nozucmuneckots pezpeccun (uau 00unounot mode-
ABIO NO2UCTNUNECKOT, Pezpeccuy) Ha3hIBAETCsl BEPOSITHOCTHAS MOJIENb JIBYXKJIACCO-
BOI KyaccuuKaIim, JIJIs KOTOPOit

Py, wix, p) = o(ywx)p(w|p),

rie w € W =R", p(w|p) ectb anpuoptoe pacipejiesieHue Ha BEKTOD MapaMeTpoB
w, ao(x)=1/(14 exp(—x)).

[IpuBenennas B onpejeaeHnn 14 MoaeIb IPEIoJaraeT, 4To BaXKHOCTL TPU3HA-
KOB HE 3aBUCHT OT TOYKM B IIPU3HAKOBOM npocTtpancrse X. [Ipu Hapyienun rurmo-
Te3bl O MPOCTOTE BBHIOOPKHU, HAIPUMEp, IPU MPEINOJOKEHAN O TOM, UYTO BasKHOCTh
IPU3HAKA 3aBUCUT OT €ro 3HAYCHUST, MPEIAraeTCA BMECTO OJMHOYHON MOJIEIN JIOTH-
CTUYECKONH PErpeccuy PacCMOTPETh MYJILTUMOJCIN, YUUTHIBAIONME U3MEHEHUS I'd-
OTE3bI MTOPOXKJICHNSA JTAHHDIX.

1.1. Ilomgarue myabrTumoneau. Cmecu Mojiesieii 1 MHOTOYpPOBHEBbBIE MO-
Jenm

CraTHCTUYIeCKN HEOTHOPOHBIE BLIOOPKH, 00BLEINHSIIONINE HECKOJLKO MPOCTHIX
BBLIOOPOK HE OMUCBLIBAIOTCS €IMHCTBEHHON MOJIETIBIO COTVIACHO BBIIMIENPUBEICHHBIM
onpejiesiernsiM. Hampumep, nmpu onpejie/ieHn BEPOSITHOCTH HeIlIaTexKa, 3aeMIIIKa
MOXKHO IPEJIIOJ0KHITh, UTO BaXXHOCTH IIPU3HAKa JIOXOJ OyIeT 3aBUCETHh OT pa3Me-
pa 9TOro JI0Xo/a. BaXKHOCTH MPU3HAaKa pa3Mep CeMbU MOXKET 3aBUCETh OT reorpa-
(puvecknx u comuaJbHbIX yeaoBuit. OIMHOUYHAS MOJIEIb JIOTUCTHIECKON perpeccuu,
UCIIOJIB3YIOIasicst B GAHKOBCKOM cKopuHre [8, 84|, He onuchiBaeT Takyio BHIOODKY.

[IpobyieMy HEOTHOPOIHOCTH B JAHHBIX MO3BOJISIOT PEIIUTh MyJbTuMomaenau. Ha-
IpUMep, NI yUueTa BO3MOXKHON HEOJHOPOJHOCTH JTaHHBIX ITPOU3BOIAT Pa30OHEHUSI
IIPU3HAKOBOI'O ITPOCTPAHCTBA, Ha HEIIEPECEKAIOIINeCs: MHOXKECTBA, 1 JIJIsT OO'HeKTOB 13
KaKJIOrO MOJIMHOYKECTBA CTPOUTCST CBOsT MoJiesTh |25, 50, 79]. Takoit mogxo me-dpaxro
SIBJISIETCST CTAHJI@PTHBIM B KPeJIMTHOM cKopunre [25,26], a camo pasbuenue npusHa-
KOBOI'O IIPOCTPAHCTBA Ha JAaCTH MOYKET MPOU3BOJIUTLCS MyTEeM KJIACTePU3aINn 00b-
ekToB [25-27| uim nyrem Jienenusi 0ObEKTOB 110 3HAUECHUIO OJIHOTO MM HECKOJBKUX
npusHakoB [69]. Tak, ecin TakuM TPU3HAKOM BBICTYIIAET BO3PACT, TO JJIsT KJIHEH-
TOB, MOMABIINX B KaXKJIYIO U3 T'PYII BO3PACTOB CTPOUTCS OTAEIbHAST MOJEb. TaKoii
MMOJIXOJ] C YKECTKUM OTHECeHMeM O0BeKTa K OJ[HOI M3 Mojeseil Ha OCHOBAHWU €ro
IPU3HAKOBOT'O ONMUCAHUS MTOPOXK,IaeT MHOTOYPOBHEBBIE MOJIEJIH.

JIpyruM TOAX0/IOM JIJIsT y4ueTa, HEOLHOPOJIHOCTEH B JAHHBIX SIBISIOTCS CMECH
mojerieit [80, 81]. B ormimume oT MHOTOYpOBHEBBIX MOJIEJIEH, Tyie KaXKIblil 00bhEeK-
Ta COOTBETCTBYET OJIHOW MOJIeJIM Ha OCHOBAHWKM €ro NMPU3HAKOBOI'O onucaHus. B
caydae MYJIbTHEMOJIeNIell KayKIblii 00ObEKT COOTBETCTBYET MOJIEJIA C BEPOSTHOCTHIO
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m € [0, 1], k = 1, K. IIpormosnposamne Kaacca oObeKTa ecTh CMeCh TPOTHO30B
KaXKJI0W 13 MOJIeJsIeil.

Mogenu, BXOJSIUE B MYJIbTUMO/IEH MOTYT OBITH OJIU3KU WU JaXKe COBIIAIATD.
B ciayduae MHOMOypPOBHEBBIX MOJIEJIeil 9TO O3HAYAET COKPAIleHne pa3Mepa BhIOOPKU
JUIA KaxKJI0M 13 MOJieJieil, 94TO BeJeT K HEeYCTONYUBOCTU B OIIEHKE ITapaMeTpoOB MO-
Jesieit ¥ CHIDKEHUIO KauecTBa Mporuosa (eM., Hanpumep, tabu. 5.1, 5.2 u onucanue
B BBIUHCJIUTENLHOM 3KcrepuMenTe). Tor xe addext nabmomaercs u st cMmeceit
mojiesieit (cM., HampuMep, Tabst. 5.13 u onucaHue B BBIYUCIUTEIHHOM SKCIEPUMEH-
Te). Bostee Toro, eciim MHOrOypoBHEBasi MOJIEJIh WM CMECh MOJIeJIel nMeeT OOJIbIToe
YUCJIO CXOXKUX MOJIEJIe, 9TO BeJIeT K HeMHTEePIPETUPYEeMOCTH. VX HEBOZMOXKHO MpH-
MEHSTh B KPEJUTHOM CKOpHuHIre. Takune MyJIbTUMOIEN HealeKBaTHbI. [Ipearaercs
PEININTDH 3a1a9y MOCTPOEHU a/IeKBATHLIX MYJIbTUMO/IENE, TJ1s1 KOTOPBIX MOJIEJIH, UX
cocTaBJIgoNye, OyayT pasauauMbiMu. OnuireM jajee, 9To TaKOe CMeCh MO u
MHOT'OYPOBHEBAasI MOJIEJIb, KX OOyUEHNEe U X ONTUMAJbHOCTD.

Omnpenenenue 15. Cmecvio modeseti HA3BIBAETCS BEPOSITHOCTHAS MOJIEJIb, COB-
MECTHOE pacipejiesienne KOTopoii jijist mpoctoii Beibopku © = (X, y) pasmepa m
TMEET BU/T

p(Y) ™, Wi, ..., WK‘Xa M, A17 ceey AK):
K m

K
p(m|w) H wk\Ak)H Zﬂ_lfl(wla Xi, Yi) |

k=1 1=1 =1

rie K — aucsio mMojesiedi, BXOJANMX B MYJbTUMOJIENb, fi(W), X;, ¥;) ecTh mpasjio-
nojobue st 0ObekTa (X;, ¥;) B Mojeu [; 7 = [my, ..., Tx|T ecTh Beca MoJeJei,
BXOJIAIINX B MYJIbTUMOJICIh, Zleﬂk = 1; Wy, ..., WK €CTb ImapaMeTphbl MOJie-
Jeil, BXOAANIMX B MYJbTUMOJCNDb, a pu € @, A; € Qa,, ..., Agx € Qa, ecTb
IUIIEPIAPAMETPDI, ONPEICIsIONe alPUOPHBIC PACIIPEICICHUS BEKTOPA BECOB T 1
BEKTOPOB IIapaMeTpPOB MoJieJielt Wi, ..., W COOTBETCTBEHHO; (,, QA,, - .., Qax
eCTh MHOXKECTBA JIONYCTUMBIX 3HAYCHUI TUIIEPIAPAMETPOB.

Ompenenenue 16. Mnozoyposresotli modeavlo Ha3BIBACTCA BEPOATHOCTHAS MO-
JIeJTh, COBMECTHOE DacCIpejieieHne KOTOpoil Jijist pocToit Beibopku O = (X, y)
pasmepa, m MMeeT BHJL

p(y7 Wi, ..., WK|X, Al, Ceey Hpk Wk:‘Ak: HHfl Wl; X, yz)[xlexl]
=1 [=1

riae K — aucsio Mojiesieii, BXOJSIIUX B MHOTOYPOBHEBYIO MOJeb, f1(Wy, X;, ;) €CTh
npasonoobue st oobekta (X;, y;) B Mogean [; R" =X, U ... U Xk ecth pa3ou-
eHMsI TIPOCTPAHCTBA, Ha OOJACTH JEHCTBUS MOJEeH; W1, ..., Wi €CTh IapaMeTphbl
MoyjieJieil, BXOJISAIINX B MyJbTUMOJIeNb; A € QA,, ..., Ag € Qa, €cTb runeprapa-
METPBI, OIPeJIEISTIONIIe alPUOPHLIE PACIIPEIECHIsT BEKTOPOB TapaMeTpoOB MOJIeIei
Wi, ..., Wi QA -, QA, €CTH MHOXKECTBA JIONYCTUMbIX 3HAYEHUI THUIIEepriapa-
METPOB.
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3amedanne 1. OTMeTnM, 9TO PACIPOCTPAHEHHON NMPAKTUKONH B OAHKOBCKOM CKO-
pUHTe SIBJIIETCs pa30ueHne MHOXKEeCTBa, KJIMEHTCKUX 3alliceil Ha HelepeceKalole-
Cs1 TIOJIMHOXKECTBA, M MTOCTPOCHHUE OTIEJLHON MOJIETN JIJISI KarXKJI0T0 OJIMHOXKECTBA.
PasOuenne npm 3ToM MOXKeT OBITH CJeJaHO M0 3HAYEHUsIM HEKOTOPOTO MPU3HAKA,
(HampuMep, BO3pacTa WM JIOXO/A), JUOO MyTeM KJacTepusalui. B TakoM ciydae

NTOTOBas MpeJcKa3aTeabHas MOAEh SBISETCI MHOTOYPOBHEBON MOJEHIO.
OnumeM Jajiee KOHKPETHBIH BUJ allpUOPHBIX paclpejieseHuil Ha, BEeKTOP BECOB

MOJIeJIeil B CMeCH MOJieJieil 1 Ha BEKTOpa mapaMeTpoB MOJieJeil B CMeCh MoJesieil n
MHOT'OYPOBHEBOI MOJEJIHN, a Tak»XKe BUJ Mojesneit fr, k = L—K, HCIIOJIb3YEMbIX B
JIaHHO# pabore.

Bua mynbruMmosesieii, nCIoJIb3yOMINXcd B JaHHOII pabore. B kauecTse
MoJIesIeil, COCTaBJIAIONNX MYJIBTUMOE/b, UCITOJAb3YIOTCA OAUHOYHBIE MOJEIN JIOIU-
CTHUUECKO} perpeccuun. B KadecTBe anpropHBIX paclipejie/ieHnii Ha Beca, Mojeseil B
CMeCH MOJIeJiell NCIIOJIB3yeTCs CUMMETPpUIHOe pacrupejenenne upuxie, a Ha Bek-
TOpa MapaMeTpoB MOJeJeid, BXOJANMX B MYJIbLTUMOE/]Ab HaKJa/bIBaeM allpuopHOe
HOPMAJIbHOE pacIpejiesIeHue ¢ HYJIEBBIM CpeJHUM. ToTrma cOBMECTHOE MPaBIOIOI0-
Oue JiIst cMecu Mojiesieil U JIjisi MHOTOYPOBHEBBIX MOJIC/IM TTPUOOPETAET CJIe LY oIt
BU/I.

st cmecn Mojiesieit coBMecTHOe MMpaBJIoIo001e nMeeT B/

p(y, ™, W1, ..., WK‘X, M, Al, ceey AK)Z
m

K
p(wlw) | [ oe(wilAn) || Z?W yiwix;) |, rae (1.1)
k=1

1=1

Vvdet A .
p(ﬂ-‘:u) Hﬂ- Wk‘lAk) (27T)n/2l exXp (_%WZ AZWZ) ) k= 17 R K.

Ormernm, 9T0 CMECh Mo;Leﬂeﬁ MMeeT CKaJIAPHBIA rureprapamerp [, 3aJ1arolnuit (hop-
My aIlpHOpPHOTO pacipenenenns Jupuxiae Ha BEKTOp BECOB Mojejeil 71 u Habop
MaTPUIHBIX TuneprnapamerpoB Ay, ..., Ax € My, COCTOSNNX W3 CUMMETPHI-
HBIX HEOTPHUIATEILHO OMPEJIEJICHHBIX MATPUIL, 3a/IaI0INX 00PATHBIE KOBAPUAIIMOH-
HbIe MATPUITLI AIPUOPHBLIX paclpejie/ieHnii TapaMeTpoB KaxK a0l u3 Mojesieil. 31ech
M1 €CTh MHOXKECTBO HEOTPUIIATEIHLHO OMPEJIEICHHBIX CHMMETPUIHBIX MATPHI] PA3-
Mepa n.
Jlj1st MHOTOYPOBHEBOH MOJIESIN COBMECTHOE HpaB;Lono;Lo6He NMeeT BU]L

ply, wi, ..., Wi |X, Aq, Hpk wi|Ay) HHU (yiwyx;) X e
i=1 1=1
(12)

R" =X U...UXg ecTb pa3dueHust IpocTpaHCTBa Ha 00JACTH JIEHCTBUSA MOJee,
a alpUOPHbIE paclpeiesieHnsl Ha BEKTOPhI MapaMeTpPoOB MoJjieieil ecTh

vV det Al D (__

p(Wi|Ay) = “2mye &

W;Alwl), k:L v ey K.
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OrmeTnM, 9TO MHOIOYPOBHEBas MOJEIb UMeeT HabOp MATPUUHBIX THIEpIapaMeT-
poB Aq, ..., Ag € Mg, COCTOSAIMX U3 HEOTPUIIATEIHHO ONMPEIEJeHHBIX MaTPHIL,
3aIA0INX 00paTHBIE KOBAPHAIIMOHHBIE MATPUIILI AlIPUOPHBIX paciIpeaeeHuil mapa-
METPOB KaxKI0W M3 MOJEJICH.

Onpenesenne 17. Cmech MoJieseil HA3LIBACTCS 0NMUMANGHOT, €CTIA OHa 001aa6T
HaOOJIbINEH 0O0OCHOBAHHOCTHIO (CM. OmpejeieHre 8), TO eCTh COBMECTHOE MPaBI0-
nojtobre MysbTEMOen nMeet Bug p(y, m, Wi, ..., Wi|X, p*, Aj, ..., AJ), rae

", AL, ..., Ay = arg max p(y|X, u, Ay, ..., Ag). (1.3)
HEQu; A1EQA,, ..., AKEQA

Onpenesenne 18. MuoroypoBHeBas MOJENIb  HA3BIBACTCA  ONMUMAALHOT,
ecsim  oHa  obJiajiaer  HamboJbIeii  06OCHOBAHHOCTHIO (cM. ompejesienne  8),
TO €CTh COBMECTHOE MPAaBJONOJ00Me MHOTOYDOBHEBOI MOJETN WMeeT BUJ
p(y, wi, ..., wg|X, A}, ..., A}), re

AT, ..., A%l = arg max p(y|IX, Ay, ..., Ag). (1.4)
AleQAl,...,AKeQAK

OTMeTnM, UTO B OIPeeIeHIN OINTUMAJILHOCTH MAKCUMMU3AIUsT TPOU3BOIUTCS 10
HAaOOPy anpuopHbIX pachpejenennii. Iloromy, eciin B KadecTBe HOMYCTUMOIO MHO-
JKeCTBa, allpUOPHBIX paclpejieleHuit /1 BEeKTOPa BECOB MoJiesieil nan BeKTOPOB UX
mapaMeTpoB B3ATH JIOCTATOTHO TITUPOKOE CEMEHCTBO paclpeesiennit, pe3yabTaT Mo-
JYUUTCsT TPUBHAJBLHBIM. [losTOMYy B JaHHOI paboTe B KaduecTBe AIpPUOPHBIX Pac-
npejieIennit Ha BEKTOP BECOB MOJesel, BXOAAINX B MYJIBTUMO/IEh, U Ha BEKTOPA,
nmapaMeTpoB Mojiesiell B MyJbTUMOJEJN U MHOTOYPOBHEBOU MOJIEIN HUCIIOJIB3YIOTCS
JIOCTATOYHO y3KHe KJIACChl TapaMeTPpUIeCKNX paclpejiesleHuit, KaK OMUCAHO BBIIIE.

Onpenenenne 19. Obyuenuem cvecu Mojesieii, 3a1aHHON COBMECTHBIM IIPAaBIONO-
nobuem p(y, 7, Wi, ..., Wi|X, u, Ay, ..., Ay), HA3BIBAETCS TMOJIYUIEHHE OIEHOK
MaKCHMyMa AOCTEPUOPHOI BEPOSITHOCTH Ha Beca MOJEJE, BXOJSIUX B CMECh, U
Ha BEKTOPBI UX MapaMeTPOB, TO €CTh

(7", Wi, ..., W] = argmax p(mw, wy, ..., wgly, X, u, Ay, ..., Ag). (1.5)
T, W1, ..., WK

Onpenenenne 20. O6yueruem MHONOYPOBHEBOI MOJENH, 3aJaHHON COBMECTHBIM
npasgonogobuem p(y, wy, ..., Wi |X, Ay, ..., Ay), HA3BIBACTCS Oy YEHUE OIle-
HOK MAaKCHMYMa aIloCTePUOPHON BEPOATHOCTH Ha BEKTOPHI MapaMeTpoB MOjeJeil,
BXOJSIINX B MHOTOYPOBHEBYIO MOJIE/Ib, TO €CTh

(Wi, ..., W] =argmaxp(wy, ..., wgl|y, X, Ay, ..., Ag). (1.6)

Wi, ..., WK
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I'maBa 2
ITocTpoenme onTumaJsibHON MyabTUMOAean. OTOOP 1 KOMOMHUPOBAHME
MMPU3HAKOB

OnTuManbHOl MyJTbTEMOIENBI0 B cootBeTcTBun ¢ (1.3), (1.4) aBistercs mysb-
TUMOJIEJIb, 0018 /1at011asi HanboJIbIeit 000CHOBAHHOCTHIO. [Ipn 9TOM MakcuMuzaIms
006OCHOBAHHOCTH TIPOU3BOJUTCS 110 AIPUOPHLIM PACIPEICICHUSIM BECOB MOJIEEH,
BXOJISIIIIAM B cMech Mojiesieit p(7r|p), a Tak»ke MO amnphOPHBIM PACIPEIETeHIsIM
p(Wi|Ak) BeKTOPOB MapameTpoB Mojeneit wi, k = 1, ..., K, BXOAAIMUX B CMeCh
MOJIEJICH MM MHOTOYPOBHEBYIO MOJIEJID.

[Ipy MCnoaL30BaHUK MIMPOKOTO KJIACCA APUOPHBLIX PACIPEICICHHiT, B KOTOPOM
IIPOBOJIUTCS ONTUMU3AINS OOOCHOBAHHOCTH, PE3YJILTAT SIBISETCS TPUBUAILHBIM, a
MOTOMY B JIAHHOI paboTe MCHOML3YIOTCA JOCTATOYHO Y3KHE KJIACCHI MapaMeTpude-
cknx pacrpesenennit. Tak p(w|p) = Dir(w|p), p(wi|Ar) = N(wi|0, AN, k =
1, ..., K. Ilpu atom Ay € Qa, = M, k=1, ..., K, rne M ectb HeKoTOpoe
TOJIMHOKECTBO MHOYKECTBA, HEOTPUIIATEILHO OIMPEJCICHHBIX CUMMETPUYHBIX MATPUI]
pasMepa n X n. [Ipeamonaras gajee napamerp p pacipeaenenus Jupuxie dpukcu-
POBAHHBIM, OITUIIIEM METOJL MOJYUeHUsT ONTUMAJIBLHONH MYJILTUMOJIEIN, KOTOPBI MPH-
BesieT K 0TOOpy Mpu3HaKoB. PaceMorpuM cHaudasa ciaydail K = 1, To ecThb ciydaii
OJIMHOYHOW MOJICJIN.

2.1. OTbop IpU3HAKOB C HOMOMILI0O MAKCUMMU3AIIU OO0OCHOBAHHOCTHU JIJIs
cjiydasi OAMHOYHOU MOJIejiu

B ciayuae onHOUHOI MOJeIH, TO ecTh Korjia K = 1 umeeM clie/iyioliee COBMeCT-
HOE TTPaBO0T0100m1e

m

Py, WX, A) =py (X, w)p(w|A) = HU%(%WTXZ')N(Wm’ A, (21

rjie BecoBoii Bektop vy = [1, ..., 1]7 € R™ BBejen jyist obmHocTrH (MOJTyYeHHbBIE
(hbOpMYJIBI ¢ HETPUBUAJIBHBIM <Y OYIAYT UCIOJIB30BAHBI JIJIsT OMTUMU3AINE CMeceit Mo-
Jesieit) ¥ CaMTaeTCst, 4TO pacipejiesienne W oT X He 3aBUCHT, METKU KJIACCOB ¥J; €CTh
+1, a o(x) ecrb curmoniHas yHKIws. Torjia TPUHITAT MAKCHMYMa 000CHOBAHHO-
CTH JIJI JIAHHON MOJIeTU MprobpeTaeT BUJ

A" = argmaxp,(y|X, A),
AeM

rine M — HeKoTopoe TMOJIMHOYKECTBO CUMMETPUIHBIX HEOTPHUIATEIHLHO OIPeIesIeH-
HBIX MaTpull. B KadectBe M MOXKHO paccMaTpuBaTh, HAIIPUMED, MHOXKECTBO JTHa-
FOHAJILHBIX MATPUIL ¢ HEOTPHUIATEILHBIMI 3JIEMEHTAMN Ha JAnaronaan Mgias win
MHOYKECTBO BCEX CUMMETPUIHBIX HEOTPUIATEILHO OIPEIeeHHbIX MaTpull, M.
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OTMeTuM, 4TO MoJyueHHas MaTpuiia A* Mo3BoJIeT YCTAHOBUTH OTHOCUTEIBHYIO
BaXKHOCTh Npu3HaKoB. Tak npn A%, = 00 noJyuaeM, 4To COOTBETCTBYIONNi BEC MpH-
3HaKa ¢ HOMEepPOM j w; anpuopu paseH (), TO eCTh IPU3HAK ABIACTCS U3OBITOUHBIM.
Ornenka HeararoHaJ bLHOW MaTPUIBI MOTJIA OBl MO3BOJIMTH yUIECTh HE TOJHKO BarK-
HOCTH KaXKJIOr0 NMPHU3HAKa B OTACJIHHOCTH, HO U YCTAHOBUTH B3aUMOCBSI3U MEXKTY
HuMu. [IponsrrocTpupyeM 310 pacCMOTPEHUEM CJIeIYIOIei MOJEIbHON CUTYaIINHN.

NmocTpaliusa Ba>KHOCTU yYeTa B3aUMOCBS3U MEXK/1y TPU3HAKAMM. 3a-
JIava aJITOPUTMOB OTOOPA, MPU3HAKOB COCTOUT B BHIOOPE OAMHOXKECTBA MTPU3HAKOB A
MCXOJTHOTO MHOYKECTBa MpU3HAKOB {1, ..., m} Takoro, 4T0 MAKCHMU3UPYETCS HEKO-
TOPBIIl KpUTEpUil KavyecTBa, KOTOPbLIN U orpejesser ajroputm orbopa. [Ipu srom
Py HAJIUYUANA MYJIHTUKOJIUHEAPHBIX TPU3HAKOB MYJIHTUKOJIHHEAPHOCTH YCTpaHS-
or 7] myTem yjasenust ojiHOro MM HECKOJIBKUX MYJIbTHKOJJIMHEAPHBIX MTPU3HAKOB
13 KaXKJIOH TPYIIBI MYJTBTUKOINHEAPHBIX TPU3HAKOB, UTOOBI TTOJIyYeHHAS MATPHITA
npu3HakoB X 4 He ObLIa IJI0X0 00YCJIOBJIEHHOW M OIEHKH MapaMeTpPOB MOJIEJIH Obl-
JIT TIOTOMY YCTOWUMBBIMU. [[oKaxkeM, UTO TaKO# TOJIXO/ He SBJISIETCS ONTUMATbHBIM
W MCKJIIOUCHUE MYJIHTUKOJIIMHEAPHBIX MPU3HAKOB MOYKET TPUBOJIUTH K YXYIIICHUIO
Ka4yecTBa MPOTrHO3a.

Teopema 1 (Axyerko, 2016). ITycrs nmeercst [ jiuHeitHO He3aBUCHMBIX (GAKTOPOB 1
nesieBoit BekTop mapamerpoB v € R!. O6oznaunm f; — BekTop 3HAuUeHHil (HaKTOPOB
JUIst i—T0 obbekTa. [Iyerh i Kazkoro oobekta Bmecto f; nadmonaercs x; = Gf; +
g;, e G — marpuna pasmepa n X [, n > [ moJaHOTO paHra, a €; — HeHTPUPOBAHHBII
IITyM C HEBBIPOXKICHHON KOBAPUAIIMOHHON MaTpHUIlei 2J.

Toryma onTUMaIbHON B TEPMUHAX JUCIEPCHH ITyMa, E(WTEZ')Q OIIEHKON W, TaKOM,
gro Ew'x; = v'f;, siBasiercst orieHKa Bujia,

w=3"'G(G='G) 'v. (2.2)

Hoxazameavcmeo. PaccMoTpuM cHadaJia, TpeboBaHHE HeCMelleHHoCTH Ew'x; =
v'f;. Tak xkak marpuna ( 1mojHOro paHra, TO 3HaUYEHHUsI BCeX (PaKTOPOB JJIs JIFO-
6oro obbekTa f; mpu oTcyTCTBUM IIyMa MOXKHO TOYHO BOCCTAHOBUTH IO X;, IPUIEM
npu n > [ ¢ u3dbbiTkoM. [Ipr 3TOM B CUJy OTCYTCTBUS IyMma JIOOOW BEKTOP W,
YJIOBJIETBOPSIOIIUI 3TOMY TPeOOBAHUIO, MOAXOJUT U JAET OJUHAKOBBIA pPE3yJIbTAT.
B wacTHOCTH MOXKHO OCTaBUTH MPOU3BOJIbHBIE | JIMHEHHO HE3aBUCUMBIX IPU3HAKOB
v gajee padborarh ¢ HUMU. VI3-3a HaJIWIuWs 1yMa CUTYaIlis W3MEHsIeTCsT U BEKTOPa,
W, VIOBJIETBOPSIONINE YCIOBUIO HecMelneHHocTn Ew'x; = v'f;, mepecraior OBITH
PABHOIIEHHBIMHU, TaK KaK JIJIsi PA3HbIX W W'X,; 00JiajlaeT pa3Hoil gucrnepcueii.
Paccmorpum cHavasia ycjioBre HecMeneHHocTh. V3 Hero nosydaem

Ew'x;, = w Gf;, = v'f,
OTKY/JIa JOIMYCTUMbIE W y0BJeTBOpsaoT coorHomennio G™w = v. Ilpu srom

wW'X;, = WT(GfZ + €i) =v'f+ W;€i,
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OTKY/Ia YCJIOBUE ONTUMATBHOCTH O JIUCIEPCHU TITyMa, JIHHEHHO! KOMOWHAIMN TPH-
HUMaCT BUJL
E(wle;)? = wE(g;e])w = w'Ew — min,
\y%

OTKYJIa, C YUETOM YCJIOBUS JIOMYCTUMOCTU W TIOJyYaeM CJIEYIONIYIO 3aJa9y ONTHU-
MU3AIUN

W' XW — min,
W

npu yeaopun G'w = v. (2.3)

Pemas sanaay (2.3) u BBOja BekTop MHOKHUTeneit Jlarpamka A € R! momyuaem
YCJIOBUSI ONTUMAJILHOCTH

23w + GA =0,
G'w=v,

OTKY/JIa
w=3"G(G'Z'G) 'v.

[IponttocTrpupyeM JI0Ka3aHHYIO TEOPEMY HECKOJbKUMU ITPUMEPaMHU.

® Cﬂyqaf/i COBOKYIIHOCTH 7t MYJIBTUKOJIJIMHEAPHBIX IIPU3HAKOB, TO €CTb

l=1,G=e=][1,..., 1|7, X =diag(1/0}, ..., 1/02).

B paccvmarpuBaeMoM ciIydae UMEeeTCsi TOJHKO OAUH (PaKTOp, a NMPU3HAKOBOE
OIMCAaHKEe MpeJIcTaBIsieT coDOM N ero 3allyMJIEHHBIX Komwuii. Torma Bce mpu-
SHAKN ABJIAIOTCA MYJIBTUKOJIJIMHEAPDHBIMU N C TOYKHN 3PEHUA OT60pa Mpu3Ha-
KOB U3 HUX CTOUT OCTaBUT TOJIBKO OJINH. OILHaKO B COOTBETCTBUHU C TeopeMoﬁ
TaKOM MMOJAX04, HE ABJIAETCA OINTUMAJIbBHBIM, a IJISA JJOCTH2KEHU A MUHUMAJILHOM
JAUCIIEPCUH IITYyMa Tpe6yeTC${ CJIO2KUTDH MIPU3HAKNW C HEKOTOPbBIMHU ITOJIO2KHUTEJIb-
HbIMU BecaMu. [Tojryanm BhIpaskeHue Jijisi STUX BECOB B COOTBETCTBUU C (2.2).

1/62 ... 0 1

W =

L
2
On

1 17 1 1
L+ Ztot

g

Q

(2.4)

Takum obpa3oM, ckJiaJibIBaTh MPU3HAKU CTOUT B BecaMu OOPATHO MPOTOPIIH-
OHAJLHBIMU JINCIIEPCUU TTYMa COOTBETCTBYIOIIEH Konuu ¢grakTopa. B gacTHO-
CTH, €CJIN 02 = ... = 02, TO ONTUMAJILHO B3ATh B KAuecTBe ONEeHKH (hakTopa

cpeaHee 3HadeHue 71 ero 3ally MJICHHBIX KOIIU.
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e Tpoiika MyJbTHKOJIMHEAPHBIX TPU3HAKOB, TO €CTh
T

1 01
_ _ _ -1 _ 73; 2 2 2
[=2,n=3G= 01 1 , X7 =diag(1l/o1, 1/03, 1/03).
AHAJIOrTIHO TIPEABIIYIIEMY, UCITOTB3Y S (2.2), MMOJIY YU M
U1 + V1—V2
W = 1 1 1 02(272 + #
5=+ ==+ == 11)12 %23
oio oso 050
192 193 203 a§a§+o%a§

Tax npn a% — 00, MOJIYYUM, YTO ONTUMAJHLHO MCIOJb30BaTh TOJIHKO BTOPON
M TPeThii Mpu3Haku. AHAJIOTMIHO NPH 0% — 00 OINTUMAaJIbHO UCITOJIL30BaTh
TOJILKO TIEPBBII U TPETU MPU3HAK, a IPu 032, — OO — TOJILKO MIEPBBIA 1 BTOPOIA.
[Ipn srom jaxke, ecin, HAIPUMED, 071, 0% > 032) MPU U] # Uy TPUXOINTCST
HCIIOJIB30BATH OJIMH M3 MEPBLIX JBYX NMPU3HAKOB, HECMOTPA Ha UX CUJILHYIO
3aIyMJIEHHOCTE. OJIHAKO TIPU U1 = U B TOW YKe CUTYaIMi ONTUMAJILHO Oyier
HCIT0JIb30BaTh TOJILKO TPETU NpU3HaAK.

e /IBe mapbl MyJIbTUKOJIJIMHEAPHBIX MPU3HAKOB, TO €CTh

l=2.n=4.G=(; o ) = =diag(1/o}, 1/03. 1/0. 1/3)

DTOT caydail CBOIUTCI K HE3ABUCUMOMY TTPUMEHEHUIO Pe3yIbTaT caydas 1 s
epBOit M BTOPOH Mapbl MYJIbTUKOJJIMHEAPHBIX TTPU3HAKOB.
TakuM 0O6pa3oM, TpU HAJIUYUN MYJTbTHKOJJIMHEAPHBIX MPU3HAKOB YCTPAHEHUE MYJTh-
TUKOJUIMHEAPHOCTH TIyTeM YJAJeHUs W30BITOUYHBIX MPU3HAKOB HE SBJISAETCS ONTH-
MaJIbHBIM, & UH@OPMalUsi 13 U3OBITOUHBIX TPU3HAKOB MOXKET ObITh HMCITOJIb30BaHa,
JUTS YIIYUIenns KadecTBa Mporao3a. [loaTomy Hapsty ¢ onenKoit BayKHOCTH OTIEb-
HBIX [PU3HAKOB, OyJjieM OIEHUBAThH U B3AUMOCBSI3b MEXKJIy HUMM.
OnTtumm3aliusg 060CHOBAHHOCTH JIJId CJIyYas OJHOM Moaesm. s ciydas
OJIHOI MOJIeJI C COBMECTHBIM ITPaBIONOI001eM

Py, WIX, A) = p(y1X, wip(w|A) = [] o (w )N (w]o, A7),
=1

rie v = [1, ..., 1]7 € R™ onenka MakcuMyma 0OOCHOBAHHOCTH JIJIsT MATPHUIIBI A
uMeeT BUJ
A" = argmaxp,(y|X, A) = arg max/p7(y\X, w)p(wW|A)dw, (2.5)
AeM AeM

rie M — HeKOTOpoe MOJIMHOXKECTBO CUMMETPUIHBIX HEOTPUIIATETHHO OMPEIETIeHHBIX
MaTpull. Kak y»Xe yKasbIBaJoch B KauecTBe M MOXKHO paccMaTpuBaTh, HAIPUMED,
MHOXKeCTBO M giag BCEX IMATOHAIBLHBIX MATPUIL Pa3Mepa 1 X 1 ¢ HEOTPUIATEILHBIMA
SJIeMEHTaMU Ha, THaroHaJ u. Torma ecim A;fj = 00, TO TIPU3HAK C HOMEPOM J sBJs-
ercsd He3HauMMbIM. J[Jisi yuera 3aBucHMOCTEl MEXKly MPU3HAKAMU MOYKHO HCIOJIb-
30BaTh B KauecTBe M, HallpuMmep, MHOXKECTBO BCeX HEOTPHUIATEIHLHO OIPeIeIeHHBIX
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mMarpull Mgy pasmepa n X n. Ecaun ncxoaHo M3BECTHBI BO3MOXKHBLIE B3aUMOCBSI3U
MEXKJLy PU3HAKAMM, TO MOYKHO MCIOJIL30BATH MHOXKECTBO MATPUIL M, yIUTHIBAO-
mee sty undopmalmio. Tax, ecin, HaIpUMep, U3BECTHO, YTO NPU3HAKU YIIOPSIIOUE-
HBl U CBSA3AHBI MOI'YT OBITH TOJILKO COCEJHHE, B KaU4eCTBE MHOXKECTBa marpul, M
MOYKHO HCIIOJIL30BATHL MHOXKECTBO TPEXIUArOHAJLHBIX MaTpull. OIHAKO JIJIsI Peaib-
HBIX JIAHHBIX CTPYKTYPBI 3aBUCUMOCTEH MEXKJly NPU3HAKAMU OOBIMHO HEM3BECTHA, &
MOTOMY JaJiee HCIOIb3yeM B KadecTBe MHOXKecTB MaTpull, M Mi,e 1 Mgy, OT-
METHUM, OJHAKO, UTO MOJYUICHUE COOTBETCTBYIOMMUX (DOPMYIL JIJIsl APYTUX MHOXKECTB
MaTPUIL TOJHOCTBIO AHAJOIMIHO. Kpome Toro, Kak OyJIeT MoKa3aHo B JajbHei1neM,
C TIOMOIIBIO MAKCUMU3AIMA 000CHOBAHHOCTH HE YJIACTCs [MOJIYIUThL HETPUBUAJILHYIO
OLIEHKY HeJMArOHAJILHON 9acTh MATPUILI A JJa’Ke aCUMIITOTUYECKH, & TOTOMY OIEH-
Ka MaKCHMyMa 0D0CHOBAHHOCTHU JIJIs HEJIMATOHAILHON MATPHUILl A He NpecTaBIIsieT
MHTEPECA, TaK KaK HUKAK HE YKA3bIBACT HA B3AMMOCBSI3U MEXKJIy ITPU3HAKAMU.

OrmernM, 9TO MHTErpaJ B BhipaxkeHn# (2.5) aHAIUTHYECKH HE CYUTAETCSI, MO-
CKOJIBKY TIpaBsfiononobue p(y|X, w) u anpuopnoe pactpesenenue p(w|A) He sBs-
IOTCST CONPSIXKEHHBIMY PACIIPEICICHUSIMY, TaK KaK alpUOPHOE pacipejesieHiue HOp-
MaJILHOE, a MPaBJONOJ00Ne HE ABJIACTCS HOPMAJLHBIM OTHOCHUTEILHO W, OTKYJA
AIlOCTEPUOPHOE PacIpeieeHe TakXKe He OyerT HopMaJbHbIM. CyIecTByeT JBa 0c-
HOBHBIX TMOJIXOJIa K AlMPOKCUMAIMU WHTErpaJia B BhIpaxKeHun (2.5) U HAXOXKJIEHUs
MaTpuilbl A, MeToJ], OCHOBAHHLIH Ha ammpokcuMmanun Jlammaca u MeTos, OCHOBAaH-
HBIIl Ha BapPUAIMOHHON HUXKHEH OLIEHKHU JIJIsT CUTMOWIHON (DYHKIUN [21].

O1eHKa KOBApUAIMOHHON MaTpPUIbl C MOMOIILIO annpokcuMamnuu Jla-
IJIaca

[Tepenuiiiem wHTErpas B BhipaxkeHnu (2.5) B CJIEYIOMEM BHJIE

1) = [ pa(ylX, wip(wlA)dw = [ e,

riie Q(W) = (p(¥|X, w)p(w|A)). Obosnaunm ¢y (W) = log Q(W). [Iycts wap —
HanbOJIee BEPOSITHOE allOCTEPHOPH 3HAUCHWE TAPAMETPOB W, TO €CTh

X A
wyp = argmax py(w|X, y, A) = argmax Py(YIX, w)p(w|A)

w [ py(yIX, Ww)p(w/|A)dw" (2.6)

Torga w3 (2.6) u onpejesenusi Q(W) nMeem

W) p = argmax q(w).
W
C ydeTom ompeJieJieHnst Wy p BOCTIOJB3yeMcsi pasyiokenneM Teiiopa st q(w) B
OKPECTHOCTH W jsp JIO BTOPOTO TOPSIJIKA BKJIIOUATEILHO. JIMHEHHbIH wien orcyT-
CTBYET, TaK KAK Wjsp €CTh TOUKA MaKCUMyMa q(W).

q(w) =~ q(warp) — 3(w — wap)TH (W — wrp), mae H' = —=V20y (W) wewyp-
(2.7)
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Vcnombayem (2.7) mas npubnmxenns I(A), moayanm

I(A)~ Q(wup) /eXp (=3(W — warp) H (W — warp)) dw =
Qv(WMP)(27T)n/2\/det H.,

rje IpU B3ATHU MHTErpaJja UCIOJb30BAHO BbIPAYKEHHUE IS KOHCTAHTHI MHOIOMEp-
HOIO HOPMAaJILHOI'O PACHPEIEICHUsI ¢ MATEMATHICCKUM OXKUJIAHNEM W/ p U KOBAPH-
anmonnoit marpuneit Hy. ITpn srom H, monoxurensno onpejenena, Tak Kak H;l
ecTh reccuat QYHKINN —@ (W) B TOuke Wysp, & GYHKINS —(y (W) BBITYKIIasT KakK
CyMMa, JIBYX BBIIYKJIBIX: BBLIIYKJIONO OTPHUIATEILHOTO Jorapudma IpasIonoaooust
—logp,(y|X, W) n ksajgparudnoit dbynkimn u3 — log p(w|A). Packpoem rerneps
(Q~(Wrp) 1 HOJIydInM UTOroBOE BhIpaskemue st log I(A).

n
gy (Warp) = log py(y1X, warp) — B log(27) + 3 logdet A — sw], pAwyp, oTKy1a
log I(A) = log py(y|X, warp) + 5 logdet A — swj; pAwyp — 3 log det H '

Brimmiem reneph Bhipakenue g Ho, n nepeitjiem satem K onmcanuio onTuMu-
3allMOHHOI 3884 U €€ PelleHud.

_ 0? 0?
H'Yl - _WQ'Y(W)lWZW]MP - _W(logp’y(y‘xa W) + 10gp(W|A))‘W:WMP -

X'R, X+ A, tae

R., = diag(yio (W}, pxi)o (=W, pxi), i = 1, m). Orcroona nanbosninmii Bec nosyya-
FOT OOBEKTHI, OJIN3KIE K TPAHUIE MEXKJY KIACCAMU B TEPMUHAX BEPOSITHOCTH MPHU-
HaJIEXKHOCTH KjlaccaM. 3amensist 3Hak B log I (A) jyist ojiyuenus 3a/1a4u MUHUMHU-
3al[Mi BMECTO 331291 MAKCUMU3AINU, TMEEM

A = argmin [—log py(y|X, wap) — 5logdet A + Wi pAwy pt
AeM

slogdet(X"R, X + A)]. (2.8)

Ormerum, 9To B (2.8) OlEHKA MAKCHMYMa AMOCTEPHOPHON BEPOSITHOCTH JIJIST TTapa-
METPOB W) p 3aBUCUT OT MATPHUILI A, TO3TOMY TOJIYUYEHHE MOJHON ITPOU3BOIHOIM
nmo A sarpymaaeno. [Toromy st perenust 3agaan (2.8) UCMOMb3yeM UTEPATHBHDIN
AJICOPUTM C TTOOUEPETHBIM nepecueroM W p 1 A. IIpu 9ToM B KauecTBe MHOXKECTBA,
marpui, M, B KOTOpOM HIeM periienue Jjisg MaTpuilsl A paccMarpubaeM Mgige 1
M.

OrmuiieM Ternephb uTepannoHHbIi ajiropuT™ perrenns 3agaqu (2.8). Ormernm, 410
10 OTIPEJICJIEHNIO0 W) p CYIIECTBYET OJHO3HATHAS CBA3L MEXKJIY A U W) p, a TOTOMY
UTepalus 1Mo Wy p NPEJICTaBIsgeT co0OM MOWCK eIUHCTBEHHOTO W) p IO HaifaeH-
HoMy 3HadeHnio A. BolOupaem HadajbHOE NPHOJMXKEHUE JJIsI MaTpUIbl Wysp. B
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KavIeCTBe TAKOBOTO MOXKHO B3$ITh, HAIIPUMED, OIEHKY MaKCHMyMa MIPaBIOIOL00MsI,
gto coorBercTByer A = . Jlasee 1o odepean BHITIOJHSAEM nTepaiuu mo A mpn
(bUKCHUPOBAHHOM W)sp C HIPEABLIIYINEH WTepalud U M0 Wy p IPpU (DUKCHPOBAHHOMN
A ¢ npeppiaymeit nrepanun. OTMETHM, UTO €CJIM HADJIIOLAETCsT CXOAUMOCTL WTe-
paluii, To B CHJIy ONTUMAJLHOCTUA HaiifeHHO# A npu (pUKCHUPOBAHHOM W = W)/p
W B CUJIy TOTO, 9TO Wjsp TI0 MOCTPOEHUIO €CTh OIeHKa MaKCHMyMa arnoCTepuoOPHOi
BEPOSITHOCTH, HaiijieHHoe 3HaueHne A ectsb pererue (2.8).

Nreparnusg o A (dbukcupoBaHHBIN W)/ p)

[Ipn dukcupoBanHOM W) p 33aua (2.8) 9KBUBAJEHTHA CJIEIyOIei 3aaue Ha-
XOXKIeHnst A

Ly(A) = —3logdet A + W] pAwarp +  log det(XTR, X + A) — min . (2.9)

Hasee pacemorpuM JiBa ciydas M = Miae, M = M.
Cayuait M = Mgjag-

B paccmarpusaemom ciyuae marpuna A umeer Bug A = diag(ag, ..., ap).
Torna nmeem
ol (A 1
’y( ) = —%wz—%Hjj:O.
80éj 20éj J

Otciosia mojtyqaeM BbIpaxKeHue JIJIs o (moMHOXKeHWe Ha Qvj TIPOU3BEJICHO JIJIsl YCKO-
PEHUsT CXOJMMOCTH K OO JIJisT M30BITOUHBIX MPU3HAKOR)

__ old rrold
new L O HE
a; - 2

wj

. . a2 2
Ormerum, uTo ipu HUKCUPOBAHHOM W rp [Tl BTOpoii mpoussoanoit 01y (A)/da;
CJICJIYIONIee BhIpasKeHNe.

T (A~ (A XTRX) ) 20

OTKYJIa ONTUMU3NUpyeMasi (PYHKINS sIBJIAETCS BBIYKJIONW W HalCHHBINA JOKAJIbHBIM
MUHUMYM SIBJISIETCS] OJITHOBPEMEHHO U TJI0DAJbHBIM.

Cayuait M = Mg

9L(A)
0A

Orciozia mostydaeM (¢ yaeroM TpeboBaHust CHMMETPUIHOCTH | TOJIOXKUTEJILHON OITpe-
JIeJIEHHOCTH MaTpPHUILL A )

= 1A — Iwypwlp — LXTR, X + A)”

A" = (wypwhyp + (XTR,X + A% )

Nreparnusa o wyp (bukcupoBannas A).
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IIpu dukcupoBannoit marpuiie A TPOU3BOIUM IepecueT OINEeHKH MaKCHMyMa,
aItoCTEPUOPHOI BEPOSITHOCTU B COOTBETCTBUU C €T'0 ONPEJIeJIeHNEM, TO eCTh PeriaeM

CIIEIYIONIYIO 3aJ1a4y.

I (w) = — log, p(y|X, w) + IWAwW — H%&n.
Munnmusnpyemas GyHKIMS B JAHHON 3aja4e sBISETCA BBITYKJION, a IMOTOMY MMe-
eT eJMHCTBEHHLIH MUHAMYM. JJIs1 ero HAXOXKJIEHHsT MOXKHO BOCIIOJIL30BaThCsI, Ha-
npumep, merojiom Herorona-Padeona [21] uim ero gemndguposannoit sepcueii [108].
[Tpusenem gasee BbIpaykeHus JJist TPAJNEHTa M MecCrana MUHUMU3NPYEMOit (hyHK-
AN,

l m
0 gi:v) = Aw — ; Yo (=YW X; ) yiX;,
O*l(w) .
S = XR, X + A,

BapuanuonHast oreHKa MaTpPUIbl KOBAPUAIANI

PaccmoTprm BTOPO# MeTOj1 HaAXOXKIEHHUsT OIEHKN MaTpuilbl A, TO ecTh puodJIn-
YKEHHOTO pereHst 38,124 (2.5). DTOT MeToj] OCHOBAH Ha MOCTPOEHUN BaPUATIHOHHOI
HUKHEl orleHku K QyHKImu npasjononodus [21]. Tajee npusejem onpejenenue.

Omnpegnenenne 21. Bapuayuonnot ouenkol dynkyuu f(x) : R — R nazwiBaercs
bynkmusa g(x, £) : R? — R, takas uTo:

L flz) 2 g(z,§) YVa,€
2. (&) =9(&,€) V&

JLJist cUTMOUJIBI CYTIECTBYET BAPUAIMOHHAST HIKHSIS ONeHKa Buja [21]

o(x) > (&) exp{(z — €)/2 = N€)(2* — €)}, re (2.10)
1 1
ANE) = — ——1.
© = 5¢|o© - 3]
Bocrnosibayemest eit st ornenkn waTerpasa B (2.5). Beegem, kak u pamee, BeCOBOI
BekTOp oObekToB ¥ = [1, ..., 1|7 € R™. [Ipasgononobue p,(y|X, W) nmeer Buj
Py (X, w) = Hp(yz-\xz-, w)" = Ha(yinxi)%. (2.11)

i=1 =1

Bocrosib3yemest BapralinonHo# HUXKHEH o1eHKoii (2.10) st CHrMOU/IBI U Oy IiUM
BAPUAIMOHHYO HUKHIOW OIEHKY JiJist GyHKIMK npaonogobus (2.11)

(1%, ) = [T 6o [ (M5 =5 N -6 22
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B (2.12) BBesmen BekTOp BapHANMOHHBIX mapamerpoB € pasmepa n X 1. Ilosnbsy-
SICh BAPUAIMOHHOM HIXKHEHT OMEeHKOM JIJTs paBonooomst (2.12), moiyanM HUKHIO0
OTIeHKY (y2Ke He BapualMoHHYIO) s obocHoBanHOCTH MOmen p(y|X, A)

P2 71X, A) = [ /X, wp(w]A)dw >
/ﬂa%(@) exp [% (% — M&) (wx;)? = 512))]
exp(—1/2w Aw)dw. (2.13)

Brinumem Boipaxkenue st jgorapudma MOAUHTErPATHHOTO Bbipaxkenus log I(w)
B (2.13)

: i T — &
log Iy(w) = —%w Aw + %log det A + Z% logo (&) + Z%f

=1 =1

—7iM&i) [(W Xz) 512] = _%(W —wo) "A'(w —wy) + C.

Beejem obosnadenne v = 1/23 " yy,X;, TOrIa NMeeM

A=A +2) yM&)xx], wo= A"y,

1=1

C = 110gdetA+Z%10g0 &) — Z%SﬁZ% (E)E2+ v A"y — 2 log(2m).

1=1
[Tob3ysich BhIpaskKeHneM Jijisi KOHCTAHTBI MHOTOMEPHOI'0 HOPMAJILHOTO pacipeiese-
HUsI UMeeM CJIeJIYIONIYI0 HUYKHIOKO OIEeHKY JIJIst Jioraprdma 000CHOBAHHOCTH

logp(y|X, A) > 1logdet A — $logdet A’ + Z% log o (&) — Z’y@

=1
D HAE)E + VTATIV = by(A, €).
=1

BaMeHnM Tereph 3aady MakKCHMU3alun 000CHOBaHHOCTH (2.5) 3ajaueil MaKCHMH-
3allMK HIDKHEH OIeHKM Ha ee jorapudma,

A, €] = argmax |1logdet A — logdetA + vilogo (&) — 4
4, €] = sygmes > 124

D WAEE + VAT V| (2.14)
=1
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OmuiiieM Tenepb UTEPAIMOHHbIH aJropuT™ perennst 3ajgaqu (2.14). Beibupaem
HavaJIbHOE pub/nKenue Jjist Marpulibl A. Jlajee 1o ouepe/iu BLITIOJIHIEeM UTepaliin
o & npu GpUKCUpoBaHHON A ¢ mpeblayineit urepaiuu u 1o A npu (pUKCUPOBAHHOM
& ¢ npepIAyIeit nTepannm.

Nreparnusa o £ (pukcupoBarHas A).

st mostyuenvst popMmyJib iepecdera € BHIUIIEM YCIOBHE ONTUMAILHOCTH TTep-
BOro mopsiaka Jyist by (A, &).

By o ooy ieye st OAT (&)
a—&——%—f—’}@)\ (Sl)gz +2’}/@)‘(§Z)€Z+2V agl V—i_’yl U(Sz)

[Ipeobpasyem rojiyueHHoe yCaoBHUE U MOJIydaeM

— N (&) tr(A™xx]) = 0.

/

—%)\/(&)XZA/_lxz'ﬂL%A/(&')@2—%VTAH%? A"y (0(=&) — 5+ 2X0(&)&) =0,

Vi \(0(—&) — 5+ 2M&)&) N (6)(E — xTAT X, — vTAT Ixx[ATv) = 0,

7

=0

€ = x] (A7 + (A7) (A V)T) i = T (A + ww)

old X old X+

Nreparnusa mo A (dbukcupoBanubiii &)
[Tpu dukcupoantom &€ 3ajaua (2.14) SKBUBAIEHTHA CJIEJLYIONIEH 3a1a9€ HAXO0XK-
nenns A

bo(A) = tlogdet A — Llogdet A’ + ivTA’"'v — max.
¥ 2 2 2
AeM

Hajiee paccMOTPUM JIBa PA3HBIX MHOXKECTBA JOMYCTUMBIX MaTpuil M: quaronain-
HBIE C MTOJIOKUTEILHBIME JUATOHAJLHBIMEI 9JIEMEHTAME ¥ CHMMETPUUHDBIE TOJIOXKH-
TEJILHO OIPeJIeJIeHHbIE MATPHUIIBI OOIIEro BUJIA.

Cay4ait M = Mgiag

B paccmarpuBaemom ciayaae marpuiia A umeer Bux A = diag(ag, ..., ay).
Torma nmeem

ab’Y(A) 1 1 A1 1.1 /—18A, 1—1

OTCIO,ZL& HOJIyq9aeM BbIPpaKEHUE JIJIA Oy

o = !

J (A/—l)?}d T [(Alflv)?ld]?
Cayuait M = Mg

A
9b,(A) s %AH +1 0 tr(A"lvvT) = 0.

oA ? 2 9A

TV
A/—lva Al 1
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Orcrofia mosryuaeM (¢ yaeroM TpebOBaHUS CAMMETPHIHOCTH U TTOJIOXKUTETHHOMN OITpe-
JeJIEHHOCTH MaTphIhl A)

1

A" = (I + VVTAold) N

(2.15)

3aMeTUM, UTO IOJIOKUTEeJIbHAsS OIPEJeJeHHOCTh MATpHUIbl A, OIpejeJeHHoi
B (2.15), criemyer W3 MONOXKHUTENBHOW omnpejesnenrocTr A’ Ha mpejbiyIiei
WTEpAINy ¥ 9KBUBaJEHTHON 3amucu (2.15) B Bue

Afl — A/fl _i_A/flVVTA/fl.

EM-anroputm ajg HaX0XKAeHUH IIPUOJINMKEHHON OMEeHKN MaKCHUMYyMa
000CHOBAHHOCTH [JIsi MAaTPUIILI A C TIOMOINBIO BAPUAIMOHHON HWXXKHEN
OITEHKU.

BameTum, dTo permuTh 3agady (2.14) MOXKHO ObLIO Takke ¢ nomorbio EM-
AJICOPUTMA, ITO HECKOJbKO YIIPOCTUIIO Obl BBIKJIAIKH, TOCKOJIBKY He ITOTPeb0BAIOCDH
ObI OpaTh UHTErpaJ 1mo w. s 9Toro paccMOTpUM W B KaUeCTBe CKPBITO epeMeH-
noit. Imeem

logpy(y|X, A) > Ly(q, A) =E< ylog py(y, WX, A) — Eyw >log(J(W) >
L(g, A, &) = Eyw)logpraly, WX, A, €) — Ey ) logg(w),

rie st nosydenus prp(y, w|X, A, €) ucnosp30BaHa BapHallHOHHAST HUXKHSIST OTIEH-
Ka JIJIS CUTMOMIHON (DYHKIMN

logpre(y, wlX, A, &) = slogdet A — sw"Aw + Z% [IOgU(&) Lowwxh xi-G

1=1
—AM&) (W) = &)
Hayee ¢ momoribio EM-aaroputma pernraem 3agady

L(q, A, &) — max. (2.16)
7A€
E-mar. Ha jgannom 1mrare BbIYmcisieM ammipoKCUMAIIAIO allOCTEPUOPHOIO paciipe-
JeJIeHNsT Ha BEKTOP CKPBITHIX MEePeMEeHHBIX W ¢(W), peras 3a1ady MaKCHMU3a-
i (2.16) no g. C yuerom toro, uro log prp(y, w|X, A, €) kBajgparndna mo w, ¢(w)
ecTh HOpPMaJbHOE pachpenencHue. [ mapaMeTpoB 3TOTO pacipeiesieHusT TMeeM

q(w) = N(w|wg, A1), te

m
—%Z viyixi, A = A+QZ% (&)xix], wo = A",

=1
M-mar. Ha manaoM mare peraeM CJIeyIonyo 3a1a9y MaKCHMU3AIIHN.

IBZq(w) logpLB(y7 W|X7 A7 €) — Igaég (2]‘7>

)
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rie ¢(w) nosiydeno wa E-mmare n npesmosaraercss GUKCUPOBAHHBIM.

Nrepamus o £ (bukcupoBannas A).

st mosryuenust popMyiibl nepecuera & BLIUIIEM YCJIOBUE ONTUMAILHOCTH Mep-
BOI'O TIOPsiJiKa 110 &;.

v (0(=&) — 5 = N (&) [XEqww™s; — €] +2M(&)&) = 0.
[Ipeobpasyem rojiyueHHoOe yCaoBHUE U MOy IaeM

(glnew)Q = X;—(WOWB + Alil)newxi-

Nreparnusa mo A (dbukcupoBanubiii &)
[Tpu dukcupoantom & 3ajaua (2.17) SKBUBAJIEHTHA CJIEJLYIONIEH 3a/1a9€e HAaXO0XK-
nenns A

—1tr(AE,ww") + 1 logdet A — max.

Hasiee paccMOTPUM JiBa Pa3HBIX MHOXKECTBA JOMYCTUMBIX MATpul, M = Mgiae 1
M = Mg
Cay4ait M = Mgiag.

B paccmarpusaemom ciyuae marpuna A umeer Bug A = diag(ag, ..., ap).
Tora mosyvaem BbIpayKeHUE IS
eV — 1 o 1
i od — T 1
(EQWWT)jj (wowg + A 1)gia

Cayuait M = M.

YeiioBre onTHMAJILHOCTH TTEPBOTO MOPSIJIKA UMEeT BUJL
1 T 1A—-1
2Equ + 2A = 0.

Orciozia nostydaeM (¢ yaerom TpeboBaHust CHMMETPUTHOCTH | TOJIOXKUTEJILHON OITpe-
JIeJIEHHOCTH MaTpPHUIBT A )

A" = (wow] + A’_l)glé.

Takum 0bpazom, ObLIN Oy YeHbI (DOPMYJIBI JIJIs HAXOXK JICHUsT TTPUOJIUYKEHUST JIJIsT
OIIEHKH MaKCHMyMa, OOOCHOBAHHOCTH JIJIsT MATpunibl A jaByMs crocobamu. OTeHKn
OBIJIV TTOJIyYeHbl KaK B MHOXKECTBE ANArOHAIbHBIX MATPUIL M giae, ITO TO3BOJIACT OT-
OupaTh IPU3HAKH, TAK U B MHOYKECTBe M,y XOTsI OlleHKa MaKCUMYMa, 000CHOBAHHO-
ctn A* € Mgy mMmeer HeamaronaabHbIE 3JIEMEHTDI, OKA3bIBAETCsT, UTO UX 3HATCHUSI
TPUBUAJLHBI U HE CBA3AHBI C UCTUHHBIMK B3aMMOCBSI3SIMU MEXKJIy HMpU3HAKAMH, a,
COOTBETCTRYIOMAasT Marpuia A* € My sIBISIETCST aCUMIITOTHIECKH BBIPOXK IEHHOI,

YTO yCTaHABJIMBAET CJIEJIYIONIas TEOPEMA.
Teopema 2 (Ajyenko, 2016). Tlycrh nMeercst ojmHOYHAST JIOTHCTHIECKAsT MOJIEIb,

3a/aHHas COBMECTHBIM IIPaBIONoI00neM

p(Y) W‘Xa A) = HU(%WTXz)N(W‘Oa A_1)7
=1
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rie y; € {—1, 1}, x; € R?, To ecTh NpU3HAKOBOE MPOCTPAHCTBO HMEET Pa3MEPHOCTD
n = 2. [lycrs Takke w = [wy, wel, wy, wy # 0.
Obo3naunm

E _ Hfl _ XTRX _ 0% PO102 A _ S% KS159

2 2
PO109 g5 KS1S59 S9

rie H ects reccnan — log p(y|X, w) B TOUKe MakCuMyMa, amoCTEPUOPHON BEPOSIT-
HOCTH W) p = arg maxy, p(y, w|X), a R = diag(o(y;w}, pXi)o(—yW],pXi)),
Torya ecm ipu M — 00 BBIMTOTHEHO

ol, o5 ™% o0, (2.18)

Plw: 3¢, >0,3my: Vm>my 1 —p >c,) =1, (2.19)
T0 5%, 55 = 00, K* = —sign(wiws).

Hoxaszamenavcmeo. Tlokaxkem, 910 oneHKa MaTpuIlbl A ¢ MOMOIIBIO MAKCUMUA3AIIAH
000CHOBAHHOCTH SIBJISIETCS ACUMIITOTHUECKN BBIPOXKJICHHON 1 ompeiesisieMast Koppe-
JISIIIAST MEXKJIY BecaMi MPU3HAKOB MPU JOCTATOYHOE OOJIBINOI BHIOOPKE 3aBUCUAT HE
OT MCTUHHON KOPPEJsINA MeXKJIy IpU3HAKaAMKU U X BecaMM, a JIMIIL OT COBIIAJIE-
HUsI WJIM HECOBIIAJIeHUsI 3HAKOB BECOB. B ciiyuae coBIaaroux 3HaAKOB KOPPEJISIIHST
CTpEMUTCS 1, B CIydae HECOBIAIAIONNX OHA CTPEMUTCS K -1.

st mokazaTesbcTBa pacCMOTPUM CJIydail, Korja B MOJEIN €CTh JIBa IIPH3HA-
Ka, TO €CTh M = 2, MPUYeM HCTUHHBIH BEKTOp BecoB ecth W = [l 4+ &1, 1 + &9,
r7e €1, €9 — HEKOTOPBIE MOCTOSIHHEBIC, |€1], |g2| < 1/2. Kak Oymer mokasaHo B j1aiib-
HEeAIeM, yTBep:KIeHne JJIst JJI00Or0 JIPYToro MPOU3BOJILHOTO BEKTOPa, BECOB MOYKHO
MOJIVUATD IIyTEM IIePeHOPMHUPOBKU IMPU3HAKOB.

Bsesem obosznauenns

2 2
S KS152 o 01092
A = 1 2 , E = }(TR)( = 1 P 2
KRS152 S9 pPO102 g

[IycTh Ha HEKOTOPOIT UTEpAIH ONEHKH HCTHHHOTO BEKTOPA BECOB W 1 MATPHUIIBI
A monyderno Hekoropoe 3HadeHne W. bes orpaHwdeHusi OOINIHOCTH CYUTAEM, TTO
w = [1, 1]" (unave, Kak yKa3bIBAJIOCH paHee CJeJIaeM TePEHOPMUPOBKY TPH3HAKOB ).
3aMeTnM, ITO MPH JTOCTATOTHO DOJIHITOM YnCie 00HEKTOB B BHIOOPKE HAOJII0aeTCsT
cxomuMocTh W K W [59,60]. IlosToMy 3HAKK BECOB B W 1 W COBIAIAIOT ¢ HEKOTOPOTO
pazmMepa BhIOOPKHU, ITO MO3BOJISIET BBHIMTOJIHUTH MEPEHOPMUPOBKY TTPU3HAKOB.

PaceMoTpuM 3aKTI0UATENBHBI TIAT HTEPATIMOHHOTO TIpotiecca (2.9), 3aKIoIao-
MUANRCS B ONTUMU3AINT TT0 A.

f(A) = W"AW — log|A| + log | + A| — min.

PaccmarpuBaem jjajiee  MHOXKECTBO —3JIEMEHTAPHBIX HMCXOHAOB ()1, I  KOTO-
peIX BbIMOMHEHO Yw € O of(w) — oo, o3(w) — oo mpm m — 00 W
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Img, 0 Ym > my, 1 —p2 > ¢ > 0. [lo yenosuto teopembr P(€;) = 1. To-
IJla JTOKasKeM CJIeIYIOIee yTBepIK ICHHe.

YrBepxkaenue 1. [Tycts 3aj1aua pertaercs: B ycioBusix A — HeoTpuIiaTe/ibHO Olpe-
JIeJIeHHast MaTpuia u 1, So < C, e C' — HeKoTOpas MOJIOXKUTETbHAS KOHCTaH-
Ta(ocTaTouHO OOJIbITIAsT, ONpejessieMas U3 TeXHuueckux coobpakennii). Torya ec-

JIA 0%, 0% — 00 TIpE M — 00, a 1 — p? > ¢ > 0, HaumHAA ¢ HEKOTOPOTO My, TO,

Ha4MHas1 C HEKOTOPOTO 0'(2) IMpn BBIITOJIHEHUN 01, 09 2 0y OIITUMaJIbHBIM DpEIIeHneM

paccMaTpuBaeMOI'O Iara OIITHUMU3aIIlMOHHOI'O IIPOIECcCa 6y,ZLeT

1—+v1440C4
207

opu oy, 09 — OQ.

Hoxazameavcmeo. CylnecTByeT TPU Pa3HbIX BapHAHTa PACIOJIOXKEHUS ONTUMYMa B
paccMaTpuBaeMoi 3aja49e ¢ OrpaHnIeHUusIMA.

1. OnTumMyM m 1O S1, W MO So HAXOJUTCS BO BHYTpeHHE#H Touke, TO ecTh () <
s1, 55 < O}

2. OnTUMyM HaXOJUTCA Ha TPAHWUIE W MO S1, U MO S, TO €CTh ] = S5 = C;

3. OnruMyMm 110 $1 HAXOJUTCS Ha I'PAHUIE, 10 Sy BO BHYTPEHHEH TOYKE, TO eCTh
st =C, 0 < s§ < C (cayuait, Korga ONTUMYM MO S Ha TPAHUIE, & 10 S1 BO
BHYTPEHHEH TOUYKe, MOJHOCTHIO AHAJOTHYIEH ).

B BapuanTtax Bbie yarero, uro npu s; = 0 wim so = 0 f(A) = 400, qar0 He
SABJISIETCS MUHUMAJBHO BO3MOXKHBIM 3HAUYCHUEM.

Pacecmorpum crnadasa ciaydait 1. C y9eToM HEaKTWBHOCTH OTPAHWIEHWH THIIA
HEpaBEHCTBA Ha S| U Sg UMEEM CJICIYIONIYI0 CUCTeMY YpaBHEHMUIA.

f&f
<g—820,
\&:O

[Tostyanm BeIpaskerne Jist gerepMuHanTa |A + 3| n 3anuimem yeaoBust ONTHMAITh-
HOCTH B SIBHOM BHJIE.

|A+E| B 0%+S% KS1S2 + poi1oa\|
KS1S9 + po109 03 + 83
2 P 2.2 2
s s5 s7s5(1 — k%) 2Kp81 82

2 2 2
=o705(1 —p°) |1+
b o?(1—p?)  o3(1—p?)  olo3(1—p?) oioa(l —p?)
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TOFI[& YCJ0OBUA OIITUMaJIbHOCTH MMEIOT BUJ

1of 1 1

—— = §1+Sok——+

20s S 52 52 s2s2(1 — K2 2K0S1S
1 Ly 1 2 é 22( ) . PS5152

S + !

—— = Sy S k——

2059 59 s7 2 s?s5(1 — K?) 2K05189
L+ 2 + = 2,2 o

10f K 1

e A . -
20K 1 — K2 s s3 s3s3(1 — K?) 2K 08159
2
1

PaCCMOTpI/IM nmepBbie€ IBa YCJIOBHA OTAEJIBHO

1

S1 4 Sok — — + (s, S92, k) =0, (2.20)
S1
1

S9 + S1Kk — - + B(s1, s2, k) = 0. (2.21)
2

3 (2.20) u (2.21) ¢ yuerom $1, S2 > 0 nmeem

s — 55+ a(s1, 53, k)51 — B(s1, 89, K)sg = 0.

20 C? )
Yunreisag, uro |a(s1, s2, £)|, [B(s1, 52, £)] < — + —5 — 0 npu o7 =
co co
min(o?, 03) — 0o, MoJIyUaeM, U4TO
sy =5, +0 =5+ 0(k, 51), rie max |d(k, s1)| — 01pu o — o0. (2.22)
R, 81

[ToscraBum (2.22) B ycaoBHe ONTUMAIBLHOCTH 110 K, MOy UM

s(s+d(k, s)) + 2 + (s, s+ d(k, s), k) = 0. (2.23)
4 2

C yuerom s < C, max, g, [0(k, s1)| — Oupuo? — oo u |[y(sq, s2, k)| < —t+——
cot  co

0 pu 02 — 0o TOTyUAEM, UTO

K
5 < —s% + 01(k, s),

2
g4 — <
s*—61(k, s) < p
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2

rjie maxy, s |01(k, s)| — 0 mpn 0° — oo. Torjma ¢ ytuerom CTpPOroro BO3pacTaHMUs

K

T mokcC IPOU3BOAHON > 1 jijist 110000 3HAYCHUST K MMEEM €JMHCTBEHHOCTD
— K

petenust (2.23) npu 02 = 0, npuiem

1 —+1+4st

K= 52 + d2(s), re max|da(s)| — 0 npu s — oo. (2.24)
S s

BepHeMCH Tenepb K yCJIOBHIO OIITUMAJIbBHOCTH 110 S1, MMOJIYYUM:

s+ (s+d(k, s))k — L +a(s, s+ 0(k, s), k) = 0.

s
OTcrona nmeeM
) 1 J
L) sy s+ 00 5) )
s+0(k, s)  s(s+d(k, s)) s+ 90(k, )
YTO, HAYMHAS C HEKOTOPOTO 02 > Tfy BHITOJHEHO
1 1 0.9
>—-1+—=—-——=-14—. 2.25
R s?  10s? i s? (2:25)
AHajlornuHo, HAYMHAS ¢ HEKOTOPOTro 02 > 05y, n3 (2.24) umeem
SR 1400
k< —14+—+—=—-1+—.
- 252 10s? s?

Otrciona ¢ yaerom (2.25) npu 02 > o5 = max(03,, 03y, 023) UMeEM MPOTUBOpPEYNE,
TaK KaK K He MOXKET YJOBJIETBOPSTH JIBYM TIOJIY 9€HHBIM HEPABEHCTBAM OJIHOBPEMEH-
HO.

Taxum 06pasoMm, HaunHas ¢ HekoToporo min(o?, o5) = o2 > of cayuvaii 1 pea-
JIN30BATHCS HE MOXKET.

[Iycts Teneps peanusyercs ciydait 3. Bes orpanutenust OOIMHOCTH CAUTAEM, ITO
s]=C, 0 < s5 < C. YecaoBust ONTUMAJIBHOCTH 110 So M K 3AlUCHIBAIOTCS B BUJIE

syt 7= +7(C, 52, 1) =0, (2.26)
1

sy + kC — — 4 B(C, s9, k) = 0.
52

C yuerom s > 0 (a, sHaunt, u k < 0, HAUKHAST C HEKOTOPOTO g% > 0(2)1), YMHOYXKas
epBoe U3 PaBEHCTB Ha K, a BTOPOE Ha So, MOJYIUM

DN N

+79(C, s9, k) — B(C, s2, K)Ss. (2.27)

»

1 — K2
13 (2.26) nmeem

K
1— k2

C%sy = 53 +7(C, 82, K) +29(C, 52, K)

1=y (2.28)
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U3 (2.27) u (2.28) nmeem

L = OO (C0, W)R(1 =)= B(C, 52, 1) 5202 (1=42)=7(C, s, 1) (1)
—267(C, s9, k) == C? 4 v(s9, k), re max |v(k, s3)| = 0 npu o? = oo.

Orcioya, HAYMHAS C HEKOTOPOTO 02 > 032 BBITIOJTHEHO

2
K 1 1 3
> = >+
1—r2~ 4 1—r2 ™~ 4
Torna ¢ yaerom max, s, |7(C, s2, k)] = 0 u max, s, |5(C, s2, k)| — 0 u3 (2.27)
MMeeM, ITo, HauMHast ¢ HEKOTOPOTo 02 > 033 BBITIOJHEHO

s3> C*+ 5> C?

9TO MPUBOAUT K mpoTuBopednio. OTcioma ciaydail 3 Takyke He MOT Pean30BaThCs
npu

min(o?, 035) = 0> > max(c3,, 0oy, Ok3).

TakuM 06pa3oM, pealnsyeTcs caydail 2, TO ecTb, HadnHAS ¢ HEKOTOPOro o2 > 0(2)1

s7 = s5 = (. YcaoBue onTuMasibHOCTH IO K TOTJIa TpUodpeTaeT BUJ

K

C? + - +7(C, C, k) =0 (2.29)

11—~k

C yuerom max, [v(C, C, k)| — 0 u max, |v/(C, C, k)| — 0 npu 0? — oo u

/
K
— ] >1

MOJTy9aeM, UTO, HAIHHAS ¢ HEKOTOPOTO 02 > 032 ypasrenue (2.29) nMmeer eIMHCTBEH-
HOE PereHre OTHOCUTEIFHO K, TTPUIeM

1—+v14+40C4

K = 507 + 04, Tae 04 — 0 ipn o2 — 00,

2 2 _ 2 2
Takwum oOpazom, nmeeM Tpebyemoe yTBep:KAeHre Mpr 0 > of = max(o(;, 0gs)-

CanencrBue 1. B cuiy ycioBusi Teopembl yTBepyKjeHue 1 BbIIOJIHEHO V w
1, TaK KaK B KadeCTBE 1My MOXKHO B3ATb My, a Vw € Q Im’ : Vm
m' min(o}(w), o5(w)) > of.

vV m O

PaccMmorpuM Temeph 3aady ONTHMHU3AIUU 0e3 orpaHmuennii s1, So < C. U3
JIOKA3aHHOT'O BBIIIE UMeeM, 9TO

S1, So — OO TIPH 02 — 00,

MocKoJILKy Hezapucumo ot O, HaunHast ¢ HeKoToporo o2 > op st = sh = C. Jloxa-
YKeM TOTJIa CJIEeYIoNee YTBEPXKICHHE.
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YrBepxkaeHue 2. [lycTs 3aj1a1ua perraercs B yeI0BUAX A — HeOTpUIaTebHO Olpe-
NeslerHast MaTpuna. Toraa ecim o3, 03 —> oo npu m — oo u 1 — p> > ¢ > 0 npu
m > mg, TO 8], S5 —» 00, K* — —1.

Jloxazamesvcmeo. YTBepXKjieHne KacaTeJbHO S7, S5 — 00 yIKe MoKazano. Paccmor-
pUM Telephb YCJIOBUE ONTUMAJBHOCTH II0 K JIJIsl 3a/la9d 0e3 OrpaHrndIeHuil.

1

1—r2 i, s? N s3 N s153(1 — K?) _ 2kKpsis
oi(l=p*)  o3(1=p?) ofos(1—p?) o109(1—p?)

. ( s1s3k N PS1S2 ) —0
oto5(1—p?)  o103(1 — p?)

HOK&)KGM, dTO TpPEeThE CllaraeMO€ B BBIITMCAHHOM BbIIIE YPDaBHECHUN 60.)1]3].1.[6, qeM

5159 +

C,— Ci - — +
1 — 1,2, e (7 — HeKOTOpast KOHCTaHTa, a TOIJ/Ia C YIeTOM S182 00, MOJTYUNM,
ITO

Y

ﬁ(1+a)—>—oo, riel <a>—1<<= K — —1lnpuo? — 0.
—K

Brenem obosnavenns

s s3 s2s3(1 — K?) 2KPS1S2
1+ L+ 2+ 2 — = vi(s1, S2, K),
of(1—p?)  o03(1=p*)  ofos(1—p?) o105(1 = p?)
s1s3k PS152

0%05(1 — p2) 0102(1 — p2) = 1/2(31, S92, "f)-

Haiizem yciioBust Ha K, TP KOTOPBIX
V9 K|

, 2.30
141 1— /62 ( )

Ecin vy < 0, 10 (2.30) BhImosreno. danee canrtaem, uro vy > 0. Torma nin
V3

k> 0, wau p > 0. [Ipu s3ToM MakcuMasibHOE 3HAUEHNE — JlocTUTaeTCs nipu p > 0 u
vy

k > 0, moCKOJIbKY, eciin kp < () 3HAUEHWE 1y BO3PACTAET, a |Vs|, HAIPOTUB, YMEHb-
maercst. [Toaromy pacemarpusaem jasee k, p > 0 (npu p > 0 mepasencrso (2.30)
ABTOMATUIECKU OYJIET BBIMOJHEHO 10 KpaiiHeil Mepe MpH TeX XKe K).

[Ipu p > 0, kK > 0 nosyuaem, aro HepaBeHCTBO (2.30) SKBUBAIEHTHO CJIEJIYOITIE-

My
m s N 53 N s1s53(1 — K?) _ 26psisy
oi(1=p?)  o3(1—=p*)  ofos(1—p*) o021 = p?)
2.2 2 2
s155(1 — k%) psiss 1 —k

31— 01— p?) &
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I[Ipeobpasys 3TO HEPABEHCTBO € yueToM 1 — p? > ¢ mosydaeM

2 2
T G Bl [
0'% O'% 01092 K

[Tosryvaernnoe HEpaBEHCTBO BBITIOJHEHO 110 KpaliHeilt Mepe mpu

1 2
— 4 k<
K P

qTO JAeT
1 1++vV2—c
K>kp=-(1—y1—-p)) < ————<1.
P 1—c¢
Takum obpasom, npu |k| > kg Tpebyemoe BoinosHeHo. [Tokaxkem, aro mpu |k| < Ko
cJaaraeMoe OrpaHMYeHO IO MOJAYJI0 KOHCTaHTOl. MMeem

25159 s1s3(1 — K?)
v 2 (1—|xl) IR R
g109(1 = p?)  oro3(1 = p?)
|V2‘ < S%S%"%‘ ‘p|8182
~ ojo3(L=p?)  o109(1 = p?)’
OTKY/Ia
Vo ol 5] 1
2l < : < < 0Q.
Iz _maX<2(1—\/€\ 1—r%) ~ 11—k} >

Takum obpazoMm, uMeeM TpedyeMoe.
]

CiaenctBue 2. B cuiy yciaoBust TeopeMbl yTBEp:KIeHNe 2 BRITTOMHEHO VW € ()1, Tak
KaK B KadecTBe Mg MOXKHO B3aTb My, U Vw € € : min(o?(w), 03(w)) — oo npu
m — 00.

Tak Kak B CHJIy CJIEICTBUsT 2 yTBEPXKIEHHEe 2 UMeeT MeCTO JJIst JII00oro w € )y,
a P(1) = 1, nomygaem Tpebyemoe s}, s5 — 0o, k* = —sign(wiws).

I'paHULBI TPUMEHNMOCTH TEOPEMBI.

[Tokakem Temephb, 9TO TPEOOBAHUS TEOPEMbBI HE SIBJSIOTCS OTPAHUIHBAIOIIME
1 BBITTOJIHEHbBI TPH JOCTATOTHO MIPOKKUX MPenookenusx. CanTaeM, 9ro Wirp —
W, IJle W eCThb UCTHHHBI BEKTOP MapaMeTPOB MOIEIH. YCJIOBUS HAJUIHUS TaKOi
cxogumMocTn mipuBesieHbl B (11). PaccMoTprM MHOXKECTBO 3JIeMEHTAPHBIX HCXOJIOB
s, JIUTST KOTOPBIX BBITIOIHEHA CXOMAMOCTh Wi/p — W, TOI/A P(Qs) = 1. Cunraem
Jasiee, 9TO0 MHOKECTBO 3HAUEHHUI TPU3HAKOB orpamutdeHo, To ecth 3C : [|x||o < C.

Pacemorpum mponsBosbbiil w € 9. B cuny cxomumoctn Wi p(w) — W npn
m — 00, TIoJIydaeM

Ve>0dm.: Vm>m,. ||whpw) —wl| <e. (2.31)
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O6ozraunm A(v, X) = o(v'x)o(—v™x). C yueToMm OrpaHnIeHHOCTH X NMEEeM
Aw, x) > Cy > 0.

C yuerom HenpepbiBHOCTH A(V, X) MO apryMeHTaM, OrpaHWIeHHOCTH MHOXKECTBa,
3HAYCHWH TPU3HAKOB ||X||oe < C' u orpanmuentoctu |Wijp(w)|| B cuy mammaus
cxoguMocT yesiosre (2.31) MOXKHO Tiepenucarh B BUjIE

)\ m
(Wirp(w), x) <35
Alw, x) |7
DurcupyeM jaiee npousposibHoe 1/2 > § > 0 u paccmarpuBaem m > my. Ormernm,

yro g mMatpunbl X = XTRX copaBemimBo ciaenyoliee IpeIcTaBIeHIe B CUITY
JIMaroHaJbHOCTH MaTpuilbl R.

Vo>03dms: Vm > mg

m 2
XRX =Y Mwhip(w), xi)xx] = ( o1 9012“2) . (2.32)

1=1
[TokaxkeM Tenepb, 4To J?(w) — 00, j = 1, 2 npu JOCTATOYHO OOUIUX IIPEJIIOIOKE-
HUSIX O Tipotiecce rerepain Beibopku. C ydyerom (2.32) nmeem

m m m

o3 (w) = > AWihip(w), x)a5; > (1=0) > N(w, x;)a7; > Co(1—8) Y ;.

i=1 =1 =1

Takum obpaszom, Jijist TOTO, YTOOBI MOJYIUThH ajz(w) — 00 IPU M — 0O JIOCTATOYHO

oTpedOBAThH
m

2
E T3; — 00 TIPU M — 0. (2.33)
i=1
3Jech mpejnosaraeTest, Kak 1 patee, aro pacnpegeietnne p(X) nemssecrro. Ecim
XKe CUATaTh, YTO OOBEKThI MEHEPUPYIOTCS HE3ABUCHMO M3 HEKOTOPOTO M3BECTHOIO

pacrpejiesieHusi, TO eCTh
m

p(X) = HP(Xz‘),

TO ycsioBue (2.33) B CHIIy YCHJIGHHOTO 3aKOHA OOJIBIIUX UHCEST MOXKHO 3aMEHUTH Ha,
2
Ez;; > 0, (2.34)

TO €CTh TPeOyeTCs, UTOOBI MPU3HAK j HE SIBIISIICS TOXKJICCTBEHHO HYJEBLIM. TarmM
obpaszoM, npu BeimosHernn (2.34) win (2.34) coorBercTBeHHO MostydaeM V w € Qs :
0%, 03 — 00, TO €CTh BBITIOJHEHHOCTD ycioBus (2.18) TeopeMbl.

Paccmorpum Tereph HeMaroHabHbI 9JIEMEHT MaTPUIbl 3 U MOKaXKeM, 4TO

IPY JIOCTATOTHO OOIIIX MPETOIOKEHHSIX BBITONHEHO yeaosue (2.19) Teopembr. st
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koaddurmenTa Koppeasiyn pi p(w) nMeem
m
P?\/[P(W = (Z )\Q(Wﬁp(w)a x,-)a:?la:é

+ Z AWhrp(w), Xi)AMWijp(w), X)raTprnzye | /

+ Y AW p(W), x)ANWiEp(w), x0)|aalziol |z |zl | /

(Z Awip(w), Xi)x%z)\(wﬁp(w), xl)a:é) < (%g) (W), te

N W x)zhan + 0 AW, X)W, X)) |z el len |z
Z?il )‘(W7 Xi)xgl Zﬁl )‘(W7 Xl)‘rlQ2 .
(2.35)

O6osmatum X = |||z4]||, i = T, m, j = 1, 2, Toraa p(w) (2.35) ecrs kosdbdummernt
Koppestsuy B MaTpure L7 = X'RX.

Cunraem jlasee, 9T0 TEHEPUPYIOTCS HE3aBUCHMO 3 HEKOTOPOT'O M3BECTHOIO Pac-
MPEJICTCHNUS, TO €CTh

P (w)

Torna B cuy
2771 = Z )\(W, XZ))N(Z)NC;
i=1

N YCUJIEHHOT'O 3aKOHa OOJIBITINX YNUCEJT ImoJyrydaem

> B (W, X)XXT nprm — 0o, (2.36)

1
m

Cunurast majee, 9T0 CXOAUMOCTH B (2.36) BbImosHeHa Tipn w € (23, Tne P(Q3) = 1,
st w € Qg = Q9 N 3 momygaem

plw) —

ExA(w, x)|z1]||z2] —
\/Ex)\(w, x)x%\/Ex)\(w, X)13 .
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C yuerom mpon3BoabHOCTH § > 0, ecyn p% < 1, To yeoswue (2.19) OyeT BbITOTHEHO,

TaK Kak, B3siB 0 TaK, 9TO
o (1467 _3pp+1
Po\ 7= =—F—
1-9 4
W B3STB My TaK, 9TO

1—8\%1— p?
vz m 96) - A < (153) T2

mostyanm V. m > my, = max(mg, ms)

1446\° 146\° 1—6\*1—p2| p2+1
2 < (2T° 2 < (2T° 2 o _PoT* .
Al < (155) o< (153) a4+ (153) 5 o

Orciozia yeiosre TeopeMb (2.19) BoimosHeHo ¢ my, = max(myg, mg) v ¢, =
Takum 06pa30M, OCTACTCA IIPOBEPUTD, UTO IPH JTOCTATOUHO OOIIUX MTPEIIOI0KE-

HUSX O pacrpenesnennn p(x;) marpuina ExA(w, X)XX" sBJIsieTcsi HeBBIPOXK IEHHOIA.

Ompejieninm HeoOXOMMbIE YCIOBHST BRIPOXKIEHHOCTH Ex A\(W, x)XxX". NMeem

AMw, x)z? A(w, X)\:U1H:I:2|>

A(Wv X)|x1‘|x2| )\(W7 X).I'%

ExA(w, x)xX" = (

TOTJA BBOJS CIAydYaiiHble BEIUIUHBI 1 = 4/ w x)|z1|, & = VAW, X)|xs| mO-

JlydaeM, 9To YCJIOBUE BHIPOXKIEHHOCTH MATPHIIL (€ YIETOM MOJOKHUTEJLHOCTH 316
MeHTOB) Ex A (W, X)XX™ mpuobperaet Buj

E2¢,&, = BEZRES.

Torja, nois3ysick HepapeHcTBoM Koru-Bynsikosckoro-I1IBapiia, nmosydaem, 1To jijist
CyYaiHBIX BEJUYINH &1, Tlo BHITIOJHEHO

& Z0um3IC >0: & = C&,.

Orcrofia cuTyarust BBIPOXKJICHHOCTH MATPHUITHI HAOTIOMAeTCs ¢ yaeToM A(w, w) > 0
7mbO KOTJ[a OJINH W3 MPU3HAKOB TOXKIECTBEHHO HYJIE€BOI, nbo ecan |zo| = C|x1|, TO
€CTh KOIJIa MIPU3HAKK TPOMOPINOHAILHEIL.

Taxum 0Opa3oM, ecju TPU3HAKKM HE sIBJISIOTCS TOXKIECTBEHHO HYJIEBBLIMU U KOJI-
JINHEAPHBIMHI, TO YCJIOBUAST TEOPEMbBI BBHITOJIHEHBI 1 YKAa3aHHAST aCUMIITOTHIECKAS BbI-
POKJIEHHOCTD OIEHKM KOBapHUAITMOHHON MaTPHUILI METOM, MAaKCUMyMa 0OOCHOBAHHO-
cTi OyJIeT UMeTh MeCTO.

2.2. OTb6op mpuU3HAKOB C TIOMOMNIHI0 MAKCUMU3AIN OO0OCHOBAHHOCTH JIJIst
MHOT'OYPOBHEBOI MOJeJjin

st MHOrOYypOBHEBOIT Mojesn B coorBercrBuu ¢ (1.2) cymiecrByer pasbuenne
npu3HakoBoro npocrpancTsa Buja R = Xy U ... U Xg va K HemepeceKkarommxcs
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qacTeil, B KaxKJI0l U3 KOTOPBIX UCIIOJIL3YETCsI CBOST MOJIENb. BBejileM cooTBeTCTBYI0-
fmee 5ToMy pasOreHnio pasOueHne MHOYXKEeCTBa WHJEKCOB oObekToB {1, ..., m} =
I=TU.. ULk, tne Vi € I;;x; € X;,, k = 1, K. Toria coBMECTHOE TTPABIOTONOOHE
JIUIST MHOTOYPOBHEBOH MOJIC/IN TPUODOPETACT BUJL

K

p(y, wi, ..., wg|X, Ay, ..., Ag) = H p(wWi|Ag) H o(yiwrx;)| . (2.37)
k=1 i€y

M3 (2.37) 3ak/a09aeM, 9T0 COBMECTHOE MPaBIONO00ue JIJIsi MHOIOYPOBHEBO# Mojie-
JI1 €CTh NMpou3BeJieHne K He3aBUCUMBIX KOMIIOHEHT JIJIs OJIMHOYHBIX MOJIeJIei, Mmo-
CTPOEHHBIX Ha HEIePEeceKaoInXCsi MHOYKECTBAX 00bEKTOB, 00'beIMHEHNE KOTOPHIX
COCTaBJISIET BCE MHOXKECTBO 00beKTOB. Torma MHTErpupys 1no wi, ..., Wy, IoJyda-
eM

K
p(yX, A, ..., Ag) = | [ plyzn|Xz., Ax).
k=1

oTKysa ¢ yaerom (1.4) mosydaem, uro 3ajada (1.4) HaxoXKIeHNsT ONTUMAIBLHOR MHO-
rOYPOBHEBOI MOJICJIN 9KBUBAJICHTHA peliennio K He3aBUCHMBIX 3a/ad BUA

1, K. (2.38)

Ay = argmax p(yz,|Xz,, Ag), k
AReQa,

3nech Xz, yz, 0003HAUYEHO ycedeHWe MaTPUIIbl MPU3HAKOB W BEKTOPA OTBETOB HA
MHOYKECTBO MHJEKCOB L), TO €CTh

XIk — [Xi7 (NS Ik]T7 Y. = [yh (NS Ik?]T

OrMmerum Tenepb, 9TO Kaxjaas u3 3ajgad (2.38) mpejcrapisier coboil 3aady Mak-
CUMM3aIK 00OCHOBAHHOCTH JIJIst OJMHOYHON MOJIEJIN JIOTUCTUIECKONH Perpeccun Ha,
YCeUeHHOM MHOKecTBe 00beKToB. Takasl 3ajiata paccMOTPeHa B HMPeJIbIayIeil mo/I-
CEKIIWU, a TTOTOMY HaXOXKJIeHUe ONTUMaJJIhHON MHOTOYPOBHEBOM MOJIE/IN CBOJINTCS K
perneanio K y»e paccMOTPEHHBIX 3a]ad.

2.3. Otbop IpU3HAKOB C HOMOMILI0O MAKCUMMU3aIIU OO0CHOBAHHOCTHU JIJIs
cMeCHu MOJeJIei

Ilnst cmecn MoJiesieit COBMECTHOE TPaBIono001ne nMeeT BU/L

ply, ®, wi, ..., Wg|X, u, Ay, ..., Ag) =

m

K K
p(rlp) [ [ oe(welAr) T ] ™o (YW X;)
k=1 =1

1=1

C y4eToM acMMIITOTHIECKONH BBIPOXKJIEHHOCTH HEIUArOHAJILHON OIEHKN KOBapualii-
OHHOI MaTpuibl A narke JJs Caydasl OIHONH MOJENH, JaJjiee cuuTaeMm, uro Ap =



43

diag(ay), ay € R". Kak yxke yKasblBajIoCh, B KAUeCTBE AlPHOPHOTO PACIPEese-
HUsl HA Beca MOJeJeil 7T, BXOAAIINX B CMECh MOJIeJIeil, NCITOJIb3YeTCsI CUMMETPUTHOE
pacripesenenne Jlupuxie ¢ mapaMeTpoM [, & aTpUOPHBIE PACTIpeIeIeHs Ha, W, €CTh
HOPMaJIbHBIE, TO eCTh

K
K vdet A
M H pu—1 sz|Ak) l

. WGXP (—%W;AZWZ) s k = 1, ceey K.

p(m|p) =

Beejiem MaTpuiry cKpbITIX TepeMeHHbIX Z pasmepa mX K, rie z;, € {0, 1} u z;, = 1
TOTJIa ¥ TOJIBKO TOTJIa, KOTyia 00heKT (X;, ;) OTHeceH K Mojesu ¢ Homepom k. Torma
COBMECTHOE IIPABJIOION00HE JIJIST MOJEIN CO CKPBITHIME IIePEeMEHHBIMU PUMET B/

p(Y) ™, Wi, ..., Wi, Z|X7 M, A17 ceey Ak):
m K

Wk‘Ak HH i yzwlxz )Zd.

k=1 =1 [=1

p(m|u)

:jw

Cuntasg mapamerp u pacnpeaenerus Jupuxie (hpUKCUPOBAHHBIM, TOJyYaeM CJIeTy-
OTIYIO 3aJ1a9y MaKCUMUBAIUKA 0OOOCHOBAHHOCTH JIJIsT OTICHKNM HEU3BECTHBIX KOBapHa-
IUOHHBIX MaTpuil Ay, Ak

1 X, A, ..., Ag) — :
ng(Y| ) L ’ K) Al; ...,lfflA?(}éMdiag

OreHnM 3Ty BEJMYUHY CHU3Y, BBOJS pacupejesnenne q(wi,..., W, T, Z) 1 uc-
MOJIL3Ys BAPUAIMOHHYIO HUXKHIOKO OICHKY JIJISi CUTMOWJIHON (DYHKIIMK, TTOJIYy UM

logp(y|X, Ay, ..., Ag) > L(q, Ay, ..., Ag) =
E,logp(y, ™, wi, ..., Wi, Z|X, Ay, ..., Ay) —E logq(wy, ..., wg, , Z)
> L(g, Ay, ..., Ak, &) =
E,logp(y, ®, w1, ..., Wk, Z|X, Ay, ..., Ay, §) —E,logq(wy, ..., wg, 7, Z), riie
logp(y, ®, wi, ..., Wi, Z|X, Ay, ..., Ay, &) =logD'(Kp) — Klog'(p)+
- L iWEXi — &ir
Z(M—l) log ;. +- sz llog o(&ir) + l 5 M) (wixi)® — ngk):| +

Bynem Tenepnb perath 3agady

E(Q) A17 "'7AK7 E)% max
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s 3TOr0 BoCcmob3yeMcest BapuallnoHHbIM EM-anropurMoM, TO €CTh perieHue Jijis
q OyJileM MCKaTh B KJACcCe pacIpeJie/IeHNii, KOTOPhIe UMEIOT CJIeIYIONLyo (hakTopu-
3allNIO.

Q:{q: q(wi, ..., Wi, ™, Z) = quk W) (7 quz }

E-mar
Ha E-mare nposogum makcumuszaimio L(q, Aq, ..., Ak, &) no q(wy, ..., Wk, 7, Z)
B kyacce (. Torma mnosyuaem ciuegyomnme (GOPMYIL IS pacOpeeeHnit

(), qw,(Wi), k=1, K, q,,(z;), i =1, m [29].

log gr(m) o< By logp(y, m, wi, ..., Wi, ZIX, Ay, ..., Ay, §),
IOg qwk(wk) X Eq\wk 10gp(Y7 ™, Wi, ..., Wi, Z|X7 A17 ceey Ak) E)a
IOg qzi(zi) X Eq\zi 10gp(Y7 ™, Wi, ..., Wi, Z‘Xa A17 ceey Ak) E)a

T7Ie MPOTOPIMOHATBLHOCTD MTPUBEICHA € TOTHOCTHIO JI0 4 IUTHBHON mocTosHHoi. [To-
JIy9UM Terepb SBHBIH BUJ pacnpenesaenuit ¢(7), ¢w,(Wi), k = 1, K, q,,(2i), i =

1, m.
log g (7 Zlog Tk (,u -1+ ZEzm> + (Y,

1=1

rae Cp ecth HekoTopast moctosnHast. OTciona 3aK/II0UaeM, 9TO pacipeieeHne Ha,

7T eCTh pacupeaeaenue Jnpuxie, BoobIe roBops HECUMMETPUIHOE, ¢ TAPAMeTPAMA
m

p+> i Ezyy, k=1, K, to ecrn

K
'K +m Zier
Gn(T) = —3¢ Uy H [min m; > 0].
[Lo T+ 3200 Baar) 3 :

Anagornano juist g, (z;) nmeem

K K
log QZi(Zi) X Ci + Z ziElog m + Z Zik [log 0(€zk) + M;XZ_‘EW
k=1 k=1
MEw) (B — )]

Orciofia mosrydaemM, u4To

[IElog7Tk+1oga(§ik)+yi(EL2Xi_§ik—)\(§ik)(XIE(WkWZ)Xi—'E?k)}
(&
P2y = 1) = — .
K [(Elogm-i—loga(fiz)+w—)\(&ﬂ(xgﬂf(wlwnxi—fﬁ))]
D1 €
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AHATOTUYIHO TS Gy, (W) TIOMTyTaeM

log g, (W) o C§ — SwiAgwy + > Bz (155 - A(gy) (wixi)?) =

1=1

k1
Cy — sWiApwy + wimy — wy,

Z Ezik)\(fz’k)xix;] Wi,

1=1

1 m
re my, = 5y .0 yllzpx;. Orciona moaydaeM, 9To gy, (W) ecTh HOpMAIHOEe pac-
IpeIeJICHAE, TO eCTh

G (Wi) = N (wi|A 'my, ALY, Ay = Ay +2 ZEzikz)\(gik)XiX@T-
i—1

M-m1ar
Ha M-mrare pemaercs caemyiomas 3a1a4da MaKCUMUABAIIAN

E,logp(y, 7, wi, ..., Wi, Z|X, Ay, ..., A, §) — 5111;1&)2 : (2.39)
y £31, LAE

st pernenust 3agaqu (2.39) Bocrosb3yeMcst urepaTuBHbIM ajgropurmom. CHadasia
OyneM TIPOM3BOJIUTL MAKCUMHU3AIMIO 10 & Npu (PUKCUPOBAHHLIX Ay, a 3aTeM II0
A, k=1, ..., K npn dpukcupoBannom &. Boimurmem cHava a BbhIPaKeHUsT I
MaKCHMHU3upyemoii Gyukimn B (2.39).

K
E,logp(y, 7, w1, ..., Wi, Z|X, Ay, ..., Ag, &) =Cs5+ %ZlogdetAk—
k=1
K m K
. yi(Ewg) ™ — i
%Z tr(AyE(wpwy)) + Z ZEsz [10%“ o (&) + ( >2
k=1 i=1 k=1
—A(&) (KTE(wrwi)x; — &) ] -

Nrepanuga no £ npu pukcupoBaHHbIX Aq, ..., Ag.

C yderoM TOro, 4To MakKcUMHU3UpyeMas (DYHKIHMS pacnajaeTcsd B cymmy mK
HE3aBUCHMBIX KOMITOHEHT 110 dJeMeHTaM & MaTpuIlbl £, MAKCUMU3AINIO TTPON3BO-
JINM 110 KaXKJI0# M3 NepeMeHHbIX &;; HE3aBUCUMO. YCJIOBUE ONTUMAJILHOCTU TIEPBOIO
OPsIJIKA 110 &;; UMEeT BH]T

o(=&ix) — 5 — N (&) TEWEwix; — &) + 2M (&) = 0.

C yuerom A(§) = %(a(f) — ) no(&) + o(=£) = 1, nomyuaem, 4TO yCIOBUE ONTH-

MaJIbHOCTHU TI0 &1 TIPHOOPeTaeT BU/I

o(—&r) — 3 — N (&)X Ewpwix; + o (&) — 5 + N ()& = 0,
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OTKY/1a
&, = X (Ew,wi)x.

(2
Nrepamuga mo A, ..., Ax npu dpukcupoBaHHOM &.

C yaeToMm TOro, 9To MaxcuMusupyemas (PyHKIUs paciajgaeTcs B cymMmmy K Hesa-
BUCUMbBIX KOMIIOHEHT 10 marpunam Ay, =1, K, MakCUMUBAIUIO TPOU3BOJUM I10
KaXKJ10ii U3 mepeMenHbx Ay HesasucnMo. Torya Jyuist sineMenta @)’ Marpuipl Ay,
HaXOJISITIErocst Ha Mecte (P, ¢) YCIOBUE ONTUMAJBLHOCTH MEPBOTO MOPSIIKa Mprodpe-
TAET BU]T

—I\pq _ T\Pq
riae ObLIO Yy4TEHO, YTO MaTPUILa A, CUMMEeTPUYHA U

Ologdet A otr(AB)
0A 0A

Takum obpaszom, ecqnm ucKaTh perenne st Ay B MHOXKecTBe MarTpuil, Mgy, TO
A, = (]Ewkw%)fl. Onako, Kak ObLIO ITOKa3aHO B TeopeMe 2 OlleHKa HeauaroHab-
HOIl KOBapHWAIMOHHON! MATPUIILI MyTeM MaKCUMU3AIUMA O0DOCHOBAHHOCTH SIBJIACTCS
ACUMIITOTUYICCKY BLIPDOXKICHHOM, a TIOTOMY Jlajiee PACCMATPUBAECM OICHKY Ay B MHO-
KECTBE JIMArOHANIBHBIX MATPHUI A diag. Ob03HaunM Aj = diag(ay;), j = 1, n. Toraa
YCJIOBUE ONTUMAJILHOCTH MEPBOro MOPSLIKA IIPUOOPETACT BUJ

1 _

ap = ——. j=1 n
¥ sz], Y

— AT, - B

Takum obpa3oMm, mOBTOpsis wuTeparuu EM-ajaropuTMa, MHDOJIYIUM — OIEHKH
A1, ..., Ak, KOoTOpBIE TIO3BOJIAT OTOOPAThH MPU3HAKHU B KaXKJION U3 MOJIE/IEH.

2.4. KomOwmHMpOBaHUE MPU3HAKOB JJII y9YeTa B3aMMOCBA3€l MeXK/ 1y HU-
MU

OrmeTnmM, 9TO, KaK JIOKa3aHO paHee, OIEHKa MaKCUMyMa OOOCHOBAHHOCTH JIJIsT
KOBapHUAIMOHHON MaTpUIlbl A SBJISIETCS aCUMITOTHYECKN BBIPOXKJICHHOM, a He/lna-
TOHAJIHLHBIHN 3JIEMEHT OTPeJIesIsIeTCs] He HAJMIeM CBSI3M MeK/ly TpU3HaKaMu, & JINIIh
3HaKaM# BecoB. [1o 3Toit mpuYrHe MONUCK OIEHOK MAaKCUMyMa ODOCHOBAHHOCTH JIJIs
Ay, k=1, K npousBojUTCs B MHOXKECTBE HCOTPHUIIATEILHO OMPE/ICJICHHBIX JIHAr0-
HAJIBHBIX MATPHI] M giae. OJIHAKO, KAK MOKA3aHO B (2.2), IpU HAJIMYINY 3aBUCHMOCTE!
MEXK /1y NpU3HaKaMu KOMOMHUPOBaHUE MPU3HAKOB OKa3bIBACTCS TIPEJIMTOYTUTEHHBIM
MO OTHOIIEHUIO K OTOOpPY TNMPU3HAKOB B TEPMUHAX JUCIEPCHU MIyMa B MPU3HAKO-
BOM omrcaanu. OTMeTHM, OJIHAKO, 9TO UCTUHHAST KOPPEIAIMOHHAsST CTPYKTYPa, TTPH-
3HAKOB HEM3BECTHA, & TOTOMY ONTHMAaJbHOEe KOMOMHUPOBaHWE TPU3HAKOB, JAIOIIee-
cs1 (2.2), He peannsyemo.

PaccmoTpum Jajiee HECKOILKO METOJIOB y9eTa MYyJIbTHKOJINHEAPHOCTH TTPU3HA-
KOB. B KadyecTBe MCXOJHBIX JAHHBIX 3TH METOJIbI MCIOJIB3YIOT OINEHKY KOBapUAIIH-
OHHOW MaTpPUIbl MPpU3HAKOB Y. B pabore B KauecTBe TaKWX OINEHOK UCIOJIB3YIOTCS
CJIeTyIONITHE.
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o XV = %XTX, rie X ecTh IeHTPUPOBAHHAs MATPHUIA IPU3HAKOB, X =
X — %XTeme;, r7e €,,, €, €CTh €IMHUYHbIC BEKTOPHI PA3MEPHOCTH M U N
COOTBETCTBEHHO.

o X' =\ X0+ (1 — \)diag(c7), rae o5 = X0, A € [0, 1].

Ji’

o 22= %04 (1 N)odl, e og = 2570 20

n

OTMeTrM, 4TO CyIIECTBYET MHOXECTBO OINEHOK KOBApHUAIMOHHOW MaTPHIlhI, KOTO-
pble 00TAJAIOT JIyIITUMH MO OTHOIIEHNIO K BRIOOPOYHON KOBAPMAIMOHHON MaTPHIIE
ceoiicrBamu [61-64|. /e Takue OlEHKU CO CTATMBAHUEM K JIMATOHAJILHON U CTSAU-
BaHUEM K €JIMHITHON MaTpHUIle paCCMOTPEHBI B JaHHO# paboTe. OnHAKO CYITIECTBY-
IOT OIICHKU KOBapUAIIMOHHON MaTPHUIIbl, OCHOBAHHbIC HA CTATMBAHUM K MOCTOAHHBIM
KOPPEJISITIUSIM, K MaTPHUIAM 3aJIAHHON CTPYKTYPHI [63], HAIIpUMEp, ¢ TOMOMIHIO Haii-
eCOBCKUX Mojiesieii rernepanun janubix [64]. Oaako oleHKn KOBApUAIMOHHONH MaT-
PUIIBI, TTOCTPOEHHBIE ¢ TOMOTIBIO ITUX METOJIOB, He NCHOIL3YIOTCS B JaHHON paboTe,
TOCKOJIbKY OCHOBHOM TEJThIO SBJIAETCS JEMOHCTPAIINS TTPENMYTIECTBa KOMOMHIPOBa-
HUs [IPU3HAKOB, & HE UCCJIEJIOBAHUSA METOJIOB IIOJIyYeHUs OLEHOK KOBapHUallMOHHO
MATPHUIIBl TPU3HAKOB. OTMETHM, ITO TeM He MeHee JIPYThe ONEHKHW KOBapHAI[HOH-
HOI MaTPUIHI TPU3HAKOB TaKxKe MOTYT OBITh MCITOTH30BAHBI JJIsT KOMOWHUPOBAHWS
IPU3HAKOB € IIOMOIIIBIO TIPeJjIaracMbIX Jlajlee MeTOJIOB.

[Ipex e, 1eM mepeifiTi K N3JT0KEHUIO TPe/TIaraeMbIX METOJ0B KOMOMHNPOBAHWS
TPU3HAKOB, YKaXKeM ONTHMaJbHbIe 3HAYEHUS A] W A2, KOTOPbIE WCIOJb3YIOTCS B
IaHHnoit pabore.

Yreepxkaenue 3. [lycrs Ex; = 0, Ex;x] = X, a B KadecTBe OIEHKN KOBapHUAIU-

OHHOW MaTpuUulbl UCIIOJIL3YETCHA

B =A%+ (1 - Ndiag(o7), me ¥ = XX, 07 =20 A € [0, 1].

3’
Torna pemenuem 3anaun f(A\) = E[|X! — X||? — miny, asasercs

2 i B2G G

A* p—
m—1 N1 20 (. 4 LN 227
e 2t B G T 0 21 BGL G

rje ¢; obosHavaeT CIyvaiinylio BeJMUNHY, COOTBETCTBYIOILYIO NPU3HAKY C HOMEPOM
7.

2
Horasamenvemeo. Berancoum cuadana E (D7 @45,xi5,)".

m 2 m m
— 2 2 . . . . . . . . —
E E :xijlxijé =E E :xijlxijg + § Exhhxhhxmhxmh -
=1 i=1 ihFia=1
2 2 2
mElech + m(m — 1)E <j1Cj2'
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OTMeTHM, YTO AMATOHATIb MATPUILl 3! OT A He 3aBHCHT, a IOTOMY HMeeM
n 2

J1#je=1 i=1
n 2

Z NE Z Tij g, |+ mPEC, G, — 2mP ARG, G, | =
N#j2=1 i=1
m Z (AQECJiC]Zz + EQCﬁCb [)\Q(m - 1) +m— 2)\771]) :
N#je=1

Orcrofa B cuity kBajgpaTudaoctd o A f(A) ¢ monokurenbHbIM KO3 DUITITEHTOM
IPU KBAJIPATUIHOM 0 A UjIeHe, IMOJYyIaeM BhIParKeHne JIJIsT ONMTHMAJILHONO .

2?17,&3'2:1 E2<j1 ng

A=
m—1 n 2/, 1 n 2 27
m 2]1#]2:1 E C]1C.72 + m Zjl#]é:l E 7172

L]

Yreepxkaeune 4 (Ledoit, Wolf [63]). TTycrs Ex; = 0, Ex;x] = 3, a B kauecrse
OIEHKHM KOBAPUAIMOHHON MATPHUILI UCHOIL3YEeTC s

2 =220+ (1= Mol meX’ = LX'X, 0§ = 1) %0,
j=1

Torna pemenuem zanaun f(A\) = E[|X? — X||* — miny, sasastercs

2

" 1%
A :m, riae
n 1 ... 1
V= Y B¢, +d"@-1E)d, red=[E, j=T n E=[: - :
J1Fja=1 1 ... 1

62 - % (EC]21C]22 - EQCJ&CJE) 3
J1, J2=1
rae (; 0003HAYACT CIIyYailHyl0 BEJHYHHY, COOTBETCTBYIOIIYIO MPU3HAKY ¢ HOMEPOM
-

OrMernM, 9TO BBIPAXKEHUST JJIsT OITUMAJLHOTO A* B 000MX YTBEPXK ICHUSIX TTPE/I-
[IoJIaraloT UCXOJHYIO HEHTPHUPOBAHHOCTDb IPU3HAKOB 1 3HaAHUE Ha60pa NUCTUHHBIX Ma-
TEMATUIECKUX OXKUJIAHUN JJIsT HEKOTOPHIX TPOU3BEAEHNI MPU3HAKOB. TaK Kak 3Th
SHa4Y€HHNsI HEU3BECTHbLI, COOTBETCTBYIOIIUEC MaTEMaTHUYICCKUE OXHJaHWA 3aMCEHAIOT-
cs1 Ha, cpesiaue 1o BhIDOpKe. OmuIineM jajee MeToIbl KOMOMHUPOBAHWST MPU3HAKOB,
OCHOBaHHBIE€ Ha aHaJIU3€ HOﬂyquHOﬁ KOBapI/IaHI/IOHHOﬁ MaTpPHUIIbI 2
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JleTekTpoBaHne KONuii 0HOro nmpu3Haka. [Iycts npusnHakm B mpu3HAKO-
BO Marpuie X IEHTPUPOBAHBI 1O BHIOOPKE, a TaKyKe MKAJUPOBAHBI K gucriepcnn 1.
[Tycth 1719 HUX MMeeTcst HEKOTOpas OlleHKa KOBApUAITMOHHOW MATPUIIBI TPU3HAKOB
31, CunraeM jajee, 4TO MyJIbTHKOLJIHMHEAPHOCTh MEXKJy MPH3HAKAM €CTh TOJBKO
OJTHOTO THIIA, 8 UMEHHO B BBIOOPKE MOTYT COJIEPYKAThCSA 3aITyMJICHHBIE KOITUU OJTHO-
ro 1 TOro e (pakTopa, TO eCTh UMeeTcs MaTpuila 3HadeHnnii pakropos F € R™*"0
aX =FV+e rmeV e {0 1}""ue, V =e), ToecTh B KaXKJOM CTONOIE
MATpPUIL V POBHO OHA €JMHUIA, & € €CTh HEKOTOpas IITyMOBasi MaTpHIIA.

Ormernm, uaro ecin jgan wabop J € 2™ | 7| = ny sanrymiennbix Koruii
HEKOTOPOT'o (PaKTOpa, TO TPHW M3BECTHBIX JIUCIEPCUIX ITyMa B KaXKJ0# U3 KOINI,
cxeMma ONTUMAJLHONO KOMOMHUpOBaHust jgaercst dhopmylioii (2.4). Tak kak gaucrnepcenn
IIYMOB HEU3BECTHBI, TO JIJI UX OIEHKH BOCIIOJb3YeMCs CISYIONUM UTEePATUBHBIM
AJITOPUTMOM.

1. nunuannsanusi: BECOBOIl BEKTOP V = e, OlleHKa (aKTopa f = szej vif;,

rie V KOHCTAHTa, MKAJINPYIOIIast fx jqucnepcun 1;
2. Tloxcuer oneHkn AUCTEpPCHN MPU3HAKOB OTHOCUTEIHLHO OIEHKN (haKkTopa

di = € — £II”

T m

U TOJIcYeT OIEeHKHU JUCIEePCUH MIyMa

) dz z
j:maX(O, 7(2—7)>

3. Ilepecuer BecoBOro BeKTOpa VvV

4. Ilepecuer onenku paxTopa

fnew __  mew e
"% =v g v;f;,

jeJ
rae v"°V koncranTa, miaaupyiomaa f*°V k gucnepcun 1. OcranaBimBaeMcs,
ecim [[f*V —f|| < 0, rae > 0 — 3amanHas MOCTOSTHHAS.

3aMeTrM, 9TO JAHHBI aJIrOPUTM MPH 11 = 2 BBIPOYKIACTCS B MCTIOJIB30BAHUE TITKA~
JMPOBAHHO TOJNYCYMMbI IPU3HAKOB B KauecTse orenkn dakrtopa. [Ipn ng > 2 pe-
BYJITAT yXKe sBIAeTcs HeTpuBuaabHbiM. ODO3HauMM pesysbTaT paboThl 9TOTO as-
roputMma Kak f(J).

OmunieM J1asiee ajqropuT™ KOMOMHUpOBaHus npusnakos. [LycTh 3amama nekoTo-
past rpanuna 1o Koppensdruu pg > 0. Cumraem, 4TO Maphl MPU3HAKOB C OTEHKOI
KOPPEJISIUK B MaTpuile 3 OoJIbIe py ABJSIOTCH cBa3aHubIMuU. [locTponm pasbue-
HUe Habopa MPHU3HAKOB Ha T'PYTIHI Tak, 9TO ONEHKH (DAKTOPOB, MOCTPOCHHBIE TT0
TPYIIAM UMEIOT KOPPEJSIUio He OJIbIIe p.
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AropuTtMm mmocJie10BaTEeILHOTO IAPHOTO 00'be IMHEHN 110 HanOOIbIIeit
KoppeJsdainuu. byiem nocieoBaresibHO 00beUHSITE Taphl MPU3HAKOB ¢ HAMDOOJIb-
II1eil Ha JaHHOM IIare KoppeJidiueii, moka Jjis 000l mapbl KOPPessiius He CTaHeT
He DoJibIlie pg. Takasi ujiest TPUBOJIUT K CJICJYIOIIEMY aJITOPUTMY.

1.

Nnnnpaansanmsi: CanTaeM KaxkIbli 13 TPU3HAKOB 0TI ILHBIM (hakTopom. st
KazkJ10ro pakTopa J coxpatsgeM Habop Cj HCXOAHBIX IPU3HAKOB, KOTOPLIE eMy
coorsercrytor. Vexomnro V j C; = {j}.

Haxoanm napy manbosiee KOppeJnpoBaHHBIX MTPU3HAKOR.

A~

J1J2

e k] o
1 g2l = ar_g;nax — = arg;nax Pirja-
J17]2 .. .. J17)2
§33131533232
Ecmn .
)P
J1J2 o
— = Pjtjs < Po,
PIPS

J1I1 <I273
OCTAaHABJIMBAEMCsSI, TaK KaK IOCTpOeHa Tpedyemasi KOMOMHAIMsT NTPU3HAKOB.
uaue nepexoaum Ha, mar 4.

[TepecunTeiBacM HAOOPHI TPU3HAKOB, COOTBETCTBYIONME (DAKTOPAM.
(:3; U (33; — (:3;, g — (:3;,

yJlaJisieM MPU3HaK ¢ HOMEPOM jy M3 MaTPUIlbl TPU3HAKOB U HEPeCUUThIBAEM
MpU3HAK ¢ HOMEPOM j; B COOTBETCTBUU C OMUCAHHBIM paHee aJTOPUTMOM 00b-
eJIMHEHNS TTPU3HAKOB

f(CZT) — fﬁ‘

[Iepexomum Ha, mar 2.

AnroputMm 1ocjie10BaTeJIbHOTO MOMCKA HAMOOJIBINUX KJIUK IO KOppe-
agiuu. Bynem nociemoBaTebHO NCKATH MAaKCUMAJbHBIH HAOODP NMPU3HAKOB TaKOIA,
YTO BCE KOPPEJANNN BHYTPU Habopa OoJibIle pg. [Ipu HAIMInm HeCKOJIbKIX HaOOpOB
OJINHAKOBOT'O pa3Mepa BhIOWpaeM TOT, CyMMapHasi KOPPEJSIUN MPU3HAKOB B KOTO-
poM BbIIe. Takasa uaes MPUBOJIUT K CJACAYIONIEMY aJTOPUTMY.

1.

Uuunpaausams: cauTaeM KaxK bl 13 TPU3HAKOB OTAeJbHBIM (hakTopoM. s
KazKJI0ro hakTopa j coxpansdem Habop Cj NCXOAHBIX MPU3HAKOB, KOTOPHIC eMy
coorBetcTByIOT. Vexomno V j C; = {j}.
Haxomum HanOOJBINYI0 KIUKY KOPPEJIUPOBAHHBIX MPU3HAKOB
J = Argmax |7|[ min_p; ;, > pol.
j€2{1,...,n} g1, J2€J

Cpenn Bcex HaMDOJBINMMX KWK HAXOIUM KJIUKY € HauOOJbINEH CyMMapHO
BHYTPEHHEI KOppesdInei.

J* = arg max Z Djvin-
TET  ji, j2ed



ol

.
3. Ecmu qoiat J* miny, j,e 7+ Pij, < Po, OCTAHABINBAEMCS, TOCKOJIBKY HE OCTAJIOCH
map KOppeanpoBaHHbIX Mpu3HakoB. Mnade nepexoanm Ha mmar 4.
4. TlepecuurbiBaeM HaDOpPHI TPUIHAKOB, COOTBETCTBYyIOIME (akTopaMm. IlycThb
-k *
e Jr.
. * -*
Ujeg-Cj = Cj», @ = Cj, j € T \{J"}-
Ynasstem npusHaku ¢ Homepamu j € J*\ {j*} w3 marpunp npusHakos u
MepecuUnThIBAEM TTPU3HAK ¢ HOMEPOM j* B COOTBETCTBHU C ONMUCAHHBIM paHee
aJITOPUTMOM OO'bEJIMHEHWST TPU3HAKOR

[Iepexomum Ha, mar 2.
PesysibraTom paboThl 000MX MPUBEIEHHBIX 3/1€Ch AJITOPUTMOB sIBJISIETCS HOBasl MaT-

pHUIla TIPU3HAKOB, COEpKAallas BOOOIIEe rOBOPsI MEHbIIE MPU3HAKOB, IIPH 9TOM KO-
PEISINT MEXKJLy JIOOBIMU JIBYMSI M3 HUX HE NPEBLINAIOT py. OTMeTnMm, 9To py AB-
JIIETCS TAPAMETPOM 0DOKX AJIFOPUTMOB. BBIGOp 3HAUYCHUS pg IPEJIaraeTcs JIeaaTh
C ITOMOIIBLIO KPOCC-BAJIMIAINN Ha 00yUaroIieil BHIDOpKe.

Taxnm 06pa30oM, TOCTPOECH METOJI, MO3BOIAIONINX JETCKTUPOBATL IPYIIITY MYJIhb-
TUKOJIMHEAPHBIX [PU3HAKOB, KOTOPLIE MPEJICTABIAIOT CODOI KOMUK OJHOTO U TOTO
e pusHaka. OTMeTHM, 9TO METOJ| JIerKO MOIUMDUINPYETCs Ha CJIydail, KOraa Mpu-
3HAK MOXKET MPEJICTAB/IATHL CODOI MPOTUBOMOJIOXKHBII (pakTopy. B aToM ciyuae Kpu-
TepueM Jlo0aBJIeHNsT B HAOOD sIBJIsSIeTCst |p| > po, a juist ipuMenenust hbopmyJibl (2.4)
IIPU3HAK TPEeOYeTCs: 3aMEeHUTh Ha IIPOTUBOIIOJIOKHLII. PaccMoTpuM nastee obmiyio 3a-
JIady JIeTeKTUPOBAHUSL JIMHEHHON 3aBUCUMOCTH MEXKJy IPU3HAKAMU M METOJ yUueTa,
MYJILTHKOJLIMHEAPHOCTH.

JlerekTupoBaHne MyJbTUKOJIMHEAPHOCTH MeXKAy Ipu3HakaMu. [Iycrn
NIPU3HAKU B IPU3HAKOBOI Marpuie X HEeHTPUPOBAHBI TI0 BLIOOPKE, a TAKIKe IKAJIN-
poBaHbl K gucrepcun 1. [lycTs 1711 HUX HMeeTcst HeKOTOpast OIeHKa KOBAPUAIIMOHHO
MATPHIIBI TPU3HAKOB 3.

Onpenenenue 22. Habop npwsnakoB ¢ wmuuekcamn j € J Ha3bBaeTcss 0 —
myavmurossureapusm 11 6 > 0 ¢ BekTopoM BecoB 8, 0; # 0 <= j € J, ec-
m |20, < 6.

OtmernMm, UTO Jazke, ecjau KodMPUIHMEHTD! JIHHEHHO! 3aBUCHMOCTH aIIPUOPH U3~
BECTHBI, ONTUMAJIbHOE KOMOMHUPOBAHUE MTPU3HAKOB B COOTBETCTBUM ¢ (2.3) 3aBUCHT
OT MCTHUHHBIX BECOB MPU3HAKOB, KOTOPBLIE HEM3BECTHLI. bBoJsiee TOro, IIyMOBLIE CO-
CTABJIAIONINE TTPU3HAKOB TaK»Ke HEM3BECTHHI W KaK B CJIydae C Mapoil MPU3HAKOB,
SIBJISTIONUXCS KOIUEHl ONHOTO MPU3HAKA, YCTAHOBUTDL, KOTOPBIA M3 HUX CONEPIKUT
OOoJIBITIE TITYyMa, TIO0 TPU3HAKOBO MaTpuile HeBo3MoKHO. [TosTomy npemraraercs cie-
JIYIOIIAH aJrOPUTM yIeTa MYyJIbTHKOJINHEAPHOCTH.

e Haxomuwm nanbosiee MyJIbTUKOJLIMHEAPHBI HAOOD MPU3HAKOB, Periasi CJieLyo-

YO 3a/1ay.
0" = argénax {||20||1 + 70|11 ,
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rie 7 > 0 — KoadphunmenT peryasipusaiim.

Ecn || 20%]]; > 8, 10 ocTaHaBIMBACMCSI, TTOCKOJIBKY HAfiICHHBI HAGOD He
SIBJISIETCST O-MYJIbTHKOJLIMHEeApHBbIM. MHate mepexoaum wHa, miar 3.

Boraucnsiem HeBsisky € = X6 u Habop aKTUBHBIX IpusHakos J = {J : 07 #
0}.

[Iycrs jo € J. Ilonpasum npusnaku ¢ Homepamu u3 J Tak, yro X"*V@* = 0,

1

YiajsieM NMpu3Hak ¢ HOMEPOM jg W INMKaJUPyeM TPU3HAKU C HOMepaMu j €
J \ {jo} no mmcnepcun 1.
[TepecanrniBaeM MaTpUIly KOBAPUAIUN 3. Bozsparaemcs Ha, mar 1.

[TpetaraeMplii aJITOPUTM UMEET JIBa TTapaMeTpa T U J, KOTOPbIe TIPEJIAraeTcst Olpe-
JIeJIATH ¢ IIOMOIIBIO KPOCC-BAJIIIAINK Ha, 00yUalomieil BLIOOpKe.
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I'maBa 3
OO6y4geHne MyJTbTUMOAEEM

Panee ObLIO TIOKa3aHO, KaK MOJIYIUTH OIEHKNA MaKCHMyMa 0DOCHOBAHHOCTH JIJIsI
rurepriapaMeTpoB allPUOPHBIX PaclpejeJeHuii, TO eCTh MOJIYUYUTh ONTUMAaJIbHYIO
MYJIBTUMOED. Jis1 Toro, 4ToOb! IIpeacKa3biBaTh KJAACC BHOBL IMOCTYIIMBIIAX O0b-
eKTOB OIUIIEeM Jlajiee Mpolecc odyuenns mysiabrumoseseit. Ilomydenne obOyueHHOM
(s, @) — aJIeKBATHON ONTUMAJILHON MYJBTHMOJIECHN W SIBJISIETCST EJIbI0 JTAHHON pabo-
ThI. YueT TpebOBaHUs aJIeKBATHOCTU OYIEeT OMKUCaH B CJEYIOIIEM pasJiele.

3.1. OO0yueHue OJMHOYHOI MOJIEJIN

B coorsercrrum ¢ (2.1) coBMecTHOE TIPaBIONOA00ME JIJIs CIrydast OJMHOYHON JIO-
TUCTUYIECKON MOJIEJIN UMeeT BT

p(y, wiX, A) = p(y|X, w)p(w|A) = HU(yz‘WTXz‘)N(W\O, A,

Torga npu K = 1 u3 (1.6) mosaydaem, 910 00yUeHre OJAUHOTHON MOJEIN COCTOUT
B MOJIy9CHUN OICHKU MaKCHMyMa allOCTePUOPHOI BEPOATHOCTH JJIsA BEKTOPa Mapa-
METPOB MOJIEJIN W, TO €CTh

w* = argmaxp(w|y, X, A) = argmin — log p(w|y, X, A).
\y% \y%

171 amocTeprnopHOTo pacupeie/ieHus Ha W IMeeM
p(y, w|X, A)
p(y|X, A)

r7e 3HaMeHaTe b €CTh 0O0OCHOBAHHOCTH OJIMHOTHON MOJIE/IV 1 OT W He 3aBUCHUT. Tora
oJIydaeM, 9TO

p(wly, X, A) =

w* = argmin — log p(y, w|X, A). (3.1)
w
Jljist oTpHUIATeHbHOTrO JoraprdMa COBMECTHOTO PACIPEICICHIsT HMeeM
m
[(w) = —logp(y, w|X, A) = { logdet A+2 log(27r)—|—%wTAw—Zlog o(y;w'x;).
i=1
st rpajguenta n reccuana [(w) mMeem

ol(w) n T :
a—w = Aw — Zzl: ma(ylw Xi)O'(—in Xi)yixi =

Aw — Z o(—yw'x;)yiXi, (3.2)

1=1
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Ol(w =
85\72) =A— Z Yixio (Yyiw X))o (—yiw ;) (—yiX]) =
i=1

A + Z o(W'x;)o(—w'x;)x;x;. (3.3)
i=1

Brenem obosnadenne R = diag(o(w'x;)o(—w'x;)), i = 1, m, Torya jjisi reccuaHa
OTPHUIATEILHOrO JiorapudMa, IIPaBIONoL00Hs IOJyIaeM CIeAYIONYI0 (POPMYITY

O?l(w

OUW) _ A 4 XRX

ow? ’

OTKYJia B CHJIY HEOTPHUIATEILHON ONPEIeJeHHOCTH MAaTpUibl A MoJydaeMm, 4To
byukus [(W) sBIsieTCs BBIYKIION, a MOTOMY MMEeT eJIMHCTBEHHbIH TrIo0aIbHbIil
MUHUMYM. I ero HaXoXKJeHHsl MOXKHO BOCIIOJBL30BAThCs, HAIPUMED, METOIOM
Hriorona-Padcona [21] win ero gemmduposannoit Bepcueit [108).

3.2. (OO6yuyeHme MHOTOYPOBHEBOI1 MOJeIN

B coorsercTBum ¢ (2.37) COBMECTHOE ITPaBJIOI0I00NE JIJIsI CJIydasi MHOIOYPOBHE-
BOIl MOJIeJIN U3 JIOTUCTUYECKUX MOJIEJIeii UMeeT BU I

K
\/detAk
p(y,W1,...,WK‘X,Al,...,AK) :H W

k=1

exp (—%WEA/{W/{) H o(ywix;)
1€1y

rie {1, ..., m}=Z =T, U...UZk ecrb pazbreHne MHOXKECTBA UHJIEKCOB O0HEK-
TOB BBLIOOPKH Ha HEMEePeCeKalonmecss MHOXKECTBA, [0 UX TIPUHAJJICKHOCTH 00JIaCTIM
neiictus X, k=1, K kaxoit u3 mogeneit, R” = X; U... LU Xg.

Torga u3 (1.6) B crity MpejicTaBIeHNsT COBMECTHOTO TPABIONOI001sT MHOTOYPOB-
HEBOI MOJICJIN B BUJIE IPOU3BEJIeHNA K KOMIIOHEHT, KaxKJasl U3 KOTOPLIX COJIEPIKUT
TOJILKO OJIMH U3 W}, TIOJY4YaeM, 9TO 00yUYeHHe MHOTOYPOBHEBOM MOJCJIN COCTOUT B
pemennn K He3aBUCUMBIX 3a/a4 BUA

vdet A -
Sk exp (—%WzAkwk) H o(ywrx;), k=1, K,

€1y,

W, = argmax ———
" gwk (277)n/2

4TO SKBUBAJICHTHO 33/a4e (3.1) Ha yceueHHOM MHOXKeCTBe 00beKTOB

w), = argmax p(yz,, wi|Xz,, Ap) =
Wi

argmin —log p(yz,, wi|Xz,, Ag), k=1, K.

Wi

Takum obpazom, oOyUueHre MHOIOYPOBHEBOW MOJIE/IN CBOJIUTCS K 00ydeHnto K ojn-
HOUHBIX MOJIe/Ieil Ha HelepeceKaolnnxcsa MHOXKeCTBaX 00beKTOB.
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3.3. OO0yuenue cmecu MojieJieit

B coorsercrun ¢ (1.1) coBmecTHOE MpaBaonogobue Jjist Caydasi CMecH MoJieJiei
13 JIOTUCTUUECKNX MOJIeJiell UMeeT BUJ,

p(Y? Tr) Wl) 9 WK‘X, ,u, A_l, , A—K) —
K K " P
I'(K 7 Vdet A, ] i
1ﬂ(K(/iL)) Hﬁg 1 H (2m)n/? exp (—3 Wi Ayw)) H (Z 0 (YW Xi)> .
=1 k=1 i=1 \i=1

Torma u3 (1.5) obydeHue cmecu Mojiesieii COCTOUT B TIOUCKE OIEHOK MAaKCHMYMa allo-
CTEPUOPHOIT BEPOSITHOCTU Ha BEKTOP BECOB 70 MoOJleJieil, BXOJSAIIUMX B CMeCh, U Ha
BEKTOPBI IIApPaAMETPOB ITUX Mojeseir Wy, k =1, K, To ecTb

(7", Wi, ..., Wi] = argmax p(m, wi, ..., wgly, X, i, A1, ..., Ag). (3.4)
T, Wi, ..., WK
st amocrepuopHoro pacmpejenenust p(mw, wi, ..., Wgly, X, p, Ay, ..., Ag)
MeeM
p(y7 ™, Wi, ..., WK‘X7 i, A17 ceey AK)
T, Wi,...,W X, A, . Ag) =
p( s W1, 3 K|Y7 s by 1 3 K) p(Y|X, 0, Al, L AK) 3
rie suamenaresb p(y|X, p, Ay, ..., Ag) ectb 000CHOBAHHOCTH CMeCH MOjieJieil u
OT T, W1, ..., Wg He 3aBucut. Orcioya 3a1a4a (3.4) SKBUBAJIEHTHA CJIEJTY IOt
(7", wi, ..., W] = argmax logp(y, m, wi, ..., wg|X, u, Ay, ..., Ag).

™, Wi, ..., WK

Brejiem maTpuily cKpbIThix iepeMenibix Z pazmepa mXx K, vie zip € {0, 1} w2z = 1
TOTJIA U TOJIBKO TOTJA, KOTJIa 00bEKT (X;, ¥;) OTHEeCEeH K Mojiesin ¢ Homepom k. Torma
COBMECTHOE MPaBJIONO0001e JIJIsT MOJIEJIN CO CKPBITHIMU TEPEMEHHBIMU TTPUMET BH/I

p(Y7 ™, Wi, ..., WK, Z|X7 M, A17 I Ak):
K m K
p(w|p) Hpk(Wk\Ak) H H (mo(ywix;))™ .
k=1

1=1 =1

Onennm log p(y, m, w1, ..., Wig|X, u, Ay, ..., Ag) cHEUSY, BBOJISI pacIpeiesieHne
q(Z), momyaim

logp(y, m, w1, ..., Wg|X, u, Ay, ..., Ap) > L(q, ™, Wy, ..., Wg) =
E,logp(y, 7, Wi, ..., Wk, Z|X, p, Ay, ..., Ay) —E,logq(Z), rze
logp(y, ™, wi, ..., Wk, Z|X, p, Ay, ..., Ay) =log(Kpu) — K log u+
K K K
Z(,u — 1) logmy + % Zlog det A, — &2 log (2m) ZWkAka+
k=1 k=1 k=1

1
2
K m K m
Z log m; Z Zil + Z Z zjlogo yzwl Xz)

=1 i=1 =1 =1
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Bynem Tenepnb perath 3agady

L(q, w, w1, ..., Wg) —  max . (3.5)
q, T, Wi, ..., WK
[l1st 9TOrO BOCIHOJIB3yeMcsi BapualmonubiM EM-aJjiropurmMom, To ecTh perienue Jijist
g OyZeM HCKaTh B KJIACCE PACIPEIeIeHnil, KOTOPLIe HMEIOT CIeAYIONyio (haKTOPH-
3aIUIO.

Q=14q: q(Z)= Hin(Zi)

E-mar.
Ha E-mare npoussopurcst makcumusarust L(q, m, wy, ..., Wk ) 10 ¢(Z) B Kiacce
Q). Torya mosysaem Jyist Py, (2Z;) CaeayroIme BhipaXKeHWs.

log p,.(z;) = Eq\z, logp(y, ™, Wi, ..., Wg, Z|X, u, Ay, ..., Ap) x
K

Z zit(log m +log o (y:wix;)),
=1

r7ie IIPOIOPIMOHAJILHOCTD IPUBEJICHA ¢ TOUHOCTBIO JI0 & ITUTUBHOMI MTOCTOSHHOM. OT-
CIOJ/Ia TTOJIyvdaeM, 9TO

Mo (YW X;)

]P)(Zil = 1) = K S .
> i1 ThO(YiWiX;)
M-mar.
Ha M-mare EM-anropurma mpousBouM Makcumusanuio L(q, m, Wy, ..., W) 10
T, Wi, ..., Wi, 9TO IPUBOJNT K 3a/1a49¢
E,logp(y, ™, wi, ..., Wk, Z|X, p, Ay, ..., Ay) = max

T, Wi, ..., WK
4TO 9KBUBAJICHTHO CJCAYIOIIEH 3a/ia4e MaKCUMU3AINN

K m

K K
Z(M —1)logm; — %ZWEAka + Zlog i ZEZZ'hL
k=1 I=1 i=1

k=1

K m
Z ZEZ@-Z logo(y;w;x;) - max . (3.6)

P — T, W1, .y, WK
= 1=

Tak Kak MakcuMusupyeMmas (pyHKIMs MPeJCTaBiIsgeT coboit cymMmy (bYHKINMA, KarxK-
Jlasg U3 KOTOPBIX 3aBUCUT TOJILKO OT OJIHOIN M3 MEPEMEHHBIX 70, W1, ..., Wk, JIJaHHasd
3aJlada MaKCUMU3AIMH pacnagaercd Ha K + 1 HezaBucuMyio monzajgady BUIA

K K

Z(u -1+ ZEz,k) log 7, — max 1npu ycjaoBnu Zm =1, (3.7)
k=1 i=1 =1
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K m
l(wg) = %ZWZAka — z;]Ezzk log o (yiwix;) — Igvikn, k=1, K. (3.8)
Bamauda (3.7) nMeeT aHAJIUTHICCKOE PEIICHNE BH/IA

0, ecr pp — 14+ " Bz, <0,
T = p—1+300 By
21[; max (0, p— 1437 Ezy)

TO ecTh Ha M-Iare nNpoucXoAuT NPOPEKUBAHUE CMECH MOJEJIeH 1 yajienue nu3bbl-
TOYHBIX KOMIIOHEHT W3 cMecd. 3ajadn (3.8) mpecTapisitor coboil 3a1ady MOuCKa
OIEHKN MaKCUMyMa aloCTePUOPHOA BEPOATHOCTU JIJIA OJUHOYHON JIOTUCTUICCKON
mojiestu (3.1), Ho co B3BeNeHHbBIMU 00bEKTAME C HEOTPUIATEIHHBIMEI BecaMu. B cury
HEOTPHUIATEILHOCTH BECOB onTuMusupyeMast hbyHKIus B (3.8) ABJISETCS BBITYKJIOI,
a TIOTOMY UMeeT €JIMHCTBEHHbI MUHUMYM, JIJIsi HAXOXKJICHUsI KOTOPOI'O, KaK 1 B CJIy-
qae OJMHOYHON MOJEJH, MOXKHO BOCIOJIBL30BATLCS, HAIpUMED, MeTonoM Hbioromna-
Padcona [21] wiau ero gemnduposannoii Bepcueii [108]. TMosyunm Boipaxkenust jijist
rpaJenTa n reccrata B 3agade (3.8) anagoruansie (3.2) u (3.3).

(3.9)

yecamp — 1+ > Ezy > 0,

Olp(wr) - .
ka = Aywy — ;Ezika(—yiw Xz')inz‘, (3-10)
2 m

%v:‘;) = Ar+ Y Ezpo(w'xi)o(—w'x)xx]. (3.11)

i=1
3.4. AnaropuTM COBMECTHOTO OOyUYeHHUS M ONTHUMU3AIMN CMECU Mojesieit

st TOoro, 9T00OBI MOCTPOUTH OOYUIEHHYIO ONTHMAJILHYIO MYJILTUMO/IEIL TpedyeT-
cs1 CHAUAJIa HAWTHU OIEHKN MaKCHMyMa OOOCHOBAHHOCTH JIJIsi KOBAPUAIIMOHHBIX MaT-
purt Aj, ..., A% (1.3), a 3aTem 00y9IuTh cMeCh Mojieseil mpnu GUKCHPOBAHHBIX TH-
meprapaMeTpax anpruoOpHBIX pachpejenenuii B coorsercreun ¢ (3.4). [pemmoxmm
Jlajiee aJiIrOPUTM, KOTOPBIH 1MO3BOJISIET OJHOBPEMEHHO C 0OyUYeHWEeM CMeCH MoJiesieit
IIPOU3BOJINTE OIEHKY IHMIIepIIapaMeTpPOB alpPUOPHBIX pacCIpeIeIeHuit.

Cunraem, Kak W paHee, 9TO MmapaMerp (i alPUOPHOTO pacrpeaenerust JInpuxie
¢ukcuponan. [eiicTByeM aHAJOTHYHO MPUBEIEHHOMY BBINIE AJTOPUTMY OOYUICHUSI
cMecu Mojiesieit, Ho cauTaem, 4To MaTpuiibl Aq, ..., A HensBecTHbl. BBejiem mat-
PUILy CKPBITHIX TlepeMeHHbIX Z pasmepa m X K, rue zy, € {0, 1} u z; = 1 rorma
¥ TOJIBKO TOTJIA, KOrjia 00beKT (X;, y;) OTHeceH K Mojiesun ¢ Homepom k. Torma cos-
MECTHOE TIPABIONOA00ME JIJIsT MOJIEIN CO CKPBITHIMHU TEPEMEHHBIMI TPUMET B

p(y7 ™, Wi, ..., WK, Z|X7 2 A17 SR Ak‘):

m K
pr(Wi|Ag) HH (mo(yw)x;))™" .

k=1 1=1 [=1

,’:]w

p(m|p)
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Onennm log p(y, m, w1, ..., Wig|X, u, Ay, ..., Ag) cHEUBY, BBOJIsSI pacpeiesieHne
q(Z), momyanm

logp(y, m, w1, ..., Wg|X, u, Ay, ..., Ap) > L(g, ™, Wy, ..., Wg) =
quogp(ya ™, Wi, ..., Wg, Z‘X7 M A17 SRR Ak) —quOgQ(Z), rae
lng(y, ™, Wi, ..., Wg, Z‘X M A17 SRR A ) :logF(K/”L) —KlOgF( )+
K

Z( —1)logm, + 3 Z logdet A, — @ log(27) — 3 Z Wi AW+
k=1 k=1 k=1

Z log m Z Zil + Z Z zjlog o yzwl Xz)

=1 =1

Bysem Teneps pernarh 3agaqy

L(q, ®, Wy, ..., Wg) — qm,rv&a}?_{.,WK. (3.12)
Ormernm, ato B 3agade (3.12) B ommrane or 3ajaun (3.5) cojepKarcst HEU3BECT-
HbIe MATPHUILI A1, ..., A, KOTOpBIE ONPEJEIIIOTCI B COOTBETCTBUY C IIPUHITUTIOM
MakcuMyMa 060cHOBaHHOCTY (1.3), M OT MX 3HAYEHWUI 3aBUCST TTOJYIEHHBIE OIEHKN
MaKCHMyMa, allocTepHopHOi BepositHocTH. st perenust 3ajgaun (3.12) Bocrosis-
3yeMcs BapualmoHHbiM EM-anropurMom, To ecTh perienue s ¢ OyaeM UCKaTh B
KJIacce pacrpejiesiennit, KOTopble NMEIOT CJIEYIONyIo (haKTOPU3AIHIO.

Q=1{q: q(Z)= qui(zz)

E-miar.
Ha E-mare npoussopurcst makcumusarust L(q, m, wy, ..., Wi ) 10 ¢(Z) B K1acce
(). Torna mosygaem Jist Py, (2z;) CIAEAYIONINE BbIPAKEHHS.

logpzi(zi) = Eq\zi 10gp(Y7 ™, Wi, ..., Wg, Z‘Xa 1, A17 SR Ak) X
K

Z zit(log m +log o (yiwix;)),
=1

rJie MPOIMOPIMOHAIBHOCTE MPUBEEHA ¢ TOUHOCTHIO JI0 aJJINTUBHON mocTostnnoi. Or-
CIOJIa TTOJIyYaeM, YTO

Mo (YW X;)

]P)(Zil = 1) = i n .
> k1 TRO(YiWiX;)
M-mar.
Ha M-mare EM-anropurma mpousBouM Makcumusanuio L(q, m, Wy, ..., W) 10
T, Wi, ..., Wi, 9TO IPUBOJNT K 3a/1a49¢
E,logp(y, 7, Wi, ..., Wi, Z|X, p, Ay, ..., Ay) = max (3.13)

T, W1, ooy WK
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B KOTOpPOii, OJHAKO, ecTb Heu3BecTHble Aq, ..., Ag, sBJISIONU-
ecsi  pemenvem  3amadn  (1.3).  Bocrosbsyemcst  HWDKHEH  OIEHKOI
E,logp(y, m, w1, ..., Wk, Z|X, 1, Ay, ..., Ap)—E,log ¢(Z) xax annpoxkcumarnueii
logp(y, ®, wi, ..., Wg|X, i, Ay, ..., Ag), TOrIa
K
p(y, m Wi, ..., Wi X, Ay L Ay) & e Balosa By HN w0, A
k=1
[ T Tt 319
k=11i=1
Torga w3 (3.14) must obocuosannoctn p(y|X, p, Aq, ..., Ag) nveem

K
p(yIX, p A, ..., Ag) ~ e Balosal®) / p(ael) [ wp =" de
k=1

st maTerpaJia mo w uMeeM

- E T(Ku) [+ E
o Bz —14+E Bz
/p(ﬂ'\u) | | 7%:“ Pdmw = E=Y dRY / | | WZ > b=
k=1 (' ) k=1

I'(Kp) Hf:l U+ 370 Ezir)
IR () (Kp+m) '

C yuerom dakropusain no Ag, k =1, K B (3.15) nosydaem jyist ONEHOK MaKCH-
MyMa obocHOBaHHOCTH A%, ..., A}

m

Ay = argmaX/N(wk\O, A HO‘(inZXi)Ezidek, k=1, K. (3.16)
Ak i=1

Ormernm, aro (3.16) npejcrapisier coboit ONEHKY MaKcuMyMa 060CHOBAHHOCTH JIJTst
KOBaPHUAITMOHHON MATPUIILI OJMHOTHON JIOTUCTUYIECKON MOJEIN ¢ SKCIOHEHITNATIBHO
B3BEIEHHBIMI 00HEKTAMK C BEKTOPOM BecoB 7y, = [Ez., 1 = 1, m|". Pemenne 3aa-

an (3.16) paccMOTPEHO paHee JIJIst OJMHOTHO JIOTHCTHIECKON MOJIEITH, & MOJTy IeHue
alMPOKCUMAIIMK OLEHKH MaKCUMyMa 00OCHOBaHHOCTH A} MOXKeT ObITh BLINOJHEHO
OJIHMM M3 TPeX OIKMCAHHBIX CIIOCODOB: € MOMOIIBIO arnmpokcuMalmn Jlarmiaca, ¢ moMmo-
IbIO BAPUAIIMOHHON HUXKHE OIIeHKH U ¢ IToMoIbio EM-aaropurMa ¢ BapuannoHHoi
HUYKHEH OICHKOA.

[Tocme naxoxkmenust Aj, ..., A% 3amada (3.13) cTaHOBUTCS SKBHBAJEHTHA pa-
Hee paccMOTpeHHOi 3ajade M-mara obydenns cmecu mojeseil (3.6), 4To mpuBo-
T K orenke (3.9) mig 7 u K 3ajadaM MuHUM#3anun (3.8) BBIMYKJIOH (byHKIHMIL
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lp(wg), k = 1, K ¢ rpaguertoM u reccuanom, patormumucs dbopmynamu (3.10)
u (3.11), rae Ay, k = 1, K 3aMeHeHO Ha ONEHKH MaKCUMyMa OOOCHOBAHHOCTH JIJIst
KoBapuanuoHubix Marpuny Ay, k = 1, K. Takum obpazoM, mojydaeM MeTOJ COB-
MECTHOTrO OOYYEeHUST M ONTUMU3AIMKA CMECH MOJIECICH.
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I'maBa 4
Bwi6op (s, o) — ameKBaTHBIX MYJIbTUMOIEJIeit

Panee ObLM paccMOTpPEHBI 331291 HAXO0XKIEHUST ONTUMAJILHON MYJIHTUMOJIENH, a,
TakxKe ee oOydenusi. OTMeTHM, OJHAKO, 9TO ONTHMAJbHAS OOYUEeHHAs] MYJILTHMO-
JIeJIb MOXKeT UMeTh MOXOXKKe Mojiesid. Tak Jijiss MHOTOYPOBHEBOH MO oOyUueHne
POU3BONTCS (PAKTHIECKN HE3aBUCHUMO JIJIST KaXK0i 13 KOMIIOHEHT, a ITOTOMY MO-
JIeJIN, TIOJIYUAIOIUecs JIJIsT PA3HbIX KOMIIOHEHT JIAHHBIX, MOT'YT ObITh CTATHCTUYIECKN
HepazanunMbiMu. Hasmmane n30bITOUHBIX MOJIEeil BeJeT He TOJIbKO K IoTepe NHTeP-
IPETUPYEMOCTH, HO ¥ K IIOHMXKEHUIO KAaUeCTBa IPOrHO3a HOBBIX OOBEKTOB, IIOCKOJIb-
Ky OIIEHKHN IapaMeTpoB MOJIeJieil MMOJIydaloTcs 10 MEHbIITUM BBIDOPKaM, a MOTOMY
SIBJITIOTCSI MeHee TOUHbIMU. B ciiyuae cMecu Mojiesieil, XOTsI IIpu OOYUEeHUN U IIPOUC-
XOJIUT NPOPEKUBAHNIE CMECH U YaJIeHIe N30BITOTHBIX MOJIeNei, oIy IeHHasT CMeCh
MoOJIesIeit TTO-TIPEesKHEMY MOYKEeT COJIep»KaTh OJM3KNe MOJIE/HN, a MOTOMY CMECh MO-
JKeT He IBJIATHCA ajekBaTHO#. [ToroMmy paccMoTpuM jajgee aaropuTMbl TOCTPOCHUST
aJIEKBATHOW MYJbTUMO/IEN 110 00yIEeHHONH ONTHMAJILHO.

4.1. O6ocHoBaHue Buaa PYyHKIIMN CXOACTBA

HecmoTpst Ha MpopekuBaHue MYJIbTUMOJIEN, OHA, MOXKET He SBJIAThCS (S, ) —
aJIeKBATHO, TO €CTb MOXKET COJep:KATh IOXOoXKHue Mmojenu. Ilo 3Toit mpuunbe mo-
CTaBUM 3aJ1a9y CPaBHEHUsT MOJEJIEH, peleHne KOTOPOi MOYKHO MCIOJIb30BaTh MPH
MOCTPOEHNN aJeKBATHON MYJIHTHMOJIEIN.

3ajlauy cpaBHEHMS Mapbl MOJeseil MOXKHO ¢chOPMYIUPOBATL CJAEIYIONUM 00pa-
30M.

e Jlamnr 1Be Mozesin f1 n fo, BEKTOPHI TApaMETPOB MOJEIEH W1, Wo.
e Umeewm Boibopku (Xy, y1) u (X, y2),

Y1 = fi(X1i, W), v = fa(X2, Wo).

AnpropHbie pacripejiesieHust TapaMeTpoB Mojieeil Wi ~ p1(W), Wo ~ po(W).

Anocrepuopubie pactpenenenns p(wq| Xy, y1) 1 p(wa|Xa, y2), obo3Hauaembre
paaee g1 (W) n ga(w).

Tpebyercst mocTponTh (BYHKIINIO CXOJICTBA, ONPEJISIEHHYIO Ha, ITape pacipejieie-
Huit g1 (w) u go(w). OHa JIOJKHA YIOBIETBOPSTE CIEIYIONUM TPEOOBAHUSIM.

1. ompenenena B ciaydae HeCOBHaAeHNUS HOCUTENE,

s(g1, g2) < s(g1, g1),
s €10, 1],
s(g1, g1) =1,

Omska K 1, eciint go(W) — MasonHMOPMAaTHBHOE pacipe/ie/ieHue,

cumMerpuana, s(gi, go) = s(ga2, 1)

AN AN T
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OtmernM, 4uTO cBOiicTBa 2-4 M cBoOiicTBO 6 B cmucKe TpebOBaHUN K (DYyHKINK
CXOJICTBA SBJISIIOTCST TEXHUYECKUMHU. TakK CBOWCTBO 3 3aJiaeT JUaa3oH MPUHAMAae-
MBIX 3HAUEHMI (DYHKIIMKA CXOJCTBA S, & CBOMCTBA 2 M 4 YKa3bIBAIOT, UTO JJIsI MaPhI
COBIAAIOIINX paclpeeaennii 3Haderne (PyHKINT CXOACTBA JOJKHO ObITh MAKCH-
MaJIbHO BO3MOKHBIM, IPUIEM CXOJICTBO PACIIPeIeJeHus ¢ CAMUM CODOI He HUXKe, TeM
¢ IoObIM ApyTruM pacrupegenerne. CBoiicTBo 1 onpeesisier BO3MOXKHOCTH CPaBHEHUSI
MoJieJieit, oIpeeIeHHbIX Ha, PA3HbIX IPU3HAKOBLIX IpocTpancTBaxX. CBOWCTBO b gB-
JISIeTCsT OCHOBHBIM B peIlaeMoil 3aJiade, MOCKOJIbKY 00ecleunBaeT HEOTIUINMOCTD
MOJIEJIV, TIPO TapaMeTphl KOTOPO HUYEro, HEM3BECTHO OT JIIOOOH IPYTOil MOJIEIIN.
[TosicHrM 3TO CBOMCTBO M COOTBETCTBYIONIEE €My OTJIMYHE 3a1a9i CPABHEHHSI MO/Ie-
JIeit OT 381291 PA3IMIeHs] TTaphl PACIIPEIeIeHHI.

3.5 ] 0.35

3 0.3

2.5 0.25
T ol —oi(w) =N(0,01%) | &> - —gi(w) = N(0,1)
Z 2 — go(w) = U[-3, —2.7] % 0.2 — ga(w) — N (5.20%)

1.5 0.15

o 0.1

0.5 0.05

Yo -5 0 5 10 -10 -5 0 5 10

W W

(a) Cayuait pa3ubIX pa3auuuMbIx pacnpeaenenuii. (6) Ciayuail pasHbIX HEpa3IUIUMBIX DPACIPEIEse-

HHUU.

Puc. 4.1: UnmocTpanust pa3indauit MexXIy OTJNYAEeM alloCTePUOPHBIX pacipesesne-
HUI mapaMeTpoB IMapbl MOJieJIeil U pa3anIuMOCTBIO MOJEJICH.

Ha puc. 4.1a npusenena mapa pacrnpejenenuii gi, gs, gi(w) = N(0, 0.1%),
go(w) = U[—3, —2.7]. Dtu jBa pacupejesieHusi CyIECTBEHHO OTIUIAIOTCSA, UTO
MOYKHO BBIPA3WTh, HAIPUMEpP, 4depe3 OoJbIIoe 3HadeHne paccroanus Jlkemcona-
[[lenHOHA MEXKTY HUMH.

p1s(g1, g2) > 0.

PaccMaTpuBas 9TO allocTepPUOpHbBIE paclpejieeHis BepOATHOCTEH Ha IapaMeTphl
MOJIeJIeHt, 3aMEeTHM, UTO MOJICJIN, UM COOTBETCTBYIOIINE TAKKe ABIAIOTCS CYIICCTBEH-
HO Pa3HBIMHU, MOCKOJIBKY TIPO MapaMeTp w MepBoil MOJIeJIN U3BECTHO, YTO ero 3Haue-
Hue OJM3KO K HYJIIO, a JIJIsi BTOPOi Mojenn w € [—3, —2.7].

Ha puc. 4.16 npusejiena napa pacnpejienenuii gi, go, g1(w) = N (0, 1), go(w) =
N (5, 20%). DTn Ba pacrpejesenus CyIeCTBEHHO OTIMIAIOTCS, 9TO MOYKHO BhIPa-
3UTb, HAIIPEMeED, depes Ooubloe 3nadenne paccrognnd Jxkencona-Illennona mexay
HUMH.

pis(g1, g2) > 0.
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PaccmaTpuBast 3TO amocTepuopHbIe PACIpeieIeHus BepOATHOCTEN Ha TTapaMeTph
MoJieJieii, 3aMeTUM, YTO W3-3a HEeMH(POPMATUBHOCTH BTOPOI'O PACIPEJICJCHUS PO
3HAYCHUS MapaMeTpa w JJjd BTOPOH MOJEJN MOYTU HUYEr0 HEM3BECTHO, & MOTOMY
OTJINYUTH BTOPYIO MOJIe/Ib OT MEePBOM HEJIb3s.

Hajnm dopmasibHOE orpejieieHne MHPOPMATUBHOCTU PACITPEICTICHUS .

Onpenenenne MHPOPMATUBHOCTHA

Onpenesienne 23. Hazosem pacnpejenenue go(-) @ Q — RT neungopmamuenvim

OTHOCUTENILHO pactpejenenus gi(-) 1 © — RT ¢ koneunbiM Hocuresiem supp(gy) =
A,ecim dB: AC B, aro

1

VveDB: gg(w):®,

TO €CTh ¢o(+) €cTh paBHOMEpPHOE pacipejieieHne Ha MHOXKecTBe B,

O060061TTIM Tenephb MOHSITHE HeMH(MOPMATHBHOCTU Ha CJIyUaii IBYX paclpeIe/eHui
g1(+), go(+), KOTOpBIE OMPEIETEHBI Ha HECOBIAJIAOININX TPOCTPAHCTBAX, TO €CTh (1 :

QXQ1—>R+, gz : QXQQ%R—F.

Onpenesienne 24. Hazosem pacnpejienenne go(-) @ QX Qo — RT neungopmamus-
HbLM OTHOCHTEJILHO pactpesenenust gi(-) @ € X Q1 — RT ¢ koneunbiM HocuTEIEM
supp(g1) = A, ecim 21 = &, TO €CTh g1 ONMPEJIEJIEHO Ha MOJNPOCTPAHCTBE 0OJACTH
oupesenenns go u 37 >0, B: A x [—7, 7]9(%) C B uro

1

VveDB: gg(W):E,

TO €CTh ¢o(+) €cTh paBHOMEpPHOE pacipejieieHne Ha MHOXKecTBe B,

Sameuanue 1. OTmerwm, 9TO MO TMPUBEJEHHOMY ONPEE/ICHII0 HENH(OPMATHB-
HOCTDb paCIpesiesIeHusT go OTHOCUTEIBLHO ¢ UMEET MEeCTO, KOT/ia g He UMeeT JIOTOJI-
HUTEJILHBIX 0 CPABHEHUIO C (o MPU3HAKOB, TO €CTh {1y = & u gy HeMHMOPMATUBHO
OTHOCHTEIBHO HEKOTOPOro pacimmpenus g, : €2 X Qo — RY pacnpenenenus g1, rue
91(w, wa) = g1(W)g-(ws), rae supp(g-) C [—7, 7]4m(2),

Onpenenenne 25. Hazosem MOCJIE/IOBATEILHOCTh pacripejiesieHui
g, ..., B0, ... Q = RY maroungopmamusnot na ), ecawm BHLITOJIHEHDHI
CJIEJTYFOTIINE YCIIOBHUSI

Va>Do0, g§(-)|A — U(A), tne A ={w: ||w]| <a},

JO<B<oo,3ky: Vk>ky sup gi(w)< sup  gh(w),
{w:wl=B} {w: [wl<B}
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rae B ycnosun (4.1) g5(+)|a ecTh cyxenmue pacnpenenenus gh(-) ma MEoxKecTBO A,
TO eCTh
0, eciu ||w|| > a,
gla(w) =14 gh(w)
fA gé:(v)dv,

Cxomumoctsb B cBoiicTe (4.1) moHUMaeTcsi paBHOMEpHast, TO eCTh

w e A.

glg(-)\A — U(A) <= sup |g§(w) — 1/]A|| = O mpu k — oo.

wecA

OTMeTHuM, 9TO JJI TIOCIEIOBATEIHLHOCTH HEMTPEPBIBHBIX MJIOTHOCTEH pacipe/ie/IeHnsT
gé“() PABHOMEPHYIO CXOJNMOCTH MOXKHO 3aMEHUTH Ha MOTOYEYHYIO B CUJIY dKBUBa-
JICHTHOCTH 3THWX MOHATHH JIJIsT HEMPEPbIBHBIX (DYHKITUI Ha OTpaHUIEHHOM MHOXKe-
CTBe.

Bameuanue 1. Orverum, 9TO ONpEIeIeHre HeuHPGopMamueHOCmYU TaHO OTHOCH-
TeJIbHO HEKOTOPOT'O KOHKPETHOI'O PACIPEIC/ICHISI ¢ KOHEUHBIM HOCUTEIEM, B TO Bpe-
MsI KaK OTpeeeHne MaA0UHGOPMAMUBHOCMYU TTOCIEIOBATEILHOCTH PACIIPEIesIe-
HUiT aDCOJIIOTHO, a He OTHOCHUTeJbHO. OTMeTnM, OIHAKO, UTO MaAALO0UHPOPMAMUG-
HOCMb TIOCJIEIOBATEILHOCTH PACIpEIeIeHI UMeeT BUJ JIMIIL JIJISI COOTBETCTBY-
foriero npoctpancTia (). CBoiCTBO McYe3aeT nMpu paccMoTpennn Oosiee MIPOKOTro
npocTpancTsa uma ) = Q x Q.

3ameuanue 2. Cpoiictso (4.1) u3 onpesenenus Ma.i0unGopMamueHocmy O3HATACT
CXOJMMOCTH K PABHOMEPHOMY PACIPEICTICHIIO PACCMATPUBAEMON MTOCIEI0BATETHHO-
CTH pacIpeeseHnil 1Jist JJI000r0 KOHETHOTO MHOXKECTBA U SIBJISIETCS XapaKTePHCTH-
qeckuM Jist BBoMMOro mousitusi. CoiicTBO ke (4.2) siBisiercst TeXHUYECKUM, HO
TaK»Ke CYIIEeCTBEHHBIM, UTO OyJeT B JaJbHEHIIeM MOKa3aHO MyTeM CPaBHEHUS BBe-
JIEHHOTO TIOHSITHS MAJIOMH(MOPMATHBHOCTH CO CTAHIAPTHBIM, MOPOXKICHHBIM K [ —
JUBEPTEHITNECH.

Takum 0OpazoM, MOJB3YSICH BBEJICHHBIM OIpeeaeHrneM HenH(GOPMATHBHOCTH

pacmpeieeHnss OTHOCUTEIBHO JPYTOTO PACIpeie/IeHusT 1 MaJONH(MOPMATHBHON 1TO-
CJIEJIOBATETHLHOCTH PACTIPEJICJICHIH, yTOTHIUM TpeOoBanust K (GyHKIN S( g1, g2) CXO/I-
CTBa PaCIpeIeJICHU.
Omnpenesierne 26. OyukIwst cXOnCTBA S(g1, g2), ONPEIETCHHAS Ha TTApe PaCIpeie-
npernit g1 (W) : QX Q > R ugo(w) : AxQy >R e Q =R", O =R™, Qy =
R"2, n, ny, ny > 0 Ha3BIBACTCS KopperxmHotl, €CIN OHA YIOBIECTBOPSIET CJIEIYOIIIM
TpPeOOBAHUSIM.

1. s(g1, g2) onpejeniena ¥V n, ny, ny > 0, ecin g1 (W, Wi), go(W, Wo) < 0oV W €

Q, Wi € Ql, Wo € QQ,

s(q1, 92) < s(g1, 91),
S(gh 92) € [07 1]7

s(g1, ¢1) =1,
o Eciu gy siBsiercst HenubOpMATUBHBIM OTHOCUTETHHO 1, TO S(g1, g2) = 1;

A
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e Vg : ny =0, 10 ectb g1(w, wi) = g1(W), st MasonaGOPMATUBHON
MOCJIEIOBATEILHOCTH PACTIPECICHII g, ..., g5, ... BBITIOJHEHO

s(g1, g5) — Lupu k — oo,

6. s(g1, g2) = s(g2, 1)
Onpenenenue 27. HazoBeM mpusuasvhoti gynkyued crodcmea MYHKIUIO CXOM-
CTBa, KOTOPasi He Pa3/IMIaeT HUKAKYIO Tapy pacipejieleHnit, To ecTh St (g1, go) = 1.

Onpegenenne 28. Hasosem 0 — dynryued crodemea GyHKIMIO CXOICTBA, KOTOPas
paznIaeT JIoOYO Mapy HECOBNAIAIOININX PACTIPEICICHH, TO eCThb S5(g1, g2) = [g1 =
9o
3ameganme 1. HernocpejcrBenHoii NpoBepKoit ybOexkjaeMcst, 9TO TPUBHUAJLHAS
(bYHKIMST CXOCTBA SIBJSETCST KOPPEKTHOM.
[IpuBegem Ternepsb mpumMep MaIOnHGOPMATHBHBIX TOCIEIOBATENIHHOCTEH pacipe-
e 1 k k. n +
,ZI;eJIeHI/I]I;IgQ, ey G5y oeey g5 0 RT = R™.
o g5 =U(Ay), tie A, = {w: |[|w| < k}
Jannast mocae10BaTeIbHOCTD SBISETCS MAJOMH(MOPMATHBHOMN, ITO HEIOCPEe/I-
CTBEHHO CJIEAYET W3 ONpeJeseHnsl MAJIOMHMOOPMATHBHON TTOCIEI0BATEIHHOCTH
npu B = 0.
ko -1
o g5 = N(my, Xy), re supy, [[myg]| < oo, ||3,7[| = 0 mpu k — oo
Jannast mocae10BaTeIbHOCTD TaKKe SBJsgeTcss MajonHdopMaTuBHoii. [Toka-
»KeM CHadalia BbilosiHerne ceoiictra (4.2). s qokazaresbecrBa paccMOTPUM
B = supy, ||my||, Torma

SUP{w: |w|>B} g5 (w) _ SUP{w: |w]|>B} g5 (w) <1

SUD fry: |lw(<B} 95 (W) g5 (my,) N

Croitcrro (4.1) caeyer u3

max 4 g§ (w)

miny4 g5 (w

< maxexp(1/2(w — my)"|Z [ (W — my)) <
exp([|2; M| (a® + [[my]*)) — 0

mpn k — oo, e A = {w: ||w| < a}.

[Tokaskem Terepb, 9TO U3BECTHBIE PACCTOSTHUST MEXK/Ly PACIPE/ICICHUSAMA HE Y10
BJIETBOPSIOT MEPEINCICHHBIMU TPEOOBAHUSIM K (DYHKIINN CXOACTBA, B IACTHOCTH TPe-
O6oBaHUIO D, KOTOpOE Ofpe/iessierT crenuduKy peraeMoi 3ajadu, a MOTOMY He STB-
JISTIOTCST KOPPEKTHBIMU. [Ipu 9TOM jj1st epexojia OT pacCTOosiHust | JIUBEPTeHIN K
bynknun 6m30cTU OyIeT MCIOJIB30BaTh CJEJyIoIIee Mpeodpa3oBaHue

sp(g1, 92) = exp(—p(g1, 92)), (4.3)

KOTOpOE II03BOJIsIET aBTOMATHUUYECKH BBIIOJHUTL TpeboBaHus 2, 3, 4 Ipu yCJIOBUH
HEOTPUIIATEJIbHOCTUA JIUBEPreHInmn / pPacCToAHUs U PABEHCTBA HYJIIO JJIA TTapbl COB-
aJIAI0IUX pacCIpeIeJICHUA.
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Teopema 3 (Anyenko, 2014). [lepeuncieHubiM TpeboBaHUIM K (DYHKIIUHA CXOJCTBA
JUIsT TIAPhl PACTIPEIENIEHIH He YIOBIETBOPSIOT (DYHKIIMN CXOJCTRA, MOPOXK/ICHHBIE a )
museprennueit Kynnbaka-Jleiibiepa; 6) paccrosauem [[xkencona-Illennona; B) pac-
crosirreM XeJUIMHTepa; I') paccrosinneM Bxarrauapaiia.

Hokasamenvbcmeo. a)

Draon, 9 = [ an(w)1og 2w
g2 (W)

ecth nuBeprennns Kynnbaka-Jleitoiepa. Tak kak puBeprennms Kynnbaka-Jleitbiepa
MPUHUMAET HeoTpurarebubie 3uauenns u Dy, (g, g) = 0, 1ist sgp(, +) BBITOJTHEHBI
Tpeboanust 2, 3, 4. [lokaxkem, 4To 1pu 3TOM He BbITIOJHEHBI TpeboBanus 1, 5, 6.

Tpebopanne 6 He BBLIIOJHEHO B CUJIY HECUMMETPUYHOCTH JIMBEPrEHIINH
Kynnbaka-Jleitbnepa. Dk, (g1, 92) # Dku(g2, g1), otkyna skr.(91, 92) 7# Skn(g2, 91)-
Tpebosanme 1 He BbImosHEHO, Tak Kak Dgr(gi, gs) HE OIPEIETICHO, eciu
g1(x) # 0, go(x) = 0 HA MHOXKECTBE HEHYJIEBOW Mepbl OTHOCHTEIHHO ¢1. T peboBaHue
D He BBITIOJIHEHO, TaK KakK

1 1
Dx1(N(0, 1), N(0, 0?) = B <—§+ 1+ log02) — 00 TP 02 — 00,

orkyna sgr(N (0, 1), N(0, 0%)) — 0 upn 02 — 00, XOTsI MOCJEJOBATEILHOCTD PAC-
npesenennit N'(0, o) apngercs ManonndopMaTHBHOI.

6)

Dis(g1, 92) = \/%DKL(gla 1(g1+ 92)) + 3Dxr(92, 3(1 + 92))

ectb paccrognue /Ixxencona-Illennona. Tak Kak paccrognue /Ixxencona-Illennona
SBJISIETCST PACCTOsTHUEM, JUIst Sys(+, ) BhimosHeHbl TpeboBanus 2, 3, 4. Tlo sroit ke
IPUYINHE BBITOJHEHO ¢BOCTBO 6. CBoicTBO 1 TaK»Ke BLIIOJIHEHO, TAK KAK HOCHUTEJIb
g1 COIEP’KUTCST B HOCUTEJIE %(gl + g2), a TaKXKe HOCUTEJIb go COJEPIKUTCST B HOCUTEJIE
5(91+ g2), mo ectb supp(g1), supp(gz) C supp (5(g1 + g2)), a noromy guBeprenus
Kynnbaka-Jleitbiepa omnpejenena.

[Tokaxxem, 910 CBOWCTBO b He BBIMOAHEHO. JIJI5T TOTO paccMOTpuM Tapy pacrpe-
nenenuii gy (w) = N (0, 1), go(w) = N(0, o?). Pacemorpum o > 4e. Torya npu
e |[—1, 1]

1
gl(w) - \/%

OTcrona nmeeMm

exp(—w?/2) > > 2¢go(w).

1 2
>
V2re A 2mo

2 2g1(w) ! 2¢1(w)
Dis(g1, g2) > /gl(w) log () +92(w)dw > /191(70) log () +92(w)dw >

/_ gu(w) los(4/3)dw = log(4/3)(20(1) — 1). (4.4)

1
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13 (4.4) momydaem

Diys(N(0, 1), N(0, 02)) > /log(4/3)(2®(1) — 1) > 0 pu o > 4e.

Orcrona

s3s(N(0, 1), N(0, 02)) < exp(—1 — /log(4/3)(2®(1) — 1)) 4 L upn o2 — 0.

)

Du(g1, 92) = \/1 - / V g1 (W)ga(W)dw

ecTh paccrogune Xeqnarepa. Tak Kak paccroguue XeJJIMATepa IBISETCS pacCTOsI-
HueM, Jist sy (-, ) BbimosiHeHbl TpeboBanust 2, 3, 4. I1o 910ii e puanHe BHIMTOJHEHO
cBoiictBo 6. CsoiicTBo 1 popMasbHO BBIIOJIHEHO, TaK KaK JIJIs Haphbl pacipejese-
Huii ¢ Hecomamaomumu HocuresnsiMu Dy (g1, go) = 1, 9T0 BejieT K HEBbITOJHEHUO
CBOMICTBA D ¥ TPUBUAJIBLHOCTH PE3yJbTaTa CpaBHEHUS PaclpejiesieHuil ¢ HecoRIaia-
IOIMUMHI HOocuTe AMuU. [lokaxkeMm, 9TO U AJI pacupeie/IeHuil ¢ COBIAIAIONIIMU HO-
CUTEJISIMIA CBOMCTBO D HE BBINOJIHEHO. [[JIst 9TOro paccMOTPUM Tapy pacipejieaeHnii

g1(w) = N(0, 1), g2(w) = N(0, 02).

1 fw—2<1+i) \/i 2
v g1 (w)ge(w)dw = e 4 o) dw = ———— — Onpu 0° — 00.

Orcrona

su(N(0, 1), N(0, 6%)) A 1upu o? — oo.
r)
Dulgr, 92) =~ log [ Vo (w)galw)du

ecTh paccrosgune bxarrauapaiia. Tak Kax paccroguue bxarradyapaiia SBJIIETCS pac-
crostaueM, Jjist sg(+, +) BeIMOIHEHB TpeboBanust 2, 3, 4. [To 910ii ke TpUINHEe BbI-
OJIHEHO CcBOICTBO 6. CBO#CTBO 1 He BBIMOJIHEHO, TaK KaK JIJIs Taphl PACIpPeIe/IeHII

¢ neconazaonummu vocureasmu [ /g1 (w)ga(w)dw = 0. Tlokaxkem, aTo cBOHCTBO
5 ne Bhinoareno. Kak u jyist paccrosinust XeJUuIMHrepa PacCMOTPUM APy pacipejie-

nennit g1 (w) = N(0, 1), g2(w) = N(0, 0?). Umeem

1 —w—Q(l—i—i) \/i 2
w)go(w)dw = e 4 o) dw = ———— — Qnpu o” — oo.
| Vorteiete) Nore: Joris o

OTcrona
sg(N(0, 1), N(0, 0?)) — 0 # 1 pu 0® — oo.
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OTMeTnM, 9TO NPUBEJEHHBII BBIIIE PE3YILTAT HE SIBJISETCS YACTHBIM U BBITIOJTHEH
JIUTsT TOpa3io OoJiee TMUPOKOrO KJacca JIWBEpreHnnii — aueeprennnii Bpermana n f-
qupepreniuit. OnuineM gajiee 3TOT KJIacC U MOKaXKeM, UTO JuBeprediun bpermana
v f-IuBeprennun He yI0BIETBOPSIOT CBOWCTRY O TpebOBaHWil K (DYHKIIMH CXO/ICTRA.

Onpenenenne 29. Jusepzenyuets Bpeemana Dp(p, q) : 2 x Q — R, rue  — BbI-
MyKJIOe MHOYKECTBO, HA3bIBAETCsT 3aJJaHHasT CTPOTO BBHITTYKJION HEmpephiBHO Jandde-
pernpyemoit dpyuknueit F: 0 — R dyHKINA JBYX apryMeHTOB BUIA

Dr(p, q) = F(p) — F(q) = (VF(q), p— @)

Bamedanme 1. YacTHbIMU cilydasiMi JIMBEpreHnnn BperMana siBJsliOTCS, HaIpPHU-
mep,
e Knaapar Lo paCCTOHHI/IH Mem,ﬂy pacripegenenuavu: [ (p(z) — q(z))*dr =
DF(p7 ) e F fp
o ,Z[MBepreHLum Kyﬂb6aKa ﬂeﬂ6ﬂepa: [ p(x)log(p(x)/q(x))dx = Dp(p, q), rae
[ p(x logp Jdx — [ p(x)dx, rae yuTeHO yCaOBHE HOPMUPOBKH:
f p da: = f q(x)dr = 1.
B npumMepax BbIle CKaJISpPHBIM TTPOM3BEACHUEM SABJISETCS CTAHAAPTHOE CKAJISIPHOE
npoussejienne B mpocrpancre Lo(R) (p(x), q(x)) = [ p(x)q(z)dx

Onpenenenne 30. Cummempusosarnnoti dusepzenyuets Bpeemana Dp(p, q) : 2 x
) — R nasoBem

Dr(p, q \/ Dr (p,35(p+q) +35Dr (¢.5(0+ 9)).

Teopema 4 (Anyenko, 2016). OyHKIMM CXOACTBA, TOPOXKJEHHbBIE JHBEPreHIHsI-
M1 bBpermana u cMMMeTPU30BAHHBLIMU JIMBEPreHIIMsIMU Dpermana B COOTBETCTBUU
¢ (4.3), He ABIAIOTCS KOPPEKTHBIMU.

oxaszamenavcmeo. Jlokaxkem cHadaja, 9TO JAHHOE yYTBEPIKJIEHWE BBIOJHEHO JIJIsT
nupepreniuit bpermana. Ilycts ' — HekoTopasi CTPOro BbINyKJas (PYHKITHS, I0-
poKIaroIas nuBepretimio bpermana. PaccmoTpum citydait mapbl HECOBIIAIAIOITIX
pacrpejiesenuii (g1, ga), g1 # g2, 9TO o ABJSIETCS HEMHMOPMATUBHBIM OTHOCHTETHHO
g1, TO €CTh ¢ UMeeT KOHEUHBLI HOCUTENIb, a

g2 = U(A), supp(g1) C A.

TpeboBanue b K PYHKINKI CXOJICTBA S, TOPOXKAEHHOI quBeprennueit bpermana Dy,
JIJISI 9TOW Tapbl paclupeieJIeHuil TPUHUMACT BU/T

sp(g1, 92) =1 <= Dp(q1, g2) = 0.

Torna momygaem
F(g1) — F(g2) = (VF(g2), 1 — g2) = 0. (4.5)
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Tak kak g1 # go ycaoBue (4.5) MPOTUBOPEUYUT CTPOTOil BBIMyKJOCTH hyHKIUE F
OTKY/Jla UMeeM Tpedyemoe.

[Tokaxkem Temepb, 9YTO (DYHKINU CXOJCTBA, MOPOXKIAEMbIE CHUMMETPH30BAH-
HBIMU JIWBEPreHInsMu Bpermana, Tak>ke He siBISIOTCA KOPPEeKTHhiMU. Kak n B
IPEIBIIYIIEM CIydae, pAacCCMOTPUM CIydail TTapbl HECOBIAJAIONINX PaCIpeIeeHn
(91, 92), g1 # g2, 9TO gy sIBISIETCST HEMH(MOPMATHBHBIM OTHOCHTENILHO g1, TO €CTh g
UMeeT KOHEUHBI HOCUTETh, a

g2 = U(A), supp(g1) C A.

Tpebopanue b K PYHKIMN CXOJCTBA Sp, TTOPOXKJIEHHON MapaMeTPU30BaHHONI JTUBEp-
reanueit bpermana Dp, g 3Toit mapbl pacupeaeeHnii MPUHIMAET BH

5r(g1, o) =1 <= DF(QL g2) = 0.

DTO yCJIOBUE SKBUBAJIEHTHO CJIEIYIONIEMY

Dr (g1, 5(91 + 92)) + Dr (92, 5(91 + g2)) = 0.

Bamnuiem JIeByIo 9acTh PABEHCTBA, B SIBHOM BHJIE, MTOJIYIUM SKBUBAJIEHTHOE YCJIOBHE
KOPPEKTHOCTH (DYHKIIUK CXOJCTBA,

Dr (91,5(q1 4+ 92)) + Dr (92, 5(1 + 92)) = F (g4 ) —
(VF ( (91 + 92)) 7%(91—92)>+F( 2)—F (%(91 + 92)) (VF ( (g1 + 92)) (91—92)>
F(g1) + F(g2) — 2F (5(1 + 92)) = 0. (4.6)

Tak Kak g1 # gy yciosue (4.6) MpoTHBOpEYUT CTPOroii BhIMyKJIOCTH (DyHKIUKH F
OTKY/Jla UMeeM Tpedyemoe. []

PaccMmorpum Tenephb moHsTre f - AUBEpPreHNni U MOKaXKeM, 9T0 (DYHKITUU CXO/I-
CTBa, MOPOXKJIEHHBIE ITUM KJIACCOM JIMBEPreHINit, He ABJIAIOTCI KOPPEKTHBIMUA.

Omnpenesierne 31. f-dusepeenyued df(p, q) : QxQ — R, rae (0 — muoxkecTso pac-
mpeeaeHnii ¢ KOHeIHBIMU TI0THOCTSIMI HaJl R”, HA3BIBAETCS 3aJaHHAas BBITYKJION
byuakmumeir f: R — R, f(1) = 0 dbynkuus aByx apryMeHToB BHA

d(p, q) = / f (%) q(w)dw.

3ameuanne 1. Yactabivu coiydasmu f-IUBEpreHImil SBASIOTCS, HATPUMED,
o [luseprennust Kynnbaka-Jleitbiepa mst f(t) = tlogt;
e Knaznpar paccrosmms Xemmnrepa s f(t) = 1 — Vi, f(t) = (vt —1)%
e \*  nueeprennus aua f(t) = (t — 1)

dyz(p, q) = / (% - )QQ(W)dW;
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e Paccrosuue nosmoit Bapuanun as f(t) = 3|t — 1

drv(p, q) = %/n Ip(w) — q(w)|dw.

Bameuanue 2. [lannoe onpejenenne [ — quBepreHnuii KOppekTHo, eciu supp(p) C
supp(q) B cuiy Hajguuust ocobernoctn B aprymente dyukmun f npu g(w) — 0.
OTmernM, OJHAKO, UTO JII HEKOTOPBIX (DYHKIMIA f BO3MOXKHO KOPPEKTHOE OIPe-
nenenve f — nuBepreHnuy u Jist ciydast, Korja supp(p) € supp(q). Ipumepowm
taxoil pyukimn f ssasercs f(t) = 1 — /1, nopoxiaomas KBaJparT paccTosHNs
XeJytuHrepa.

OTMeTnM Temnephb ClIelyiolnee BaXXHOE CBOMCTBO f — JUBEPTEHIMIA JJIsI CJIydast
X KOPPEKTHOTO OTpeeseHns JIJIsi MPOW3BOJIbHON (GyHKIMK f, TO ecTh B ciydae

supp(p) € supp(q).
YTBep:KaeHne 5.

V f, p, ¢ : supp(p) C supp(q) seimosreno ds(p, q) > 0.

[Tpu sToM 151 J11000# BBITYKJIONH (pyHKIUK f, OTJIMIHONR OT JIMHEHHON, PaBEeHCTBO
d¢(p, q) = 0 umeer MecTo TOrjJA M TOJIBKO TOT/IA, KOrja p(w) = q¢(W).

Hoxazameavemeo. st JoKa3aTebCTBA 9TOIO YTBEPXKICHWST BOCIIOJIB3YeMCsT Hepar-
BericTBoM Vemncena. IlycTh & — caydaiiHblii BEKTOD, UMEOIINI IJIOTHOCTL pacipe/ie-
nenusi ¢(w). Bregem cayuaitnyio Bemwnanny 1n = p(€)/q(€). Torma u3 HepapencTBa
Vemcemna nveem

Eqf(n) > f(Eqn).

Orcroga mosrydaem

/q(w)f (%) dw > f (/q(w)%dw) _ 1) =o.

[Tpm 5TOM paBEHCTBO JOCTUTAETCST TOTMA W TOJHKO TOTHA, Korma [ — jwHeiHa nin
7) — BBIPOXKJIEHHAS CJydaiiHas BeIuInta. BeIpOXKIeHHOCTh CIYIalHON BEJTUINHBI 1)
O3HA4aeT, YTO

3C : Vw € supp(q) : p(w) = Cq(w).

B cuny yenosust Hopmuposku u supp(p) C supp(q) nveem

1= / p(w)dw = C q(w)dw = C.
wesupp(q) wesupp(q)

]

Bameuanue 1. Orverm, aro yeiaosue supp(p) C supp(q) B 4aCTHOCTH BHITTOJHEHO,
eCJTH HOCUTENh (W) COBMAIAET CO BCEM MPOCTPAHCTBOM, TO ecTh supp(q) = R™.
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Bameuanue 2. Ormerum, 9o pu supp(p) € supp(q) ycioBue HEOTPUIATETIHLHOCTH
f — nWBeprennyun MoXKer OLITh He BBITTOJIHEHO.

B kauectse npumepa pacemorpum f(t) = (1 — v/1)(0.5 — v/t). Ilycrs supp(q) #
R* a p(w) = 0.5¢(w)V w € supp(q(w)), a g w & supp(q(w)) moonpeennm
p(W) TPOU3BOIBHBIM 00PA30M C yIETOM YCJIOBHS HOPMHUPOBKH. Tora

p. ) = [ (050(w) = L5Y/pw) ) + v/plwalw) ) v =
0.5 — 1.5v/0.54+ 0.5 = (1 — v/0.5)(0.5 — v/0.5) < 0.

[TokaxkeMm Tenepnb, 9To (PYHKIMU CXOACTBA, MOPOKJICHHBIC f — JIMBEPreHInusIMA B
coorBeTcTBUY C (4.3), HE SBIAIOTCS KOPPEKTHBIMU.

Teopema 5 (Anyenko, 2016). DyHKIMK CXOACTBA, MOPOKJICHHBIE f — JIMBEPreH -
SIMH B COOTBETCTBUH ¢ (4.3), HE SIBJISIFOTCST KOPPEKTHBIMH.

oxasamenvcmeo. PaccMorpuM caydail mapbl HECOBIAJAIONINX PaCIPeIeTeHIH
(91, 92), g1 # g2, 9TO gy sIBISIETCST HEMH(MOPMATHBHBIM OTHOCHTENLHO g1, TO €CTh g
nMeeT KOHEYHBIH HOCUTEh, a

g2 = U(A), supp(g1) C A.

Torma supp(g1) C supp(g2) u f — jAuBepreHnusi KOppeKTHA OMpeJieIeHa JIJIs ITOi
mapbl pacipeiesenHuii Jysi Jiroboi Beimykmoi dyukmun f, mas koropoii f(1) = 0.
TpeboBanue 5 K YyHKIUN CXOACTBA Sy, MOPOXKJEHHON f — nuBepreniueil dy, ajis
STOI maphl PACIPE/ICICHII TPUHAMAECT BY/L

s¢(g1, g2) =1 <= ds(q1, 92) = 0.

Oprako B cuiy yreepxkenus (5)

ds(g1, g2) = 0 <= g1(W) = ga(W),

YTO HE BBIIOJHEHO B CHJIY BBIOOpPA Mapbl pacupejeneHuii gi, go. Ilonyuennoe mpo-
TUBOpeYne 3aBepIiiaeT JJ0Ka3aTebCTRO. [

4.2. Ilpensaraemasi GyHKIMS CXOACTBa MOIeJei

Kaxk Ob1710 1Mokazano paHee, (DyHKIMK CXOJCTBA, MOPOXKIAEMbIC JIMBEPIEHIINAMU
Bpermana, cuMMeTpuU30BAHHLIMU JMBepreHiusMu Bpermana u f — jauBeprexiu-
sIMU, He SIBJISIIOTCS KOPPEKTHBIMU MW B HAaCTHOCTH HE YJIOBJETBOPSiET CBOWCTBY D,
SIBJISIOITEMYCs OIIpeJIesIsiionieM B pernaeMmoit 3aade. [Ipemgoxkum gagee yHKITHIO
CXOJICTBA S W MOKaXKeM, 4YTO OHA ABJAECTCS KOPPEKTHO.
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Omnpenenenune 32. Hazoem (yHKIHEH CXOJCTBaA S-Score Tapbl pacipeeseHnii g;
R" — RT, g5 : R" — R", onpejesieHHbIX Ha 0JIHOM IPOCTPAHCTBE, (DYHKIMIO BHJIA

J 91(W)ga(w)dw
maxpern [ g1(V)g2(v — b)dv’

80(91, 92) =

Omnpegnenenne 33. Hazosem napy pacnpenesnenuii (g (W, wi, wa) @ R™ x R™ x
R"™ — RT) gi(w, wi, wg) : R" x R"™ x R™ — RT) 7 — pacumpenneMm mapbl
pacupejenennii (g (w, wy) @ R” x R™ — R, go(w, wo) : R” x R" — RT), ecin

g1 (W, wi, wa) = gi(w, w)U(Q3), g3(W, W1, Wa) = go(W, w2)U(Q7), T1e

1= AW [[Wille <7}, @5 = {Wa @ [[Wallo < 7}

Onpenenenne 34. HasoBem dyHKIMe CXOJCTBa §-ScoTe Taphl pacipejie/IeHn i
(W, wi1), ga(w, W), g1 : R" x R" — R*, go : R" x R™ — R* dynxnuio
B2

— 1' T T )
s(g1, 92) = lim so(g1, 95)
VrBepxkaenue 6. Oyukiys cxocTBa S(g1, g2) OMPEEIeHa KOPPEKTHO.

okaszamensvcmeo. TlokaxkeMm, 9To mpeies1 B onpeeseHnn (PYHKIUKA CXOICTBA CYIIe-
CTBYeT M KOHEYEH, a TOTOMY (DYHKIHS CXOJICTBA S(g1, g2) ONMpejiesiena KOPPEKTHO.
Hns ynpormerns ob03HAYEHNI Tajee OMyCTHM BEPXHUH UHAEKC T 1 BMecTo ()7, ()5
ucroab3yeM (1, (J2 coorBeTcTBEeHHO. VIMeeM 1Mo ompeiesieHnio

s(g1, g2) = lim le dw, sz dw; [ dwgi(w, wi)ga(w, w2)
1, §2) —

7—0 mMaXp, by, by le dV1 sz dV2 fdvgl(v — b, Vi — bl)gg(V, Vo — b2) .
(4.7)

Paccmorpum wmcsurens u 3namenatesb B (4.7) pas3mesabHo.

/ dWl/ sz/dwgl(Wa W1)ga(W, W) = |Q1HQ2|/91(W, w1)g2(W, Wo)dw,

rae wi € (1, Wa € Qs.
st 3HamMenaTe st aHaJOrnIHO UMeeM

ba bl; b2

max / dVl/ dVg/gl(V - b, Vi — bl)gg(v, Vo — bg)dV =
@1 2

@111Qa] [ 1(v = b, %1~ bu)ga(v, %2 — ba)dy =

Q1]Q2] max / (v — b, v1)ga(v, va)dv,

baV17V2
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rne B cuny b € R", by € R™, by € R"™ Makcumuzalys B IIOCIEIHEM PABEHCTBE
y2Ke MPOU3BOAUTCS 110 TTpon3BobHBIM b € R", vi € R™ | vy € R™.
Torna pasencrso (4.7) mpuobperaer Buj

s(g1. go) = lim Q11|Qa| [ g1(w, W1)ga(w, Wo)dw
70 |Q1|Q2| maxp, v, v, [ 91(v —
[ g1(w, 0)ga(w, 0)dw
MaXp, vy, vy fg1(V — b, V1)92(Va V2)dv

B cuIy Wi € QQ1, Wo € Qo 7 — 0.

Takum obpaszom, ToJiydaeM, 9TO TMpeJiesl CyIecTByeT, KOHeUYeH, Tak KakK npu b =
0, vi = 0, vo = 0 3HaUeHre MAKCUMU3UPYEMOT'O BbIpaXkeHnsl B 3HaMeHaTe e COBITa-
JlaeT co 3HavYeHueM IucanTess, a s(gi, g2) > 0, 910 n TpebOBATIOCH. O

Teopema 6 (Anyenko, 2014). TIpeiaraemast GyHKIHST CXOJCTBA S-SCOTE SIBJISIETCS
KOPPEKTHOM.

Hoxazameavecmeo. Tlokaxkem, 9To JijIst S-Score BBITIOJTHEHBI TpeboBaHUs K (DYHKIUN
CXOJICTBA, KOTOPhIE 33/1al0T KOPPEKTHOCTH (PYHKIMHU CXOJICTRBA.

BeimostTHEMOCTE ¢BoiicTBa 1 MokazaHa B yrBepxKaeHun 1. CBoicTBO 6 BHIMIOJIHEHO
B CHJIY CUMMETPUYHOCTH OTTPEJIC/IEHUS S-SCOTe

fgl(W, O)gg(W, O)dW _
Maxp, v, v, | 91(V — b, v1)ga(v, va)dv
ng(W7 0)91(W7 O)dW
- 5(927 gl)
MaXp, vy, v, | G1(V, V1)g2(v — b, va)dv

s(g1, g2) =

Tak kak $(g1, g2) > 0 B cUJIy HEOTPUIATENLHOCTH MIJIOTHOCTEIl pacpeieieHnii u

b:O, Vi :O, vo=0

max /91(V — b, v1)ga(v, vo)dv > /gl(V, v1)ga(v, va)dv,

b7 Vi, V2

TOJIy4aeM BBITIOJIHUMOCTh YCIOBHsT 3, TO ecTh $(g1, go) € [0, 1]. Tlokaxem remeps
BBINOJHUMOCTDL yeIoBus 3. OHO nMeer BUJ

[ gi(w)dw

= 1.
maxper: [ 91(v)g1(v — b)dv

PaccmarpuBast go(v) = ¢1(v — b) u momssysich mepasencrso Kormm-Bymnsakosckoro,
TTOJTY UM

[oamiat vy <,/ g%<v>dv\/ [ gt~ byiw = [ gitwyaw,

npudem pu b = 0 HepaBeHCcTBO 0OpamaeTcs: B papeHcTBo. OTCIONa NMeeM BBITTOTHI-
MOCTDb yCJIOBHSA 4. BBIMOTHUMOCTD YCI0BUN 3 1 4 COBMECTHO BJieUeT BBITTOJTHUMOCTD
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TaKKe U YCJIOBUS 2.

[Tokaxxkem Termeph BBITTOJHUMOCTE YCIOBUs 5. Paccmorpum cHadvaga ciydaii, Korma
pacrpejenenue go : X Qs — RT apagerca nenndOpMaATHBHBIM OTHOCHTEILHO
pacupejesnenus g : 2 — RT. B arom cayuae, obosnauns A = supp(g;), nmeem

37>0, B: Ax [—1, 7|9 C B
aro go = U(B). Torga st GyHKIMH CXOICTBA UMEEM

f91 w)g2(W, 0)dw _
maxb Vo fgl gg( b VQ)dV
1
18]

ﬁ maxy, v, [, g1(V)I[(v —b, v2) € Bldv
TaK KakK / g (V)I[(v—=b, vo) € Bldv < / g (v)dv =1
A A

3(917 92)

=1,

u npu b = 0, vo = 0 paBeHCTBO JIOCTUTAETCH.

PaccmoTpum Teneph Maﬂoqu)opMaTHBHy}o OCIEIOBATEILHOCTD  paclpeiese-
mait gi, .., gh, ..., tme gb ¢ R" x R™ : R*. TokaxkeM, 9TO /1T TIPOM3BOIBHOTO
pacnpenenenua g; : R" — RT primonneno

s(g1, ¢5) — 1mpu k — oo.

Taxkum obpazom, TpedyeTcs MoKa3aTh, YTO

[ g1(w)gs(w, 0)dw
vy | 1 (V)E(v — b, va)dv

— 1upu k — oo.

Oboznaunm Q, = {w, wq : [[(W, Wa)| > a}, R, = {w, wy: |[(w, wy)| < a}. U3
oTpejiesieHust MaTonH(MOPMATHBHOM MOCIE0BATETBHOCTH TMEEM

30 < B < o0, 3ky: VE> kosup gh(w, wy) < sup gh(w, wy).

QB Rp

Sadurcupyem € > 0. Onpenenum B. Tak, 4TO

/ g1(v)dv < e.
{w: [wl[>B:}

Ompenemum B = max(B, B.). Sadukcupyem rakxe § > 0. 3 onpejenenns Maio-
MHGMOPMATUBHON! TTOCIEI0BATEILHOCTH NMEeM

supp. gh(w, w
Ths: VE> ks o pRBg2( 2)

infr_ g5 (w, wa)

<145
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Onpegennm k= max(ks, ko). Torna mis k > k uMeem

/ g1 (w)gk(w, 0)dw > / 01 (w)gk(w, 0)dw >

{w:[[w[<B}

inf kW,O/ v)dv > 1—€infkw,w >
w0 [ vz (-2t af . e

(1 —e)(1—6)supgs(w, wa). (4.8)

Rp

AHajoruIHO 7T 3HAMEHATENST BBIPDAXKEHUsT JJIsT S-SCOre ¢ ydueToM CBojicTBa (4.2)
nMeeM

Vb, vy /91(V)g’§(v —b, vo)dv <sup g5 (v, Vo) = supgs (v, vo).  (4.9)

Vv, Vo Rp
Torma w3 (4.8) u (4.9) nosyTaem
Vi >k s(gi, g5) > (1—¢e)(1—9).

C y4eToM mpOM3BOJLHOCTH BBIOOpa €, § MOJyUIaeM TpedyeMoe. O]

4.3. Anamu3 KL-undopmaruBHOCTH MOae el

Paccmorpum rereps erre ajbrepHaTHBHOE ompejienenue nadopmarusaocTi [110]
1 TIOPOXKJIEHHYIO MM (PYHKIIMIO CXOJICTBA, OCHOBAHHOE Ha IOJCUYeTe JIMBEPreHInn
Kynnbaka-Jleitbepa MexX 1y pacipeieieHIeM U ero YTOUHeHUeM, MOy IeHHBIM ITy-
TEM HMCIOJIb30BaHMS JIPYTOro pacipejeenns Kak anpuoproro. I[Tokaxem, 14ro xors
Takasi (PYHKIIMS CXOJICTBA YJIOBJIETBOPSIET JacTh TpeOOoBaHUl K (DYHKIIMKU CXOJICTBA,
B YACTHOCTU TPEeOOBAHMUIO D OTHOCUTEIBLHO OJIHOIO U3 Haphbl pacipejeseHnii, oHa He
SIBJISIETCST KOPPEKTHOM M TTOTOMY He MOJXOIUT JJIsT PEIeHus MOCTaBIeHHON 3a/1a4un
CpaBHEHUA MOJEJICH.

Omnpenesierne 35. Hazosem pacrpesienenne g;(w) ymounenuem g1 (w) : R — R*
OTHOCUTENILHO go(W) : R™ — R™ ecim

(w) = P [ (v >0

Omnpenenenne 36. Hazosem KL-ungopmamusnocmvio pactpejenennst go(w)
R"™ — R* orHocuresbHo pacnupesenenus gi(w) : R" — R

00, ecJn fgl(W)QQ(W)dW - 07
Dxr(91llg1), ecmn [ g1(w)ga(w)dw > 0.

Ixi(g2]91) = {
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Bameuanue 1. OTMeTuM, 4TO s PACIpPEeeHnii, OPeIeIeHHbIX Ha OJJHOM IIPO-
crparcrBe, KL-uHbOPMAaTHBHOCTH ONpejiesieHa KOPPEKTHO, MOCKOJILKY supp(gy) C
supp(g1).

Bamedanue 2. OTMeTnM, 4TO BBEJEHHOE ONpejesieHne ymoynenus gi(W) pacipe-
nesieHust g1 (W) OTHOCUTENIBHO go(W) (baKTHUIECKU €CTh AlOCTEPUOPHOE PACTIpe/iesie-
HUe Ha [apaMerp W JIJIs MOJIEJIM C [PaBJonoobuem, 3aiasaeMbiM §1 (W) 1 alpu-
OpHBIM pactpejiesienrem go(w). KL-ungopmamuernocms pactpesenenust go(w) or-
HOCUTEJIbHO ¢1(W) Toryia o3HavaeT B TepMmuHax jauseprennuu Kymnb6aka-Jleitbiaepa
oO6beM mHGOPMAIMH, KOTOPYIO HECET alpPUOPHOE PACHPEJCJCHNE 10 CPABHEHUIO C
TEM, YTO y¥Ke MOJYIeHO U3 JAHHBIX.

Omnpenenienne 37. Hasosem wecummempuunovim KL-crodemeom (wmu dynryuet
cxodemea, noposicdennoti KL-ungopmamusnocmovio) pactpeenerns go(w) : R" —
R* orHocuTesbHO pactpesenenus g (w) : R" — R

skL(92|191) = exp(—Ikr(g2|g1))

PaccMoTpuM HECKOJIBKO YaCTHBIX CJIyYaeB il WJLIIOCTPAIMKA CBOWCTB BBEJICH-
Horo HecuMmmerpuaHoro KlL-cxojicrna.
Jlemma 1. I[lycrs ms g1(w) @ R” — RY supp(g1) = A4, a go(w) : R* — R
MPUHUMAET TOCTOSTHHOE TMOJOXKHUTEJIbHOe 3HaueHue Ha A, 10 ecTh go(W) = ¢ >
O0Vw € A Torma gy Oymer KL-neungpopmamuenvim OTHOCUTENHHO (1, TO €CTh

Ixi(g2191) = 0, a skr(g2]g1) = 1.

Jlokazameavcmeo. JleMMa HEOCPEeJICTBEHHO CJEAYET U3 ONpEIeIeHUsT YTOUHEHUs]
G1(W) JUIsT g1 OTHOCHUTEJIBHO @, TOCKOJIBKY

~ 0, w¢ A,
g(w) = cg1(w) wed g1(w), a Dkr(g1||lg1) = 0.
[icoi(w)dw’ ’

L]

CaencrBue 3. Hecummerpuunoe KL-cxoncTBo yaoBieTBOpseT MepBOil YacTu Tpe-
OoBaHUs D K KOPPEKTHOW (PYHKIIMK CXOJICTBA OTHOCUTEJILHO ¢y JIJIs TTapbl PacIipe/ie-
nenuit g1 R" — RT, g9 : R — R, onpenesennsix Ha OJHOM NPOCTPAHCTBE.

Hoxazameavcmeo. Tpebyemoe HEMOCPEJICTBEHHO CJIEIYeT W3 TOro, 9to ecjan A =
supp(g1) u go = U(B), A C B, 10 go(Vv) = ﬁ I v € A, OTKyJla U3 JIeMMBbI
nosryaaeM Sk, (ge|g1) = 1. O

3ameganue 1. BrinosHenue reppoit yactu TpeboBaHusi 5 OTHOCUTE/ILHO ¢ O3Ha-
qaeT BBITIOJHEHUE ero Jis pacupenenenus go(w) = U(B), uro A = supp(g1) C B.
Onnako tipu g1(w) = U(B), aro A = supp(g2) C B ¢BOiicTBO 5 OTHOCHTETHHO
g2 HE BBIMIOJIHEHO, TakK Kak g1 # g1 B cuiy sup(g1) = A # B = supp(g;). Takas
HECMMMETPUIHOCTH UMEET MECTO B cuily Hecummerpuanoctn KL-undopmarnsrocrn,
a MOTOMY HECUMMETPUYIHOCTH ¥ (DYHKIMU CXOJCTBA, €10 HOPOXKICHHOII,
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JlemMma 2. Iycrs g1(w) = N (wmy, 31), go(w) = N (w|my, 3), w € R™. Torna
seipaxkenne st KL-uundopmarusrocru Iky,(g2|g1) pactpeenenust ga OTHOCHTETHHO
pacIpeieleHus ¢ UMEeT BHI

Ikr(g2lgr) = 5 (tr(ETH(ETT + 35171 — n+ log(det By det(27' + 351))+
(my —my) S (BT + 2 7S (S + 2 TSy (my - my)) . (4.10)
Joxasamesvemeo. Tlomyuaum cuavana Beipaxkenue st §1(w). C yaerom Toro, 4to
g1(W) 1 go(W) ecTh HOpMaJIbHBIE pacrpejiesielst, TO g1 (W) ToxKe HOPMAJIhHOE pac-

npeJiesieHre, TaK KaK CONPSIKEHHOE K HOPMAJLHOMY PACIPEJIETICHUI0, TaKKe HOpP-
magbroe. Torna g1 (w) = N (w|m, X), e 1t mapamMeTpoB pacipejie/ieHust TMeeM

S =22l 2lm = 7 my + 25 my, orkyna

Y=+ m=E ) NS imy + 25 my).

[ToxcraBiisisi moIyueHHbIE BhIPAXKEHUSI JIJIsi M, X B BbhIPasKeHWe I JIUBEPreHInn
Kynnbaka-Jleitbyepa nist mapbl HOpMaJbHBIX PaCIpe/Ie/eHnii, Moy daeM

') + (m - ml)Tzfl(ﬂh —my) —n+
r(STHET 207 — 0+ log(det By det (B + 25 1)+
1(21 + 3 TIET (T 2 ) TSy (my - my)).

Dxr(gillg1) = 3 (tr(Xy
log(det 31/ det X)) =

l
2
(m; —my)"

.
L]

Caencraue 4. [pn ||, — 0 Ikw(g2]g91) — 0.

ﬂommmmmmeo.

[(my — my) ™S5 (B 4+ 2 ) TR H(E + 20 T (my — my)|| <
lm; — my |25 — 0 npu |51 = 0,
tr(EHET + 2507 = nmpu |57 = 0,
log(det Xy det(X;! +25,1) — 0mpu || 25| — 0,

OTKYJla ¥ UMeeM TpedyeMoe. ]

[Tonyunm Terneps yupoienne Bbipaxkenust it KL-undopmarnBaocTn.

Jlemma 3. Ilycrs g1(w), go(w) : R” — RT ectb nmapa pacmpeenennii. Torya

Ix1.(g2]91) = J (W fgl logg2( )dw log/gl(v)gg(v)dv. (4.11)
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Hoxasamenvcmeso. Ilo  ompemenenmio  yrounenus ¢y umeeM  aasa KL-
UHPOPMATUBHOCTH

g1(w)ga(w)
Ix1.(92]91) = Dxi(g1]]g1) = lel((vvvfjj((xzv log fgl ;(gv?r)V) B
fg1jg1 bimi)d __b?/gﬂvwﬁvuv

]

[Tokazkem Temepnb, 9TO B caydae, KOT/Ia Mapa pacupeieseHnil gy, g OTpeIeeHbl
Ha OJHOM TIPOCTPAHCTBE, TO eCTh g1, go : R — R, necummerpuanoe KL-cxoncrso
YJIOBJIETBOPSIET BTOPOi YacT TpebOBaHUs D K KOPPEKTHON (DYHKIMU CXOJCTBA OT-
HOCUTEJILHO ¢ .

Jlemma 4. [Insg secummerpuunoro KL-cxoacTBa BhIOJTHEHA BTOpasi YacThb TpedO-
BaHUs O K KOPPEKTHON (DYHKITUH CXOILCTBa OTHOCI/ITeJIbHO g1, TO €CTb JIJIsI MAJIOUH-
bOPMATHBHO# TOCIEIOBATEIBLHOCTH s, ..., g5, ..., gb + R® — RT mua moboro
pactpesenenns g; : R" — RT sxp (g1, ¢4) — 1 mpu [ — oo.

Jokazamenrvcmeo. Obosnaunm Q, = {w : [|[w| > a}, R, = {w : ||w| < a}. U3
OTpeJIesIeHnsT MAJTONHMOPMATHBHON MOCJIEIOBATEILHOCTH HMEEM

JO< B <oo, 3ky: Vk>ko: supgh(w) < supgs(w).
Qs

Rp

Sadurcupyem € > 0. Onpenenum B. Tak, 4T0

/ g1(v)dv < e.
WEQB‘E

Ompenemum B = max(B, B.). 3adukcupyem rakxe § > 0. VI3 onpejenenns Maio-
MHGOPMATUBHON TTOCIEI0BATETHLHOCTH NMEEM

Su _ kW
Thy V> y ity B ()

<1+9.
infr_ g5 (w)

Takxke U3 cBoiicTBa MaJONH(GOPMATUBHOCTH MOCJIEIOBATEILHOCTH UMEEM, ITO
: : k
k1 Vk >k sup gy(w) < 1/e.

Sro caepyer us Toro, uto npu k > ky sup g5 = sup Ry (g5) — 0 B cumy Toro, uTo
Va>0g50)]0, = U(Qa), orkyna, B3siB @ > B, nosmyuaem supp, gs(w) — 1/]Qal,
ITO MOYKHO CIIeJIaTh CKOJb YTOIHO MAJIbIM.
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Onpeenuy k = max(ks, ko, k1). Torma st k > ke yaerom log g5(w) < 0
nMeeM

(o) = LRI o [ vmyay =
Jig 1)) loB g2 () : Jo, 91 (%)g2(w) log g2 (w) dw _
[ a1(v)ga(v)dv —log / g1(v)ga(v)dv =
fRé g1(W)ga(w) log go(W)dw
J 91(v)ga(v)dv

fQB 91(w)g2(w) log ga(w)dw
o / pvImtes [ a1(v)ga(v)dv =

log g>(w fR g1(W)ga2(w)dw
[ 91(v)g2(v)dv log/gl(v)gz(v)dv+

fQBgl ) o(W) log go(W)dw N A
J 91(v)g2(v)dv = log go(W)

Jo, 9w w o (zzﬁz

—

) aw

~—
~—

—log/gl(v)gg(v)dv—l— . (4.12)

Biecs W € Rjy. Jlnst Broporo ciaraemoro B (4.12) mosryanu

log [ 9:(¥)95(v)av = log ( | g+ [ gl<v>g§<v>dv> >

B

1og/R 61 (v)gh(v)dv = log g (¥ >+1og/R L(V)dv > log go(W) + log(1 — ).

B B
3nech W € Rp. PaccmoTpnm Teneph uncanTesb 1 3HAMEHATEIh TPEThEro CIaraeMo-
ro B (4.12). [lns 3HAMEHATEST TMEEM

Y 1
/gl( )4 (())dv>/R gl(v)gj((w))dvzm/]% g (v)dv > (1—¢)(1—0).

st aucanTesisi TpeThero CJiaraeMoro B (4.12) UMeeM CJAEYIONe OICHKH.

k supr. gh(w
gi(w)S pRBQQ( )§1—|—6.
9

g5(W) ~ infgr, g5(w)

Torma

/ gl(w)zzgg; log (iig?) dw < (1+9)log(1+9) / gr(w)dw < ed(1+9).

B B
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Orciona ¢ yuaerom (4.12) nmeem

. - d(1+ )
Ikr(gklgn) <1 ~1 log(1 — -
KL(92|91) = Og(W) Og(W) + Og( 8) + (1 _ 8)(1 _ 5) =
ed(1+9)
log(1+9) + log(1 — :
C ydeToMm mpom3BOJLHOCTH BhIOOpa € > 0 1 § > 0 mumeem Tpebyemoe. ]

3ameuyanme 1. Brinojinenne BTOpoit 4yactu TpebOBaHUs 5 OTHOCUTEJIHLHO @
O3HAYACT BBIMOJHEHHE €r0 Ui  MaJOMH(MOPMATHBHON  MOCTEIOBATEILHOCTH
gi, ..., gh, ... OoTHOCHTENBHO g1, HO He st MaTonHDOPMATHBHOM MOCTeI0BATE -
HOCTH g7, ..., g', ... OTHOCHTeNbHO go. Tax, pacemorpes go = U({w : ||[w]| < 1})
nB3an g = U({w : ||w]|| <1}), momyanm ¢} = g # ¢. Bripaskenme ana Ikt (g2|g})
¢ yuerom (4.11) umeer Bu

! 1
mnllogn!—

- — log (%&'n') =nlogl /A Oupul — oc.

1nl n

nlin 'Y
Takasgs HECUMMETPUYHOCTH WMeeT MeCTO B CHJIy HecuMMeTpudHocTn KL-
nH(MOPMATUBHOCTHA, & I[OTOMY HECUMMETPUIHOCTH U (PYHKIUKU CXOJICTBA, €0
IMOPOXKJICHHO.

OTMeTHM, 9TO JI0 CHX MOP PACCMATPUBAJIACH HApa PACIPEICJICHUIL g1, §2, OTIPeIe-
JIGHHBIX Ha OJIHOM IPOCTPAHCTBE, TO ecTh g1 : R™ — RT, gy : R” — RT. Onpegennm
tenepb KL-undopMaTuBHOCTD U (DYHKIMIO CXOACTBA, €10 TOPOXKICHHYIO, JJIs Maphl
pacupejenennii g1(w, wi) : R" x R™ — RY go(w, wo) : R" x R"™ — R*. Jlna
STOTO UCIOIL3YEM TOT K€ CIIOCOD, 9TO U JIJIS ONIPeJIesICHAs TIpeIIaraeMoit hbyHKImn
CXOJICTRA, S-SCOTe, Yepe3 T — paclipeHne pacipeieaeHuii paBHOMEPHBIMH.

Omnpegnenenne 38. Hazosem KL-ungopmamusnocmvio pactipeieyieHust go(wW, W) :
R" x R™ — RT ornocuresbio pactupeenenus g (w, wy) : R” x R™ — R cieny-
IO TTpeIedt

Ixr(g2l91) = lim I(g3]97)-
7—0

Omnpenenenne 39. Hazosem wecummempuunom KL-cxodemeom (mim dymnryued
cxodemsa, noposcdennoti KL-ungopmamuernocmvio) pacupenesienus go(w, wa) :
R™ x R"™ — R* ornocuresnnio pacupejenennst g1(w, wi) : R” x R™ — R

skL(92]91) = exp(—IkL(92]91))-

[Tonyaum menepb Bbhipaxkenusi Jiisi KL-undopmaruBHocTn B 00IIeM ciydae,
nob3ysach (4.11). Pacemorpum cragama caydait, korma ny = 0.
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/g{(w, Wo)go (W, Wo)dwdwy = dWQ/del(W)gg(W, Wo) =
Q3

1
o]
/ g1 (W)ga(w, Wa)dw, W5 € Q.

/ g7 (W, Wa)ga(w, wa)log ga(w, we)dwdws —
1
03]

dW2/91(W)g2(W, wy) log go(W, wo)dw =
Q3

[ on(w)gatov. w2} og ga(ow, se2)dw, vy € Q5

Torpa npu 7 — 0 nostyvaem

g1(W)ga(w, 0)log go(w, 0)dw
Ix1(92]91) = f - f921 gg)w 02)<dw ) /91(W)92(W, 0)dw

Orciona B cusly coBnajeHus Bbipaxkenus jist KL-mHQOpMaTUBHOCTH /IS CIydasd
ny = 0, ng # 0 co caygaem n; = ng = 0 ¢ TOTHOCTHIO JI0 3aMEHBI go(W) Ha go(W, 0)
nojiydaeMm, 9To mpu n; = 0 cBo#CTBO 5 M3 TpebOBaHUI K KOPPEKTHON (DYyHKIINN
CXOJICTBA BBITIOJHEHO JIjIst HecuMMeTpuaHoro KL-cxojicTBa OTHOCUTEILHO (o, HO HE
OTHOCHUTEJILHO (1, KaK YKa3bIBaJIOCh paHee.

Paccmorpuwm Tenepsb caydait, korma ny # 0. B arom ciydae aHaJoruaHo nMeeM

/g{(w, W1, W2)gs (W, Wi, Wo)dwdwidwy =
1

— dwl/ dWQ/del(W, w1)g2(W, Wo) =
QT3 Q1 3

/gl(W, \'fvl)gg(w, \7v2)dw, V~Vl - QI, V~Vg - Q;

/QI(W, W1, W2)g5 (W, Wi, Wo)log g5 (W, Wi, Wa)dwdw wy =
1

T dWl/ dW2/91(W, w1)ga(W, W) (log ga(w, wa) —log |QT])dw =
|QTIQ3| Jor :

/ g1(W, W1)ga(W, W) log ga(w, Wo)dw

~1og Q]| / g1(w, 1) ga(w, W )dw, Wi, Wa € Q.
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Torna moayaum mpu 7 — 0

fgl(w, 0)g2(w, 0)log go(w, 0)dw
fgl(w, 0)g2(w, 0)dw

— /gl(w, 0)go(w, 0)dw,

Ixr(g2]g1) +1og |QT| —

orkyja ipu ny > 0 Ik,(g2|g1) = 00 n ski(g1, g2) = 0. Takum obpazom, pacrpe;ie-
JIeHue go OyneT nH(pOPMATUBHBIM JIJIsT g1 Bcerja, eciau ny > 0, TO €CTh eCJu ecThb
HAOOp MapaMeTpoB, PO KOTOPbIE BO BTOPOW MOJIEN U3BECTHO, UTO OHU paBHBI 0,
a JIUIsl TIePBOI MOJIEIN €CTh HEKOTOpast HeOolPEeJIeJIeHHOCTh OTHOCUTEILHO X 3HaUe-
auit. OT™MeTuM, 9T0 IpU N1 = 0 CBOKCTBO 5 BHIMOJHEHO OTHOCUTEILHO 3, HO B CH-
JIy HECUMMETPUYIHOCTH (PYHKIMKU CXOJCTBa, nmopoxiennoit KL-undopmarnsraocTsio,
9TO CBOMCTBO HE BBIMOJHEHO OTHOCUTENBHO g1 W B YacTHOCTH mpu Ny # 0, ny = 0.
Omnurmiem jajiee HapyiieHust TpebOBaHNWT KOPPEKTHOCTH K (DYHKIIMHA CXOACTBA JIJIsT
HecumMerpuuHoro KL-cxocrsa.

Yr1Bepxkaeane 7. Hecummerpuunoe KL-cxoicTBo He yioBaeTBOpsieT cBOCTBAM 2
1 4 13 TpebOBaHMI K KOPPEKTHON (DYHKIMK CXOJICTBA, TO €CTh MOJIE/b OTJIHINMA OT
caMoit cebs.

Joxazameavecmeo. Ceoiicto 2 Tpebyer Boimosinenust Ski(gi, ¢g1) = 1, oTkyna
Ixi(g1]g1) = 0, aro He BBIMONHEeHO. Tak Kak §; €CTh yTOYHEHUE PACIPEICTCHUs
g1 C TIOMOIIBLIO ¢1, TO B CJIydae, €CIW ¢ He SBISETCA PABHOMEPHBIM, TO §1 # (1,
orkyna Ixr(g1]g1) > 0.

Paccmorpum B kadectBe npumepa g1 : R — RY) gy (w) = N (w|m, X). Torya,
noJb3ysich (4.10), nosyaum

Ixn(gilg1) = 3 (tr (Z7'32) — n + log(det & det(2X7"))) = 2 (log2 — 1) > 0.

Takum obpasoM, cBoiicTBo 4 He BoimOHEHO. OTCIONTA XKe caeayer mpu s(gr, g1) < 1
B CHJIy BBINOJHEHNs CBOMCTBA 5 OTHOCHTEJILHO ¢, 9TO Jls MaJOMH(OPMaTHBHOI
MOCIIEIOBATEILHOCTA g, . .., Gb, ... sxr(g1, gb) — 1 mpu [ — oo, orxyna g : VI >

1 "
lo: s(g1, gb) > % > 5(g1, g1), 9TO O3HAYAET HEBHIMOJIHEHNE cBOMcTBA 2. [

Panee tak»ke ObLJIO TOKa3aHO, 9TO HecuMMeTpruuanoe KL-cxocTBo yioBaeTsopsier
CBOWCTBY 5 OTHOCHTENIHHO ¢1, HO HE OTHOCHUTEJIHLHO (o B CHUIYy HECUMMETPUIHOCTH,
YTO MOYKHO C(HOPMYJINPOBATH CJEIYIOIIUM 00PA3OM.

YrBepxkaeHune 8. Hecummerpumanoe KL-cxoncTBo He ynoBaeTBopsgeT cBOiCTBY 6 K
KOPPEKTHON (DYHKIIMKU CXOJCTBA, TO €CTh HE SBJISETCS CUMMETPUIHBIM, a TaK»Ke He
VIOBJIETBOPSAET CBOUCTBY O OTHOCHUTEJBHO (5.

Bameuanue 1. [Ina g1(w, wi) : R” x R™ — R go(w, wo) : R" x R — R*
mput 11 # 0 sgr(g1, g2) = 0. Takum o6pa3oM, HE3ABUCKMO OT TOYHOCTU 3HAHUS W1
nepBas MOJEJIh CAUTAETCS OTIANIUMOI OT BTOpOi, Tae Wi = 0.
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3amMedanmue 2. YCTpaHUTb HECUMMETPUIHOCTL KL-cxoncTBa M JIOCTUUL BBITOJIHE-
HUs CBOWCTBA, D M OTHOCUTEJILHO (1, U OTHOCUTEJILHO (o, MOXKHO, OIPEJICJINB CUM-
merpuunbii BapuanT KL-undopmarusnoctn Kak

SkL(91, g2) = max(skL(g1, g2), Skr(92, 91)),

rie skL(g1, g2) ectb Hecummerpuanoe KL-cxocTBo oTHOCUTENBHO 1, & SKL(g2, 1)
ecth HecuMMeTpuaHoe KL-cxo/1cTBO OTHOCUTEIHHO go. B crity BbITIOJIHEHUS JIJIst TIEep-
BOI'O U3 HUX TPEOOBAHUS D K KOPPEKTHOI (PYHKIIMK CXOJCTBA OTHOCUTEIBHO ¢, a JIJIsI
BTOPOTO — BBITIOJIHEHUST ITOTO CBOWCTBA OTHOCUTEJIHHO (o, TTOJYIUM, 9TO SKi,(g1, go)
SIBJISIETCST CUMMETPHYHON (TO €CTh YIOBJIETBOPSIET CBOHCTBY 6) M yIOBJIETBOPSIET
TPeOOBAHMIO D K KOPPEKTHON (PYHKIMHU CXOJCTBA.

OTMeTnM, OJIHAKO, UTO CBOHCTBA, 2 1 4 MOCJIe CAMMETPU3AIIAN [O-TIPEXKHEMY OCTa-
IOTCsl HEBBIIOJHEHHBIMK U BOZHUKAIOT HOBBIE MPOOJIEMbI, CBSI3aHHBIE ¢ MCIOJb30Ba-
HUEM OIleparopa B3sSTUs MaKCUMyMa, YTO NPUBOIUT K TOMY, 9TO CJAMIIKOM MHOI'O
map pacrpejieeHnii HaunHAIOT CYUTATHCS HEePa3JIUIUMBIMUA, UTO MPUOJINKAET CUM-
merpuzoBatioe KL-cxocTBO K TPUBHAILHOMY, JJist KOTOPOTO Str(g1, go) = 1. st
WJLTIOCTPAIIIE PACCMOTPHUM CJIEAYIONIMI IIPUMED B OJHOMEDPHOM CJIYUae, TO €CTh IS
g1, 92 : R — R* (cm. puc. 4.2), re

g, W E [_17 1]7
gi(w) = 1(w € [-1, 1]), g2 =< 0, |w| € (1,2),
(3 —e)e* 1wl > 2.

—g1(w)
—g2(w)

0 5
w

Puc. 4.2: IIpumep pasubix Mojeseil, Hepa3InInMbIX ¢ TOMOIIbIO0 CUMMETPU30BAHHO-
ro KL-cxoncrsa, € = 0.02.

Tak kak go(w) = € = const st w € [—1, 1] qast yrouHenwst §y s g3 OTHOCH-
TEJILHO gy TiosTyanm gy = g1 = U[—1, 1], orkyna Ski.(g1, g2) = 1, x0Ts1 mrbOpMAaIus
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O TTapaMeTpe w B pacCMaTpUBaeMOM MpUMepe JJId JIBYX Mojeseil CyIecTBeHHO pas3-
JINIAETCS.

Takum obpazoM, OBLIN MPOAHAJIU3UPOBAHBI (DYHKIIMKA CXOJCTBA, MOPOXKICHHBIE
nupeprediusMu Bpermana, f — nuBeprennuamu 1 KL-undopMaTuBHOCTHIO, MITHPO-
KO MCIIOJIL3YIOIIMECs B 3aja4aX cpaBHeHust pacipejesennit [51-55] u onpejesnennii
MHMOPMATHBHOCTH OJJHOTO PACTIPEJIESIEHUsT OTHOCUTEHLHO Jipyroro [56-58| u 6bL10
MOKa3aHO, 9YTO OHM HE SABJAIOTCS KOPPEKTHBIMU, & MOTOMY HE TTPUMEHWMBI JIJIS pe-
IaeMoit 3aa49n cpaBHeHust Mojieseil. Boiia Takke mpejioykena (pyHKIUsT CXOICTBA
s-score 1 ObLJIO MOKa3aHOo, UTO MpearaeMast (pyHKIINS CXOJICTBA ABJISIETCST KOPPEKT-
HOli. PaccmoTpum jiajiee craTucTHyecKre CBONCTBA paclpejie/ieHns MpejiiaracMoit
(hbYHKIINK CXOJICTBA S-SCOTe B YCJOBHUSX UCTUHHOCTH T'HUIIOTE3BLI O COBIIAJIEHUN MO/IE-
JIei.

4.4. CBoiicTBO MOHOTOHHOCTH JIJid HpeajaraeMoil (pyHKITUU CXOJICTBA

PaccmoTpuM nmajiee HECKOJIBKO TEOpeM, MOKA3BIBAIONINX HAJUINE CBOMCTB MO-
HOTOHHOCTH JIJIsi TIpejijiaraeMoil (pyHKIMM CXOJICTBA TPU BBIMOJHEHUH HEKOTOPbIX
OrpaHUYCHU.

Teopema 7 (Anyenko, 2014). Ilycts Mojesn, 3a1aBaeMbie MATEMATHICCKIM OXKH-
JaHueM U KOBapHUAIMOHHON MaTpHIlell alloCTepUOPHOTO paciIpeieeHusl IapaMeTpoB
(my, 31) n (mg, X9) CINTAIOTCSA PABTHIUMBIMHE, €CITHA

s — score (M (my, 1), N(my, X)) <C € (0, 1).

Torma, ecin yKazaHHbIe MOJEIN PA3INIAMBI IO MPUBEJIEHHOMY KPUTEPHUIO, TO W MO-
Jesin, 3ajaBaeMbie (my, 1) u (Mg, O) OGyayT Pa3aIMIUMbIMUA COTJIACHO MTPUBE/IEH-
HOMY KPHUTEPHIO.

ﬂ0%a3ameﬂbcm60.

s — score (N (my, 1), N(my, O)) =

exp (—%(ml — mg)T(El)*l(ml — mg)) S
< exp (—%(ml — mg)T(El + 22)_1(m1 — mg)) < (C.
[TpuBesienHOE BhIIIE ClIpaBEJIMBO, TAK KAK MaTPUILA 21_1 — (31 +X) ! neorpuna-
TEJILHO OTpejiesieHa

S (B4 3) =0 (I (T4 53 ),

a B CJIYy IMOJIOYKUTEJILHOM orpeneJIeHHOCTH 21 )41 HeOTpHHaTeﬂbHOﬁ orpeneJIeHHOCTH

3%y coberBennbie 3nauenus marpurbl (I+ EgEfl) HEe MEHBIIIe eJIMHUITLI, OTKY/Ia BCE

coberrennbie snadenns marpuipl I — (14 X371 1) ™! neorpunarennubr. [
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Teopema 8 (Anyenko, 2014). Ilycts Mosienn, 3aaBaeMble MATEMATHIECKAM OXKHU-
JlaHUeM U KOBapUAIMOHHON MaTPUIleil altloCTEPUOPHOTO pacipeie/ienns mapaMeTpoB
(my, 31) u (mg, X9) CINTAIOTCSA PABTHIUMBIMHE, €CITHA

s — score (M (my, X;), M(my, X)) < C € (0, 1).

Torna, ecin yKazaHHble MOJCIN PA3IUIAMBI 110 IPUBEJICHHOMY KPUTEPHUIO, TO U MO-
Jes, 3ajaBaeMbie (my, 1) u (mg, AXs), A € [0, 1] OyayT pasiauauMbl CONJIACHO
IPUBEICHHOMY KPUTEPHIO.

ﬂommmmmmeo.

s — score (N (my, 1), N(ms, AX)) = exp (—1(m; — my)"(T1 + AXs) ' (m; — my)
<exp (—3(m — my) (g + o) (my — my)) < C.

[IpuBeieHHOE BhIIIE CIPABEINBO, TaK Kak MaTpuia (31 + AXg) ™t — (X1 + Xp) 71
HEOTPUIATE/ILHO ONpeieeHa,

(B 4+AD) = (B +3) = (B 4+ A8 "I T+ (1= N)Z(Z +AZy) )Y,

a B CUJLY MOJIOYKNTEIHHOM ONPENEICHHOCTH 21 N HEOTPUIATEILHO ONPeIeIeHHOCTH
33, cobersennbie snadenus Marpuiibl (I+(1—X) 2o (3 +AX5) 1) He Menbine equnu-
IIBI, OTKY/Ia Bee cobcTpennble 3aauenns MaTpuiinl I — (T4 (1—X) g (X +AX,) 1)1
HEOTPUIATEIHLHBI. L]

3ameganue 1. [IpuBejieHHbIe TEOPEMbI MOXKHO HHTEPIPETHPOBATH CJIEJLYIOIIUM
obpazoMm. Eciau Mozesnb oTimduMa OT MOJENHW ¢ HEKOTOPBIM CPEJHUM U OOJIbITei
HEOIPEICJICHHOCTHIO, TO OHA OTJIUYMMA M OT MOJICJIM C TeM 2Ke CPEJIHUM, HO MEHb-
el HeornpeaeseHHocThio. OOpaTHO: ecyii MOJIe/Ih HEOTIMINMa, OT HEKOTOPOIl MOJIe-
JIU ¢ MEHBIIEHl HEeompeeIeHHOCThIO, TO OHA HEOTJMUNMa, W OT MOJICTH ¢ OOJIbITei
HEOITPEJICJIEHHOCTHIO C TEM K€ CPEJIHUM.

PaccmoTpum Temepb TeopeMy, KOTOpas JTaeT BEPXHIO U HIDKHIOI OIEHKY Ha,
YUCJIO TIOTTAPHO Pa3JIMINMbBIX MOJIeiel TP HEKOTOPHIX YCIOBUSIX.

Teopema 9 (Anyenko, 2014). ITycrs pacemarpusaores K mozesneidi ¢ [[my ]| = ... =
|lmgl| = A >0un X = ... = 3 = I B kauecrBe kpurepusi OTJIHIUMOCTH
MOJIEJIeIl PACCMAaTPUBACTC CJACAYIOIIMA: MOJIEIN ¢ HOMEPAMHU i # § pa3Hble, eCiiu

s — score (M (m;, 3;), N(m;, 3;)) < C € (0, 1).

Torma MakcuMaabHOE TUCJIO MOMAPHO PA3JIMIMMBIX MOJIEIeH, KOTOPOE MOXKET OBITh
B Habope, ecTh

nr () 1

(n—=1I(5+1) f09/2 sin" 2 pdyp

Kma:c - \/7_T

)



86

npu C', Ou3KoM K 1, nMeem

Kmaz ~ \/7_T

Bnech 0 € [0, 7], cos® = p = max(—1, 1 + 2X3/N3InC), n — pasMepHOCTb MpH-
3HAKOBOI'O TPOCTPaHCTBa. [Ipr 9TOM MOXKHO NMOCTPOUTH Kyyjp TOMIAPHO PA3IMUUMBIX
MOJIesIei, e

nl'(%H) 1

sin" 2 pdyp ’

1
nl(*%y") 1

—1 n—1
n—DHINE+1) 2= n_2
( )(2+)22(1_p)2
okasamensvecmeo. 3aMeTuM, 9TO BEKTOPA My, . . ., My OJHO3HATHO 3aIaF0TCS TOU-
KaMn Ha cdepe (2, paguyca A; B npocrpancTse R”. VejaoBue pasimauMOCTH IBYX
MoJIesIeil ¢ HoMepaMu ¢ 7 j ¢ y9eTOM CIEMaHHBIX TPEITON0KEHUI 3anChIBAeTCs B
BUJIE

1
—(mz — mj)T(mZ- - mj) S —21n C,
29
arto ¢ yueroM ||my;|| = ||m;|| = A\; mepenuceBaercs B Buze
m/m; >\ + 2\ InC, nm
_— A2
cosf = cosm;m; > max | 1 + 2)\—% InC, -1 | =p. (4.13)

B cumy mpousBOSIBHOCTH ¢ # § JIBe MOJETW PA3INIAIOTCs, €CJU BEKTOP CPEJIHUX
o/HO Mojesm m; He jexur B komyce Cj(f) ¢ ocbio B m; u yrioM pacrsopa 6,
onpejiesieMbim yegonueM 6 € [0, 7] u (4.13).

Jlemma 5. Ilpusejennoe ycaoBue MOXKHO 3aMEHUTH PABHOCHIILHBIM: JBE MOJIEJH
paziaaiorcst, ecan koryc C;(0/2) ¢ ochio m; u yriiom pactsopa /2 He iepecekaercsi
¢ korycom C;(0/2) ¢ ocbio m; u yriom pactopa /2.
Joxasameavcmeo. Iycrs m; € Cj(0). Paccmorpum sekrop m = 3(m; 4+ m;). B
cuaty ||m;|| = [|m;|| Tym = mm; = 1/2m;m; < §/2. Orciona m € C;(0/2), m €
C;(0/2), orxyna C;(0/2) N C;(0/2) # 2.

C apyroit cropons, ecsin 3m € C;(0/2)NC;(6/2), o, paccmarpuBast Tpexrpan-
HBII yroJi, oOpa3oBaHHBIIl BEKTOPAMHU M, M; 1 m;, oIy IuM (no CBOMCTBY TIJIOCKUX
YIJIOB TPEXTPAHHOTO yTJIa)

mym; < mym + mom; < 0/2+60/2 = 6,

orkyna m; € C;(6). Jlemma nokazarma. n
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Bepraemcsi K 10Ka3aTeJbcTBY TeopeMbl. OmHUIIEeM BOKPYT Ka)KJIOI'0 BEKTOPA
my, ..., Mg KOHYC C OCHIO B 9TOM BEKTOpe U yriioMm pactsopa /2. Kaxipiit Konyc
BbIceueH Ha cdepe (2, pajuyca A; HEKOTOPBIA yIacTOK. YCJIOBHE MOMAPHON pa3yiu-
YUMOCTH BCEX MOJIEJIel TOr/a B CHJIY JIeMMbI 1 MOXKHO ¢(HOPMYINPOBATH TaK:

CaencrBue 5. PaccmarpuBaeMbie MOJIETH TOMAPHO PA3IUIAMBI TOTJA U TOJHKO
TorIa, KOrya BhiceKaemble Korycamn C1(0/2), ..., Ck(6/2) na cdepe Q,, pagnyca
A1 yuactku Pp, ..., Pg He mepecekaiTcs.

Kpowme toro, u3 ycosust paziananmoctu B Buje m; ¢ Cj(0) mosywaem ciefyio-
mee yTBepIKICHHeE.

JIlemMa 6. Mojesib ¢ HOMEPOM ¢ OTJIMYMMA OT BCEX OCTAJIBLHBIX MOJEJeil Torjaa u
TOJILKO TOTJIa, KOIJIa

m; ¢ UJI'{ZLJ';&@CJ'(@) < m; ¢ Uszl,j;éi(Cj(e) NQy).

[Tonb3ysich cieacTBueM 5, MOJYINM BEPXHIOI OIEHKY Ha YuC0 Mojeseit. [Tosn-
3ysCh JJeMMOit 6, BHITTOJTHAM MTOCTPOEHNE, TOKa3bIBaIOIee HIXKHIOI OIEHKY Ha IHCJI0
mogpeneit. I3 ciencTust 5 3aK/09aeM, 9TO

S(PLU...UPx) =) S5(P)=KS(P) < 5Qy), rae (4.14)

S(€2,) — mromanb chepor paguyca A\ B R, a S(F;) — miomnaab yuacTka, BbICEKae-
moro #a 2, kornycom C;(6/2).

Jlemma 7. N
S(Q,NCia)) = Xf_lSnl/ sin"~2 pdyp,
0

rie S,_1 — IJIoMa/b eJANHIYHON cdepbl B pocTpancTee R

Joxasamesvcmeo. PaccmarpuBas B KadecTBe BbIJeJIeHHON ocr och Koryca Cy(a) n
0D03HAYNB T — KOOPJINHATY BJIOJb ITOH OCH JJIST MCKOMOI TJIOIMAIN NMeeM

1 n—2 d T=Co0s “
S(Q,NCi(a)) = X115, / (1-a?)'T 2L e g, / §in"2 .
cos & — X 0
3 (4.14) monyaaem
Qn . n—1
KSKmax:S( ): S;}; -
S(F) Sn_l)\?_lfo sin" 2 pdyp
, ﬂ.71/2
I'(n/2+1) 1 /(% +1) 1
rin=1)/2 f09/2 sin"2pdp  (n—1I(3+1) fOH/Q sin™ 2 pdyp

(n—1)

T((n—1)/2+1)
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]

[Tpu masom 6 (aro coorsercryer C), 6JII/13KOMy K 1), mponsBoisi mpubIImKeHne

sinprpunfr~sind =+/1—p?>=~./2(1 —p) B (4.15) moaysaem

[lepeitiem K mOCTpOEHNIO TTPUMeEPa LIS MTOJIyUeHus HUuxKHel onenku K > K,,.
B cuny nemwmbr 6, ecin

UR L Ci(0) N Qy, # Q,

T0 ecthb 3m € Q, : m ¢ UK Ci(0), To MoxkHO N0GABUTHL ere OHy MOJENDb C
CPEJHUM BEKTOPOM, PABHBIM 1M, U OHA 110 TIOCTPOEHUIO OYIeT OTJIMYHA OT BCEX YIKe
uMeromuxest Mojiesiei. Torma moayuaem cIeayiomnyio Ipoueaypy:
e [Ilar 1. Beibupaem mponsBoJibHBIH BeKTOp My € (1,
e IlTar k. BeiGupaem nponssonubiii sexrtop my, € €, \ UM C;i(0), ecn Takosoii
CYIIECTBYET.
[To mocTpoenuio moysydaem, 9To

5(2,)
Kz semnoy

[Tosb3ysich geMMoit 7 aHAJIOTMIHO MOJIYUYEHUIO BEPXHEi OIEHKN MOJIydaeM

K > Kpin = () SuXi”! =
- S(Ci(0) N Q) — G, ! 7 sin" 2 pdg
L
"Tn/2+1) 1 (5 1) 1
rin=1)/2 f9 sin" ™2 odp - (n- DI'(z+1) NG S 2 pde
(n — 0 0

1>F((n —1)/2+1)
(4.16)

[Tpu masiom @ (daro coorsercTByeT C 6JII/13KOMy K 1), mponsBoisi IpubJImKeHne

sinpgr~pufxsind =+/1—p*x /2 (4.16) moyuaem

nF(”—H) 1
Kmin ~ VT 2
\f(n—l)f‘( +1)2”T_1(1_

n—1"
2

|3

p)
[]
ITpumep 1. Ilpu n = 2 nosnyuennbie pe3yabrarbl ecth K, = 7/0, Kpee = 27/0.

[lpun = 3,0 = 71/6 K = 14, Kpge = 58. llpun = 3, 0 = 7/3 Kpin =
4, Ky = 14.
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4.5. CsoiicTBa pacipejesjieHns 3HaYeHUi npeajaraeMoii (pyHKITN CXO/I-
CTBa

Panee OblL1a mpejyioXKeHa (pyHKIHMS CXOJCTBA paclpeie/eHnii, KOTopasl sIBJIsSeT-
Cs1 KOPPEKTHOI, TO eCTh yJIOBJIETBOPsieT TPeOOBaHWSM K (DYHKIIMU CXOJCTBA, B TOM
quCJie XapaKTePUCTUIECKOMY TPpeOOBaHNIO 00 HEOTIIMINMOCTH MAJIONH(MOPMATUBHO-
ro pacIpejiesieHust OT JIFoOOTro JIPYroro B 3ajade cpaBHeHus Mopesneit. OmHako s
TOro, YTOOBI peniarh 3aJa4dy pasjindeHns: Mojeseil Tpedbyercst yeTaHOBUTH T'DaHU-
Iy JIJIsT CXOJICTBA, BBIIIE KOTOPON MOJIENI CUUTAIOTCS COBIAIAIONIUMU. DTY IPAHUILY
MOXKHO PacCMaTpPUBATHL, HAIPUMEDP, KaK TUieprapaMerp ajJropurma KJaccuuka-
IIUU, U OIIPEIessITh, HallpUMep, ¢ IOMOIIbI0 Kpocc-Baauaanun. OgHako TaKoit 1mo/I-
XOJI HE MO3BOJIsIeT KOHTPOJIUPOBATH BEPOSTHOCTH OIIMOOK ITEPBOr0 ¥ BTOPOI'O POJIA,
TO €CTh BEPOSITHOCTH TMPU3HATH PA3HLIMU COBIAJAIOIINE MOJEJN U OJMHAKOBLIMI
pasnble. JIJis1 pereHus 3aa49u BbIOOpa, IPAHUILLI JIJIsT CXOACTBA ¢ KOHTPOJIEM BEpO-
SITHOCTU OTMMOKYM TIEPBOr0O POJIa, MOJYUIUM BUJI pacipeeaenns (DYHKIMU CXOICTBA
s-score $(g1, g2) B YCJOBUSIX HCTUHHOCTH TUTIOTE3bI Hy O cOBIaieHNn Mojieeii.

Pacnipenenenne 3uaveHnii GyHKIIMN CXOACTBA S-SCOre B yCJIOBUSAX MCTUH-
HOCTU TUIIOTe3bI H; 0 coBmageHUM Mojejieii aJid mapbl JIOTUCTUYUECKUX
MoJieJiein

[Ipexx e, gem nepeiTy K TMOIydeHnIo BUAa Pacpeleaens 3HaTeHnil mpeiiara-
eMoit (DYHKIIMU CXOJCTBA S-SCOre JIJIst TTaphl JOTHCTUUIECKUX MOJENeil ¢ COBIAIai0-
MM WCTWHHBIM TTapaMeTpOM W, MPUBEIEM pPE3YILTAThl O CYIIECTBOBAHUN OIEHKN
MaKCHMyMa, TPaBIOTNON00MsT U 00 acCUMITOTHYIECKOH HOPMAJBHOCTH OIEHKH MaK-
CUMyMa [PaBJIONOI00Us JIjisi JIOPUCTHUECKON Mojesin B coorsercTsun ¢ [2,3]. Tlpu
9TOM PE3YJIbTATHI TOIYINM B KJiacce 0DODIIEeHHO-IMHEHHBIX MOJeNIeil ¢ HaTypaabHOM
(byHKIMEH CBSA3U, YACTHBIM CIyUaeM KOTOPBIX SIBJSIETCS MOJEb JOIMCTHIECKOM pe-
IPECCHH.

Onpenenenue 40. HazoBeMm obobuienmno-aunetinot modeivio ¢ namyparvrot
Pynryuel c64A3u ¥ ATPUOPHBIM paClpejie/leHneM Ha BeKTOp mapaMeTpoB p(w|A)
BEPOSTHOCTHYIO MOJIE/Ib, COBMECTHOE TIPABIONON00HEe KOTOPOil MMeeT BU/I

m

p(y, wIX, A) = p(y|X, w)p(w|A), re p(y|X, w) = [ [ p(uilxi, w),
=1
p(yilxi, w) = c(y;) exp(0iy; — b(6;)), Tie 0; = w'x;.

3ameuanue 1. OTmeruM, 9YTO JOTUCTAUYECKAs MOJEIL SIBJISIETCS ODODIEHHO-
JIMHEWHON MOJIC/IBIO C HATypaJbHON (DYHKIMEH CBsA3M JIJIsi OMHAPHON 11eJIeBOI ITe-
pemennoit y; € {—1, 1}, tak kak

exp(yix; w)
exp(WTX;) + exp(—w'x;)

p(yilxi, w) = o(yxw) =
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Torna, B3sB (y;) = 1, b(6;) = exp(6;) + exp(—0;), nonymm Tpebyemoe.

st 1000 cUMMETPpUIHON MOJOXKHUTEILHO ompejenennoil Mmarpuisl H cyre-
CTByeT eJMHCTBeHHbI KBajparubii Kopern Xoserkoro HY2 [107], o ecth nmskie-
TpeyrosibHAsl MATPHIA, YiIoBjIeTBopsiomas pasencrsy H = HY2HT/2, Tanee uc-
MOJIB3YEM 3TO 0DO3HAYUEHUS JIJIsT KBAAPATHOIO KOPHsT XOJIEI[KOTO.

PaccmaTpuBaem 00OOIIEHHO-IMHERHYIO MOJIE/Ib C HATYPAJILHON (DYHKITHEH CBA3U
¢ npasononoduem p(y|X, v). B kauectBe anpruopHOro pacrpejiesienus: Ha BEKTOP
napaMeTpoB W HCIoIb3yeM HopMmaibHoe pacipenenenne w ~ N (w|0, A™1), pac-
CMaTpHUBasi paBHOMEpHOE IceBopacipeeaeHne Kak npejen npu A = apl,, ag — 0.

Brenewm ciejytomie 0603HaATEHMsT

0%, (v
1) = Togp(y X, V), $0(¥) = Vi (v), Hy(v) =~ oY)
O6osnaunm rakxke l,(v) = logp(y|X, v) + logp(w|A). Jokaxkem Cleiyiolyio

JIEMMY.
Jlemma 8. [l 06001IIeHHO-THMHEHHON MOJEIN ¢ HATypaJbHON (DYHKIUEH CBsI3U

BBIITOJIHEHO

Es,,(w) =0, Es,,(w)s;,(w) = H,,,(w).

m

Hoxazameavcmeo. s morapudma mpasIono1ooust o0o0IeHHO-THHEHHONR MoIe/n
C HaTypaJbHOI (QPYHKIMEH CBA3U MMeeM

m m

(V) = clyi) + ) (VX — b(v'xy)).

1=1 1=1

[Tosryaum Boipaskerust st Ey;|w, Dy;|w.

Euilw = /C(y@)y, exp(fiyi — (;6 i))dy; = gZ(W x,)/ c(yi) exp(izjz — b(0;))dy;+
0, c(yi) exp(biyi — b(0;))dy; = 50 —(v'x;), (4.17)

tax kaK [ c(y;) exp(Q;y; — b(6;))dy; =

Dy;|w = /C(yz)yf exp(0iyi — b(0;))dy; — (%(vTxi))2 —

0b 0b
o [ et exp (O — b6y + 5 (w7 [ clui)usexp(6ias — b(60)dyi~

(§Z<V XZ))Q g;wv xi). (4.18)

Torma B cuny (4.17)
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OTKY/Ia JJIst MATPHUIIBI BTOPBIX MPOU3BOIHBIX H,\, (W) mMeem

ix Gl (W'x;)x;
9g2t T TV

[Tostyanm rerepnb Boipaxkenne st Es,,(w)s! (w). B cuiy HezapucuMocTn mesieBbix
MepeMeHHBIX 00beKTOB MpH (DUKCHPOBAHHOM MapaMeTpe MoJydaeM

m

ob WTXi 2 T ~ T
Bs, (wsh,(w) = 3, (- VD) r - S sep(udw)n,
=1

1=1

OTKyjia ¢ yueroM Bhipaxkenust st Hy,(w) u (4.18) mosyuaem tpebyemoe.
[]

O6osnauny H,,(w) = H,, 1 ssenem 00 (w) = {v: [|[HY*(v —w)| < 6}, m =
1, ... HOCJEOBATEILHOCTE OKPECTHOCTEH HCTHHHOTO TTapaMeTpa w.
Teopema 10 (Fahrmeir, Kaufmann [3]). [Tycrs nmeercst 06061ienHO-MHE i HAS MO-
JIeJTb € HATYPAJIbLHON (DYHKIUEH CBSA3KM ¢ HCTHHHBIM BEKTOPOM MAPAMETPOB W U DaB-
HOMEPHBIM AIIPUOPHBIM TCEBIOPACIPE/IeJIeHNeM Ha BEKTOD nmapamerpoB w. Ilycrn
TAaKKe » . X;X] UMeeT MOJHbIH PaHT JUist 1M > Mo, Amin(H(W)) — conpum — oo
n

36>0,¢>0,0>0 m:¥Vm>mVveO (W) hn(H(V)) > AV (H(wW)).

max

Toryia oreHKa MakcuMyMa MpapIonoobust w = arg max, p(y|X, v) cymecrsyer ¢
BEPOSITHOCTHIO, CTpEeMSAIIEics K 1 mpr m — 00, 1 W = w.

[IpuBesem najiee 0060OOIIEHNE TTPEJIBIIYIIEH TEOPEMbBI Ha CyUail HEeTPUBHUAJIHHOTO
AIIPUOPHOrO PACIPEJIEJICHIS, TIO3BOJIAIONIEE MEPEiTH OT KJIACCHUECKOro K Oaiiecos-
ckoMy moaxoay. OTMeTHM, OJHAKO, YTO MOA0OHBIE PE3YILTATH (POPMYIUPOBAIUCH 1
patee [60], a OCHOBHBIM DPE3YyJIHTATOM, MO3BOJISIIOIIUM PEliaTh 3aa4y CTaTUCTHIE-
CKOT'O CpaBHEHMS MojieJieil, aBisercs TeopeMma 16.

Teopema 11 (Axyenxko (2016)). [Tycts nmeercs mmeetcst 0000TIEHHO-THHEHHAS MO-
JieJIb C HATYPaILHOM DYHKIMEH CBSI3M ¢ MCTUHHBIM BEKTOPOM MapaMeTpOB W 1 HOP-
MAaJILHBIM aIPHOPHBIM Paclpejie/leHieM Ha BeKTop napamerpos w ~ A (w|0, A1),
npudeM J¢g < 00 ¢ ||An| < ¢o Vm. [Iycrb Takke Y . X;X] UMeeT TOJHBI{ paHT
st m > myg, Apin(H(W)) — oo mpum — oo u

36>0,¢>0,0>0 m:Ym>mVveO (w) hn(H(V)) > A2 (H(wW)).

max

Tora oreHKa MaKCHMyMa armoCTEePUOPHOIT BEposiTHOCTH W = arg max, p(y, v|X, A)
. ~ TLH.
CYIECTBYET C BEPOSITHOCTHIO, CTpeMsieiicss K 1 pu m — 00, 1 W — W.

Joxasamesvemeo. JlokazkeM aHAJOTHIHO JOKA3aTeIbCTBY B [3], uTo mmeer mecto
ACUMIITOTHIECKOE CYIIECTBOBAHNE W CXOANMOCTDH IMOYTH HaBEPHOE OIEHKN MaKCHUMY-
Ma aloCTEePUOPHOIl BEPOSITHOCTH W K 3HAUEHUIO UCTHHHOTO IapaMeTrpa W.
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Pacemorpum mpoussosbioe € > 0 u okpectaocts Ko (w) = {v: [|[v —w| < ¢},
conepykamtytocas B O° (w). st yCTAHOBICHNS YTBEPYKICHHS TEOPEMbl TpebyeTcs
MOKa3aTh, IYTO COOLITHE

Fmy: VYm > myln(v) —lp(w) <0Vv: |[v—w|=c¢.

nMeer BepositHocTh 1, tie 1, (v) = logp(y, v|X, A) ecrb jorapudm cOBMECTHO-
ro mpasgononobus. dag v € 0K (w) paccmorpum A = (v — w)/e. Paznoxkenne
Teitnopa st orapudma COBMECTHOIO TIPaBJIONOA00MST B OKPECTHOCTH W HMEET BU/I

Ln(V) = Lp(W) = eXT§,, — E2ATH(V)A/2, v € [w, W], e (4.19)
Sm =5m—Aw, HV) = H(¥) + A, e
5 0?1, (V)
Sm = Vin(w), Hy,(v) = — ERsa

C yuerom (4.19) Tpebyercst mokaszaTh, 4ro st A'A = 1 cobbiTHe

A5, e X H,,(V)\
()\maXHm(W>>1/2+9 2( maxH ( ))1/2+9

V'm > my (4.20)

nmeer BeposiTHocth 1. U3 memmbr 8 nmeem (Dsy,); < ApaxHim(W), 7 =1, ..., n,
OTKY/Ia, TI0JIL3YSCh YCUICHHBIM 3aKOHOM OOJIBINNX duces Koamoroposa, moaydum

Sm

(AmaxHp (W) 1/2+6

II.H.
— 0 mpu m — oo.

Torna ¢ yuerom ATA = 1, nmosnsysich nepaBencTBoMm Kormm-Bynsikosekoro-ITIsapia,
TOJTY IUM

s, .
()\mame(W))l/2+9 — 0 mpm m — o0.
Torma
'S, A's,, ANAw

Or B (W) 20 (B (W) 270 O FL (w200 P22

TaK KaK
[Allcol[wl]
= (AmaxHp (w))1/2+0

H ATAw
(

)\maXHm(W))l/2+9 — 0 mpu m — o0,

TaK KakK ApaxH, (W) — 0o npu m — oo. U3 ycioBusi Teopembl Jijisi mpaBoii va-
cru (4.20) nmeem

e AH,(v)A
2 Amac L (W) 1/2H0 =

>ce/2 Vm >my.

Takum 06pazom, moJydaeM, 4To JJIsi HEKOTOPOro mg ¥ m > mgy cobbitie (4.20)
MMEET BEPOSITHOCTD 1, UTO 1 TPeOOBAIOCD. O
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JIJ1s1 JIOrNCTUIecKOi MOJIENIN CIIPpaBeIJInBa, CJIeIyIoN[ast TeopeMa.
Teopema 12 (Diop et al. [2]). [Iycts nmeercst MOMETh JOTHCTUYIECKON perpec-
cun (14) ¢ ICTUMHHBIM BEKTOPOM MAapaMeTPOB W 1 PABHOMEPHBIM aliPUOPHBIM TCEBI0-
pacipejieJleHieM Ha BEKTOp MapaMeTpoB W. IlycTh 3HaYeHust IPpU3HAKOB OrpaHude-
uel, To ectb 3C > 01 |2l < CVi=1,...,m, j=1,...,n. Ilycrs rakxke reccnan
H(w) (3.3) siBasieTcst cTpOTO TOJIOKHUTETHHO OMPEJICIEHHBIM, TPUIEM B HEKOTOPOi
okpecriocTin v € O° (W) BBITIOIHEHO

Amax (H(V))
Amin(H(V))

Amin(H(W)) — oo ipu m — o0.

= 0(1),

Torma H(W)'/2(w—w) 4N (0,1,), ne W ecTh OTeHKA MAKCUMYMa TPABIONTOI00UsT
15t BekTopa napamerpos Mogen(em. (3.1) mis A = O), a H(W)'Y/? ecrn kopenr
W3 MATPUIBI B TEPMUHAX PA3IOKEHUIX XOJenkoro [2].

Boiiee ciabble TpeboBanus, Ipr KOTOPBIX UMEETCs ACUMIITOTHUECKAsT HOPMAJIhb-

HOCTh, TipuBejierbl B [3]. [Ipu 91oM pesyiabrar umeer MecTo HE TOJLKO JIJIsA JIOIH-
CTUYIECKOM MOJIENN, HO U JJIsI JI000i 0000IeHHO-IMHEeHO! MOJIEIN ¢ HATYPaJbHOM
(byHKIIMEl CBSI3H, UTO JIaeTCsI CJIENYIONeil TeOpeMoii.
Teopema 13 (Fahrmeir, Kaufmann [3]). [Iycts umeercst o6001menHo-mHedinas Mo-
JieJIb C HATYPAJIbHOM (DYHKIMEH CBSI3M ¢ MCTUHHBIM BEKTOPOM TAPAMETPOB W 1 PaB-
HOMEPHBIM allpUOPHLIM IICEBIOpACIIPECIeHIeM Ha BEKTOp HapamerpoB w. Ilycrn
TaKKe » | X;X] UMeeT MOJHBINH PaHT JUTst M > Mo, Amin(H(W)) — conpum — oo
i

Vé>0 max ||[Hw) Y2H(v)H(w) 72 —1I|| = 0npnm — .

veO? (w)

Tora H(W)Y2(w — w) KN N(0, I,), tne w = arg max, p(y, v|X, A) ecrs onen-
Ka MAKCHMYMA TIPABJONOA00MS JIs BEKTOPA mapaMeTpos Mojenu, a H(w)'/? ecrs
KOPEHb U3 MATPUIbl B TEPMUHAX Pa3JIOXKeHusiX XoJenkoro [3].

JlokaxxeMm merephb TeopeMy 06 aCHMITOTHIECKOH HOPMAJTbHOCTH OIEHKH MaKCH-

MyMa arnoCTePUOPHON BEPOSITHOCTH JIJisl HETPUBUAJILHOIO AIPUOPHOTO PACTIPEIeIie-
HUS HA W.
Teopema 14 (Anyenko (2016)). I[Tycts nmeercst 06001meHHO-THHEHHAS MOJIENTD ¢ Ha-
TYPaJIbHON (DYHKIMEH CBA3M ¢ HCTUHHBIM BEKTOPOM MAPAMETPOB W U HOPMAJIbHBIM
allPHOPHBIM paclpe/ie/ieHueM Ha BeKTop napamerpos w ~ N(w|0, A1), npudem
Jep < 00 [JA]l < ¢ Vm. Ilycrs takske Y ) X;X] UMeeT HOJIHBIA DaHT JiIs
m > mg, Amin(H(W)) — oo ipu m — oo u

Vd>0 max | IH(w) Y H(v)H(w) 72 = I|| = 0 npum — oo.

veO? (w

SR . d .
Torpa H(W)Y2(w — w) 5 N(0, 1), rae w = argmax, p(y, v|X, A) ecrb onen-
K& MAKCUMYyMa, alloCTePHOPHON BEPOSTHOCTH JIJIST BEKTOPA MapaMeTPOB MOJICNH, a
H(W)'/? ecth KOpeHb U3 MATDUILI B TEPMUHAX PasjoxkeHnsx Xosenkoro [3).
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Hoxazameavcmeo. JlokaxkeM cHadaJjia, IYTO CBOHCTBA, c(OOPMYIUPOBAHHBIE B YCJIO-
BIsIX TeopeMbl, oTHocuTesbHo H Boinosnensr n ornocurennbio H.

Jlemma 9. B ycmoBugax Teopembl
Amin(H(W)) = o0 ipn m — 0.
Jokasamensvcmeo.

Amin(H(W)) = Apin (H(W) + A) > A\ (H(W)) — 00 npu m — 00

[]
Hokarkem Termeph BCIOMOTaTE/IbHYIO JIEMMY.
Jlemma 10. B ycioBusix TeopemMbl
IH™)I
Vo>0dms: Vm > ms max <n+1.
veos, (w) [H(w)]|
Hoxaszameavcmeso. B ycioBusix TeopeMbl nmeeMm
V>0 m(?ui( |H(w) Y?H(v)H(w) 72 = TI|| = 0 upum — oo.
veO
3 mpuBeeHHON CXOANMOCTH MOy IHM, UTO
V6 >03ms: Vm > my tr(H(w) VH(V)H(W) %) <n+ 1.
Torma
tr(Hm(w)*1/2Hm(v)Hm(w)*T/2) = tr(H,,(w) "H,,(v)) >
1y _ Hm ()]
Amax (Hyn (V) Ain (Hp, (W) 1)
[H(w)]’
OTKYJla UMeeM TpedyeMoe. ]

Jlemma 11. B yciioBusix Teopembl

Vdo>0 nél?i( |IH(w) Y2H(v)H(w) /2 = I|| = 0 npum — oco.
ve

oxazamenrvcmeo. [okaxkeM, UTO

Vé>0 Iggiic IV(v) = V(V)|| = 0 mpum — oo,
A4S

r7Ie BBEJICHBI 0003HAYCHUS

V(v) = Hy(w) " ?Hy (v)Hy(w) 2, V(v) = H(w) H(v)H(w) "7,



95

OTKYyJ1a OyJileM UMeTh TpedyeMoe ¢ yIeToM

vgggff)HV( )~ Il < max IV(v) = V)l + Jdmax [[V(v) =TI

Vu(V) = Vi (v) = (Hp(w) + A) 72 (H,, (v) + A) (Hy(w) + A) 77—
H, (W)~ V2H, (V) H (w) 772 = (HL, (w) + A)2A (H(w) + A) /24
((Hm(w) +A)TVPH,, (v) (H(w) + A) T2 - Hm(w)l/QHm(v)Hm(w)T/2> .

(Hm(W) + A)*1/2H (V)( (W) + A>7T/2 _ Hm(W)fl/QHm(V)Hm(W)fT/Q _
H,,(w) A Y2 H,(v) [ Hyw) A N\
( ) ( M w)H)

i )
( H,,(w)
[ H (w)|

[ Hn (W) [ Hn (W) ]
I3 HempepbiBHOCTH KOPHST X0JIeNKoro [3] mosyaaem

(et ) = (acon) +2»

)

rie [|Ay] = 0 mpp m — 00, Tak Kak HﬁH < MLy 0 mprm — oo,

[Toywaem Torjia

Vm(v) —V,(v) = (H,(w)+ A)*l/QA(Hm(w) + A)*T/2 + A, Hgm((:";ﬂ AT+
H,(v) ( H.w) \7'? ([ H,w) " H,(v) .,
AHE, W)l (\\Hm<w>|\> * (nﬁm(w)u) ERco

C ygerom jleMmMbl 10 mogydaeMm, 9TO IPpUA M > My

IVin(v) = Vi ()| < erHAmHQ(nH)+2|\AmH(n+1) — Qupn m — 00,

4TO 1 TPeOOBAJIOCD. O]

O6ozuaunm 02 (w) = {v : HI:If/Q(Y —w)|| <} n mokaxkem KBUBAJCHTHOCTD
¢ TounocThio 110 Konctantel O° (w) n OF (w).

JIemma 12. B yciosusix meopembt oimonero Vom ¥V 6 > 0 0% (w) C O° (w) u
Vm>myV é>0 O (w)C OZJ”O(S(W), T Ky > 1 1 Ky — 1 ipa myy — 00.
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Joxazamervcmeo. Hyers v € OF (w). Tlokazxken, uto v € O° (w). Umeenm
(v —w) H,(w)(v—w) < (v—w)(H,(w)+A)(v—-w) <4

B CHJIy TOTO, 9TO A ABJIACTCA HEOTPUIATEILHO ONPENCJICHHOM, OTKYIa UMEEM V €
5
0 (w).

[Tycrs tereps v € 00 (w), Torjia

(v = W) (Hon(w) + A)(v — w) < 6+ [A][|v — w2 < & (1 n m) .

C yuerom A\pinHp (W) — oo mpn m — 0o, moiaydaem Tpebyemoe st Ky, =

€o
14+ — : [
\/ Min, > AminHm (W)

Jlemma 13. B ycioBusix TeOpeMbl BBITTOJTHEHO

Vn>036>03 m: PH,(W)T3w-w)|<8)>1-nV m>rm.
Joxasamesvecmeo. Ucnonwsyem nanee Hy,(w) = Hy,. Jna V. m, § > 0 cobbiTue
(V) = (W) <0V v e dO°,(w)

03HAYACT HAJIMUME JOKAILHOrO MakcuMyMa B O° (W), OTKy/Ia B CUITY €IMHCTBEHHO-
CTH MaKCHMyMa COBMECTHOTO MpaBJiono106ust, nonyuanm w € 02 (w), uro u Tpeby-
eTCs TIOKA3aTD.

Hns v € 00° (w) mmeem crefyiolnee pasjioyKenne Jorapiudma COBMECTHOTo
IPaBJIONOI00US B OKPECTHOCTH W

Ln(V) = Ln(W) = 6ATH Y25, — 82XV ,,(VIA/2, ¥ € [w, V],
rJle BBEJICHO 0DO3HAUCHUE
A=HIP(v—w)/6, XA =1
C yuerom maxy A"H,,'/%8,, = HI:Ifnl/ 28[| st ATA = 1 JI0CTATOUHO MOKA3ATH, UTO
Vy>036>03m: Vm>m P(|H,YE,|? < 0?2\, Va(v)/4) >1—n.
3 memm 11, 12 monxydgaem, 9To
Vo>03ms:Vm>mh AainVi(¥) >1/2 V v € O (w).
Tt E||H,%8,,||2 nveew
E[H,,"*8n|” = E|H, (s, — Aw)||? < 2E|[H,,! s, |* + 2] A ||| L, 2] <
oEsT H's,, + 2¢o||w||?/AminHy < 2EsT H s, + 2¢0||w|?/ A Hon =
2tr(H, 'Es,,s" ) + 2¢o||wl|?/AminH = 20 + 263 W|*/ AminH < 4nV m > m”,
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rie m” BoiGpano uz yeaosua ¥om > m” AumH,, > c||w||*>. Torna, nombaysch

repapercTBoM Mapkosa, moyanm Jist m > max(my, m”)

P([H,,"*80|* < A\ Vin(¥)/4) = P([H,, /%8, [|* < 6°/16) > 1 — 64n/6”.
Bribpas 6% = 64n/n u m = max(mj, m”), nonyunm rpebyemoe. O
Jlemma 14 (Fahrmeir, Kaufmann [3]). [Ipu Beinossennn yciaoBuii Teopembr

H,,(w) %, % N(0, L,,).
Jlemma 15. Ilpu BoInOIHEHNN YCTIOBUIT TEOPEMBI
H,,(w) /%, % N(0, L,).
Jlokazamenvcmeo.
H,(w) %8, = (H,, + A) (s, — Aw) = (H,, + A) %, — H,,(w)"?Aw.
[lj1st BTOpOro cjiaraeMoro mMeem
L, (w) 72 Aw || < (AW H (w) ™2 < ol wil /i (Hon(w)) = 0

npu m — 00. JIJIst IepBOro ¢raraeMoro ¢ y9eToM HEeMPEPhIBHOCTH KOPHS XO0JICIKO-
ro [3] mmeem

H,, A\ s, A,S,,
(H, + A) s, = ( i ) s = H sy, 4
[H ([ H | L, |12 [ HL,, [/
rie ||A|] — 0 mpu m — co. U3 nemwmbr 8
A, s
g_2mSm_ _ g
[, |12
Ansn \' [ Aps n||Hy, ||
E mom mEm ) < AP 2L =nllALl? =0 — 0.
(WHmW”) <WHmWﬂ>-” I e, = i Anll = 0 e m = oo

Orcroa, mob3ysch HepaBeHCTBOM MapkoBa, mojydaeM JiJIst TPOU3BOILHOIO € > ()

mSm P AmSm ' Amsm > 82 <
g = _— _—
HH (L, |12 [ [12 ) \ [ H |12 -
.
52 pu m — oQ,
OTKYda
Amsm P
W — 0 npm m — o0,

OTKYJIa ¢ yueTroM JeMMbl 14 u Teopembl Cymkoro moaydaeMm Tpedyemoe

H,,(w) %, % N(0, 1,).



98

[lepeitnem Temeph K T0Ka3aTeIbCTBY TeopeMbl. Bocmosb3yemes TeopeMoit o cpe/i-
HEM JIJIsT PA3JIOKEHUST Sy, B OKPECTHOCTH W, TTOJIY THM

5.(w) 5, (8) =5, (w) = | [ B (w Wi (3 - ).

re HHTErPUPOBAHNE TOHUMAETCS MO3JIEMEHTHO U YITeHO, 9TO S, (W) = 0. YMHO-

KM 00€e 4acTu PaBeHCTBa Ha I:L;Ll/Q, MOJIyYnM
1
H 1%, = [/ Vo (W + (W — w))dt] HI 2 (w — w).
0

Nz nemm 11 u 12 nonyvaem, 4To

Ve>03Ime: Vm>m. max ||[Vnu(v)-LJ <e.
veOs (w)

C yuerom jemm 12 n 13 W € OP, (W) BBITOIHEHO C BEPOATHOCTHIO, CKOJIb YTOJIHO
O6sm3Koit K 1 myTeM BBIOOpPA O, OTKY/a MOJyTaeM

Vi, (w) = L,.

1 1
Ve>03dme: ¥V m>me /Vm(ert(vAv—w))dt—IHS/sdtze,
0 0

eciIn W € O;;(w), ITO ¢ yueToM JiemM 12 u 13, BBITOJIHEHO ¢ BEPOSITHOCTHIO, CKOJIb
yroaro Om3koit K 1 myrem BhiOopa o. OTcioa mosydaem, 9To

1
/ V(W H(W — w))dt 5T, (1.21)
0
Tornma u3 memmbr 15 u reopembr Coyrikoro ¢ yaerom (4.21) nomyuaem
H2(w)(w — w) 5 N(0, I,).

= T/2 ~T/2,
Ocrasioch foKazaTh KoppekTHOCTh 3amennl Hy/ “(w) wa Hy/ " (W) ¢ coxpanennem
ACUMIITOTHKH. JIJ1s1 3TOTO IOCTATOYHO MOKA3aTh, UTO

= N P
H,*(w)H, " (w) = 1,
9TO SKBUBAJIEHTHO ITyTEM TPAHCTOHUPOBAHUS
~ ~ ~\ P
H, 2 (w)H 2 (w) = 1,

TaK KaK TOT/a, TOJB3ysich Teopemoii Ciyrkoro, momydnM Tpebyemoe. Marpnra
—1/2,  \epl/2) -
H,, “(w)H;," (W) aBrsercs kopHem XO0JEIKOTO JIIsT MATPUIILT

B2 (w)E2(0) (B 2w FLA(W) ) = V(W) 5T,

m
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Torma ¢ yueToM HempPepbIBHOCTU KOPHs XOJEIKOTO, IMOJb3YICh TEOPEMOil O Helpe-
PHIBHOM OTODOpaXXeHWM, TOJIyIuM Tpedbyemoe

H 2w H2(W) = V,, (%) 2 512 = 1,
[]

[Toayaum Terneph aCMMIITOTHYECKOE pacipejeaeHne jjst (DYHKIMNA CXOJCTBa, S-
score JJIst mapbl 0DOOITIEHHO-TNHEHHBIX MOJIeNIell ¢ HATYpaJbHO#M (DYHKIIMEH CBSI3H B
YCJIOBUSIX MCTUHHOCTH THUIOTE3LI O COBIMAJJEHUN MOJEJE, Korua JIJIst OJHON M3 MO-
Tesieil mapaMeTp W M3BECTEH TOUHO (COOTBETCTBYET OIEHKE 10 BHIOOPKE HECKOHEU-
HOro pazmepa (cM. TeopeMy 11), ecii B KayecTBe anmpoOKCHMAINK alloCTePHOPHOTO
pacrpejiesieHrst NCIoJIh3yeTcst HopMajhbHoe pacrpenenenne. OTMeTuM, 9T0 KIaCCu-
YecKHUil caydail BKJIAJIbIBAETCS B paccMaTpuBaeMblil myTeM BhiOopa A, = O.
Teopema 15 (Anyenko (2016)). [Tycrs umeercs jBe 0000IIEHHO-TMHEHBIE MOJIE-
JU C HATYPAJbLHON (DYHKIMEH CBSI3M € OJUHAKOBLIM MCTHHHBIM BEKTOPOM Mapa-
METPOB W ¥ HOPMAaJbHBIM allPUOPHBIM pacpejie/ieHneM Ha BEKTOP MapaMeTpoB
w~N(wl0, A, k=1,2 mpruem 3 ¢f <oo: [[AF || <cb ¥V mF, k=1, 2
[TycTh Tak»Ke 3HaUEHME BEKTOPA MaPaAMETPOB W JIJIsl BTOPO# MOJIEIN U3BECTHO TOU-
HO. [TycTh JI7Ist IEPBOi MOJIESIH BBITIOJHEHO, YTO » " | X;X] UMEeeT MOJHBI{ PaHT JJis
m' > mg, Auin(Hpn(w)) — 0o mpu m! — oo n

V6>0 max |[Hy(w) YV2Hy(v)H,(w) 72 =1 = 0 npu m! — .
vGOfnl(W)

Torna —2logs-score = (W —w) " H,,1 (W) (W — w) LN x*(n), rie W ecThb oreHKa Mak-

CHMYyMa aroCTePUOPHON BEPOSITHOCTH JIJIsi BEKTOpa mapamerpoB Mogeu(cm. (3.1)

s A = AlL), Hy (W)Y/2 ecrb KOpeHb M3 MATDHUILI B TEPMUHAX PA3JIOKCHHSX
Xomnenxoro [3], a m! — ancio 06HEKTOB B BLIGOPKE /I TIEpBOil MOIEIH.

okaszamensvemeo. OTMETHM, 9TO B YCJIOBUSAX JAHHON TEOpEeMbl BBITOJTHEHA, TeOpe-
Ma 14, a moTomy Jijist IepBOit MOJIe TN UMeeM

€, =H, (W)2(w —w) 5 N(0, L) mpn m! — oo.

[Top3ysch TeOpeMoii 0 HempPepLIBHOM OTOOPAYKEHUU JIJIs MOCICI0BATCILHOCTH CJIIy-
qalHBIX BeKTOpoB {&€,1}, m! = 1, 2, ... ans menpepbiBHOro oTobpaxkenus f(£) =
£°E, nonyuaem

F(&) = €k = (W = W)H(W) (W — w) 5 x*(n),
rak Kax s € ~ N(0, I,,) Bemonmero

n

F€) =) & ~x(n)

j=1
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Teopema 16 (Anyenko (2016)). [Iycts umeercs e 0000MIEHHO-THHEHHBIE MOJIE-
JIM ¢ HATYPAJbHOH (QYHKIMEH CBA3M C OJMHAKOBBIM MCTHHHBIM BEKTOPOM Mapa-
METPOB W ¥ HOPMAJbHBIM ATNPUOPHBIM DPACTPEICTCHAEM Ha BEKTOD MapaMeTpOB
w~ N(wl0, A ), k=1, 2 npuuem 3 ¢ < oo [|AF || < VmF, k=1, 2.
[Iycts st obenx Mofeseil BBITOTHEHO, TTO Z;Zkl X;X] WMEET MOJHBI paHr Jis
mF >mE k=1, 2, Apin(H,x(W)) = compum? — 0o, k=1, 2n

Vo >0 max | 1H,,x (W) ™Y 2H, e (v)H,pe (W) "2 1| = 0 nput m* — 00,k =1, 2.

vEOfnk (w
[TycTs Takxke
[HL,,,: (W) ||| H 5 (W) || = 0 mpim = min(m!, m?) — oo. (4.22)

Torna —2logs-score = (Wy — Wy )"(F 1 (W) + H (W) 7! (Vo — W) N xX*(n), tue
Wi, kK = 1, 2 ecTb OIeHKH MaKCHMyMa alOCTePHOPHON BEPOATHOCTH JJISI BEKTOPA
mapamerpos Mozenn k = 1, 2, H,x(W;.)"/? ecth kopens u3 MaTpuIbl B TepMUHAX
pasnoxenuax Xomernkoro [3], a mF — amcno 06bekToB B BRIGOPKE [T MOmeMH k =

1, 2.
Joxazameavcmeo. Obosnauny Hy = H,,1(Wy), Hy = H,,»(Ws). Badburcupyem
npousBosibHbie 1 > 1 > 0u 1 > en > 0. U3 yciioBusi TeopeMbl uMeeM, 4To

S’ s Y om > ! PJEL[HyY <€) > 1.

Torma ¢ ygetom € < 1 ¢ BeposgTHOCTBIO > 1 — 1) IMeeM

(0.9]

—2 log S-Score = (VAVQ—VAvl)TI:Il (\;VQ—VA\/'l)—l-(VAVQ—VAvl)TI:Il Z(—l)l(ﬁglﬁl)l(\ﬁfg—\;vl).
=1
C yuerom

(Wy — W) THy Y (—1)!(H, 'Hy) (Wy — W) | <
=1

> (W — W) TH (H, Hy ) (Wo — W) =
=1
N i ((ﬁ21ﬁ1)l(w2 W) (W — wl)Tﬁl) <
=1
> tr((Hy 'Hy)') (Wy — W) THy (W — W) <Y (ne)! (W — W) THy (Wy — W) =
=1 =1
ne

(W2 - w1)TH, (Wy — Wy).
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[IoJiy4a€eM, 4TO

P (‘—QIOg s-score/ (Wy — Wi )THy (Wa — W) — 1’ < ; ne ) >1—mn,
—ne

OTKYJIa, B CUJIy TIPOU3BOJILHOCTH € U 1) TIOJIYYUM

—2log s-score/ (Wy — W1 ) TH, (Wy — W) 51 (4.23)

(VAVQ — VAV1)TI:I1(VAV2 — VAV1) = (WQ — W)Tﬁl(VAVQ — W) + (VAV1 — W)Tﬁl(VAvl — W)+
2(Wy — W) Hy (W) — w). (4.24)
B yciioBusix TeopeMbl u3 TeopeMbl 15 nojydaem, 9To
(W — W) HL (W — W) 2 x2(n) mprnm — oo, k=1, 2. (4.25)

[Tokazkem, 4TO
- . P
IHL ||| W2 — w* =0, (4.26)

13 (4.25) 3akioqaem, 9To
Ve>03me, Je.: Vmh >m. ]P’((\?vk—w)TI:Ik(\?vk—w) > ) < €.
Torma fjst Mofenn k = 2 rojiydaeM ¢ yIeToM
(Wy — W) Hy(Wy — W) > Ayin(Ha) W2 — w|?
Ve>03me, Fe: VmP > me PO (Ho)|[Wo — w|® > ) < e.
B YCJIOBUAX TEOPEMBI N3 CXOAUMOCTHU
L, | |[L5 | = 0 ipu m. — o0

oJIyuaeM, 4TO JJIsI JIF000ro (pUKCUPOBAHHOTO C.

Amax (H B}
Vn>0Vdo>0dms: Vm>msP #<— >1—n.
)\min(HQ) Ce

Torja nosydaem, 4To

Ve>0Vn>0Yd>03m" =max(m., ms): Vm>m"
P (|| W2 — wl? < 6) > 12—,

qTO KakK pa3 u o3Havaer tpedbyemoe (4.26). [Tokaxkem Temneps, 1o

(Wy — w)"Hy (Wy — w) 5 0 pu m — o0,

(W1 — w)"Hy (W, — w) 5 0 mpu m — <.
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Ormernm, 1To (4.27) HemocpeacTBeHHo caeayet u3 (4.26), Tak Kak
(Wa — w)"Hy (Wp — w) < [[H |||, — wi|*.
Hnst mokazaTenbeTsa (4.28) 3aMeTnM, ITO
(W1 — w)TH, (Wy — W) = (Wo — w)"HY?H 2 (%, — w).
U3 yeaoruit Teopembl B cuity Teopembl 14 nmeem
H?(w, — w) 5 N(0, L,) upn m — oo,

a B criy (4.26)
(Wq — W)Tﬁiﬂ 5 0 mpu m — oo.

Orciona u3 Teopembr Craynkoro nmeem (4.28).

Takum obpasom, u3 (4.23), (4.24) w cXOAUMOCTH K HYJIIO 110 BEPOSITHOCTH Iep-
Boro (4.27) u mocaeanero (4.28) craraembix B (4.24) mo teopeme Cryikoro B cu-
ay (4.25) nnst k = 1 nomyaaem Tpebyemoe

—2log s-score = (\?Vg—x?vl)T(I:I;ﬁ (W1)+H L (%)) (Wa—W1) N 2 (n) mpu m — oo.

]

Bameuanue 1. OrMernm, 9T0 pe3yabTaThl JAHHOTO pa3Jesia ClPaBeJINBhI HE TOJIb-
KO JIJIST MOJIETI JIOTUCTUYIECKON PEerpeccuu, HO U JIJIsT BCeX 0OOOOIIeHHO-THHEHHBIX MO-
JleJieii ¢ HaTypaJibHOM (DYHKIMEH CBA3M U HOPMaJIbHBIM allPUOPHBIM PaCIPEJIe/ICHN-
eM WJIN PaBHOMEPHBIM IICeBOpacIpegeseHueM Ha BEKTOP IIapaMeTpoB IIPU UCIOJIb-
30BaHNU HOPMAaJIbHOW AIMIPOKCUMALUN JJIsT allOCTEPUOPHOTO PacCIpeeseHnst mapa-
METPOB MOJEJIN.

Bameuanue 2. Ormerum, 9T0o Teopema 16 He TpebyeT HE3aBUCHMMOCTH MHOXKECTBA,
00'bEKTOB, TTO0 KOTOPBHIM TPOU3BOUTCS OIEeHKa MOJIEJIeil, & MOTOMY OHa MOYKET pac-
CMATPUBATHCA KaK ACUMITOTUYECKUI Pe3yabTaT ! /I MOJeieil ¢ mepeceKaronu-
MHUCsT MHOXKeCTBaMK 00bekToB. OTMernM, ojHako, dro Tpebopanue (4.22) He BbI-
MOJTHEHO, HApUMep, JJIS COBIAIAIONINX MOeseil M HaKIaJIbiBaeT OTpaHuYIeHns Ha,
nepecevyeHne BLIDOPOK M COOTHOIIEHUE UX Pa3MEpOB.

3ameuyanne 3. OTMETUM, UTO MOJEJb JUHEHHON pPerpeccuu Ipu M3BECTHOR JTUC-
MePCUM 1yMa, TaK»Ke SBJISCTCS YaCTHBIM ciiydyaeM 000DIEeHHO-JTUHEHHON MOJIen ¢
HaTypaJibHOW QyHKIMeH cBa3u. [ToaTomy pe3yibrarsl, TpUBEJIEHHbIE B JJAHHOM Pa3-
Jiejie, IpuMeHUMbl 1 K Heil. OgHaKO ee CyIecTBeHHOE OTINYKAE IIPU HOPMAJILHOCTH
[yMa 3aKJ4aeTcs B TOM, YTO alloCTePUOPHOE paclipeiesieHue sIBJIAeTCS HOPpMaJlb-
HBIM, a TIOTOMY COBIIAJIaeT cO CBoeil ammpokcumanmeii. [o sToit mpuamne ymaercsa
MOJIyUnTh O0JIee CUIbHBIE PE3YJIbTaThl, KOTOPhIE MPUBEJICHBI B CJIC/YIOIIEM pa3Jielie.
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Pacnpenenenne 3HadeHnii (pyHKIIMM CXOJICTBA S-SCOre B yCJOBUAX MCTHUH-
HOCTU THUTIOTEe3bI [ 0 coBIaJeHn MOeJieil JJid mapbl MoJieJielt JIUHEeHOMI
perpeccun

B nanrom pazene Oyaer paccMOTpeHa 3aJada CpaBHEHUsT MOJeIei s JInHeii-
HOM Perpeccuu B cirydae, Koriga MHOYKeCTBa OOHLEKTOR, 10 KOTOPHIM MTOCTPOEHBI MO/~
JIU He MePeceKaloTcst. DTO MOXKET UMETh MECTO, HAIPUMeD, TP 00y IeHNHN MO OTPOM-
HBIM BBIOOPKaM, KOTIa, MPEAMOuTHTEIhHEE OKA3bIBALTCT 00y IeHIE 110 TIOBHIOOPKAM,
a 3aTeM KOMOHWHAIUST Pe3yIbTATOB, HAIIPUMED, C MOMOIIBIO TPOCTOTO TOJIOCOBAHMS.

IToaxon Kjaaccm4eckoil CTATUCTUKMH.

Paccmorpum jiBe Mojesn nmHeiiHoit perpeccun fi u fo. Ilyeth Wi 1 wWo ecTh
HEM3BECTHBIE TapaMeTphl, COOTBETCTRYOINE MojieasMm fi u fo, a (Xq, y1) u (X, yo)
ecTh BBIOOPKH, TosiyueHHbie n3 fi1 n fo coorBercTBerHo. CuutaeM MpHW TOM, 9TO
00BEKTHI B IIEPBOI U BTOPOi BHIOOpPKaX pasHbie. Torma nMeeMm Cieayoniue MOoIeIn

y1=Xiwi + &1, &1 ~ N (0, o7I),
y2—X2W2+€2, €9 NN(O 02 )

OI_[eHKI/I MaKCHUMYyMa HpaB,H‘OHO,ZI;O6I/IH JJIL TTapaMeTpPOB MOJIeJIeil UMEeIOT BU/]

Ouu  umetor pacnpejenenns wi;  ~  N(wy, o?(X]Xy)™) u wy ~
N(wo, 03(X3X3)™!). Ommako mapameTpsl Wi M Wy HEH3BECTHBI. B ycoBu-
AX  MCTMHHOCTM THUMOTe3bl Hy 0 COBMajeHuH MapaMeTpoB Mojesiell, TO ecThb
W1 = W9 = W, IMeeM Wi ~ N(W, 0'%(X-{X1)_1) 0 Wy ~ N(W, U%(XEXQ)_l).

Torma jj1st pa3HOCTH MMeeM

AW = Wi — Wy ~ N(0, o2(XTX,) ! + 02(XIX,) ).

Ecin 0} u 03 ussectin, T0

= (Aw)"(0}(X7X1) ™" + 03(X3X2) ™) TH(AW) ~ x*(n).

Torga xkpurraeckoit obsactbio ), juist runoressl Hy mpu ypoBHE 3HAYUMOCTH (v

aByisieTcss 0baacTh s > 7, rae 1 ecth 1 — @ KBaHTWIIL pacnpegenenus x2(n). o

JKe MOXKHO 3allicaTh B BUJIC
S = exp(—%) < exp(—f)

rje S — 3HAYCHWE S-SCOTe JIJIst JIAHHOM Mapbl PACIPE/IeICHIIA.

IIycTh Teneph 03 U 03 Hem3BeCTHLL. Tora 3aMeHUM 07 U 03 Ha WX HecMelleHHbIe
OLIEHKN 63 1 03

52 — (y1 — Xqwy)"(y1 — X1Wy) 52 (y2 — Xows) (y2 — X 1Ws)
1 mi; —n 2 mo —n

B (bopMyJsie I CTATUCTUKH S.
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YT1Bepxkaenue 9. [lycts BoimosHena runore3a Hy o coBmageHnn mapaMeTpoB MoO-
0
jesieit. Iycrh Takyke 0ObEKTHI TOCTYIIAIOT TaKUM 00Pa3oM, 9To

)\m&X(X-{Xl) . — Amax(XEXQ) B
)\min(X-{Xl) o 0( ml) pu my — o9, )\mln(X-QrXQ) — O( V mQ) Ipu meo — OQ.

Torma mpu my, mgy = ©(my) — 00 s A 2(n).

ﬂ0%a3ameﬂbcm60.

= (AW)"(Z + AD) H(Aw) = (Aw)S " (Aw)+

oo

(Aw)™S7! (Z(AgXl)’f) (Aw) = so + As,
k=1
e X = o7 (X]X1) " +03(X5Xo) T AB = (67 —07)(XX1) '+ (65— 03) (XTX2) ™,

YTO MOJYYEHO C YIEeTOM

|AX]]

13

|AX] max (AmaX(X§X1)7 AmaX(XTEX?)) < max (‘5% - 0%‘ ‘53 - 0%|>
HEH )‘min(Xlxl) Amin(X2X2)

max (AmaX(X-{Xﬁ, )\maX(X-QrX2>

Amin(XIXI) Amin(XEXQ)

IAZST < [AZ|=7) < =M= <

>ﬁ>0 Ipu My, Mo — OO,

TaK KaK M3 HepaBeHCTBa debObileBa nuMeeM

Da,* 2
2 1
]P)(|O-1 o Ul| > 80-1) < 820_411 - 82(m1 - n))

~ 208 e2(mg—n)’

— 52 — o2 1 1
]P’(max(‘a1 201| 62 202|> 25):0(—-1——).

TOFI[& JJIZ BTOPOT'O CJIaraceMoOI'O B BbIpaKE€HUHN JIJISA S UMEEM 110 BEPOATHOCTHU

(Aw)™S7! (Z(Azzl)k> (Aw)

k=1

OTKY/1a

<2 Aw[[|=[lAZE || Aw]

OTCIO,ZL& nMeeM 1Mo BEPOATHOCTU JIJIgd BTOPOIr'o CJaraemMoro

1 1 )\maX(X{Xl) )‘max(XEXQ) 2
As=[—+ — o1 .
’ <m1 " m2> e <>\min(X-{X1) " Amin (X3 X5) o(1) mpm mi, my — 00

Takum obpazoMm, uMeeM TpedyeMoe. ]
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O06006IMM TTpeabIIyIee YTBep:KIeHne 1 ¢chopMyInpyeM ero 6e30THOCUTETHHO K
KOHKPETHOW perraeMoil 3ajia4e pa3jandeHns MOJIeJiei.

YrBepxkaeuue 10. [Iycts nmeercst mocie0BaTeILHOCTh MHOTOMEPHBIX HOPMAJIb-
HBIX CIy9aiiHbIX BEKTOpOB W, ~ N (wqg, X.,), w,, € R". Paccmorpum s, =
(Win—V) (B +AX) " (Wi — V). Tyers | AX, |12 g (m) 2 0 mpirm — oo,
Amax(m) / Amin (X)) = o(q1(m)), mpudem g1(m) > 1 ecth Bo3pacTaomast GyHKINs
n q1(m) — oo mpu m — oo. IlycTh v, €cTh MoCaeI0BATEILHOCTD CTyJafiHBIX BEK-
TOPOB, JIJIST KOTOPO# MMEETCsT CICYIONAs CXOINMOCTh

Vi = wol P[5, lm” = 0.

Torsa s, -5 X*(n).

Hoxaszamenvcmeo. Ilepenuiem s,, B caeayiomneM BHJE

Sm= (W — V) (X, + AEm)*l(wm — Vi) =
(W — W) (B + AX,) N wa — wo) + (Wo — Vi) (B + AX,)  Hwo — v )+

"

2(Wo — Vi) (Zm + A N W —Wo) =5 +5 +5 .

[Tokazkem, 9TO MOCHETHUE NBa CJIATaeMbIX B CyMMe CXOJSTCS TO BEPOATHOCTH K
HYJTIO.

"

s = [[(Wo = vin) (B + AZ0) " (Wo — Vi) | < [wo = Vi [P [[ (B + AZ) 7| <
< [[wo = vl PIZL T+ Z5 AS,,) .

Paccemorpum Tosibko Te uexognt Y, s koropwix ||AX,, |12 < 1/2. Beposit-
HOCTH TakuxX ucxonoB P(Q) — 1 mpu m — oo B cuny v > 0. Torma

1

<2.
1= B AR

1T+ %, A%,) 1 <

Oxonvarensuo B cumy P(Q) — 1 mpu m — oo nmeem

(W0 — Vi) (B + AZ0) " Hwo — vin)|| = 0 ipu m — oo.

"

st mocsteinero caaraeMoro s s rex ke ) nmeem

"

$" = (Wo = Vi) (Zn + AZ,) " (Wi — wo) < 2]l wo = Vi[5, [ Wi — wol .

Host ||w, — wql| nmeem

P(|lw), = wpll = g(m)V/[Zll) = 0mpum — oo
JUIsT JTI000# TosToXKuTebHO byrKInm g(m) : g(m) — oo npu m — oo.
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Boibepem e ucxogst 7 uz Q) gus korophix HepasenctBo |[wl — wi| <
g(m)+/||2.|| Bemommeno mast Beex j =1, ..., n. s Takux MCXOIOB NMeeM

"

§" < 22 wo — Viullglm) vy TSl =
m)v/Two =Vl TS, T (TS, TE ).
B ey |2, 1Sl = O(qi(m)) siepes

glm) = (Hzg\?@:mn)lﬂ’

s' < 2y/|lwo — viu|PIIEZ i (m) 5 0,

oTkyjia uMeeM Tpebyemoe u3 yeaosust u P(Q") — 1 npu m — oo. Pacemorpum
Teneps s’

TOTJIa,

s = (wpy, — wo) (2, + AEm)*l(wm —wo) = (W, — Wo)EmI(wm — wWo)+

+ (W — W)™, (i(AEmEml)k> (Wi, — Wo) = 50 + As.

k=1

Paccmorpum nexognr 7, 1ia koTopbix

1
AT, ||[1ZH] < :
2q1(m)

13 yeaosus umeem P(2") — 1 npn m — oo.
As < 2wy — woll*[1Z,, 1112, I AZ].

BriGepem te mexomasl (2 mz Q. s xoropeix mHepasencrso ||wi — wi| <
g(m)+\/|| 2| Bemosseno gt Beex j = 1, ..., n. Jlust ucxopos us €2 umeem

As < ng(m)([SllIS,11) /a1 (m).
B ey || 5|12 = olqu (m)) suibepes

glm) = (\|z§|<\7|gm|\)l/4’

\/|zm||z 21

Orcioga mosyuaeMm, aro As 50 npu m — oo. [loxydaem, 9To

TOTJIa,

sm=s+As+s +s5 5 x*(n) mpu m — oo,

MOCKONIBKY 8 ~ x2(n), a As + s"+5" 50 Ipu M — 00, UTO U TPeDOBAJIOCK. [



107

IToaxon 6aiiecoBCKOIl CTAaTUCTUKU.

B GaiiecoBCKOM TOAX0/Ie TTapaMeTpPhl JIMHEHHON perpeccun Wi 1 W CIUTAIOTCS
He (PUKCUPOBAHHBLIMH, a MOJIYUYAIONUMUACI U3 HEKOTOPLIX AIPUOPHLIX PACIpeelie-
auit py(wy) 1 pa(we). Tlojxo/ Kaaccuaeckoi CTaTuCTUKE TPH 9TOM MOYKHO CMOJIe-
JIMPOBATD, BLIOPAB B KAYECTBE AllPUOPHLIX PACIPEICIeHN JIBa PABHOMEPHBIX MICEB-
JIOpACIpEJICICHNs Ha BCeM npocTpancTse R”.

Kak u panee mycts (Xy, y1) u (X2, y2) €cTb BBIOODKH, MOTyUeHHBIE U3 f1 U fo
cooTBeTcTBeHHO. CUnMTaeM MpU 3TOM, UTO OOBEKTHI B IEPBOl M BTOPOil BHIOOPKAX
pasuble. Tora umeem ciaeayonme MoJeIun

y1 =X 1w +¢€1, €1~ N(07 0%1)7 Wi~ pl(w1)

y2 = XoWy + €9, €2 ~ N (0, 03I), Wy ~ pa(wy).

Cunraem pasiee, 9to p1(Wi) u po(Wso) €CTh HOpMAJbHbBIE PACIPEIEIEHHUST, TO €CTh
pi(wi) = N(wilvi, B, pa(wa) = N(wolve, 351).

[Tonyuaem, aro PyHKIEK COBMECTHOTO MPaBIONOI00MST UMEIOT BII,

(¥ Wi Xi) = p(ye| Xe, wi)p(wr) = N (yi—Xwi|0, i DN (wi|vi, 20 1), k= 1,2.

[Tos3ysicy popmynoit Baiieca, mosyuaem js allOCTEPUOPHOTO PACIpPEIeICHIS MTa-
paMeTpoB Wi U Wy

p(Yr, Wi Xp)
p(ye|Xr)

otkyna p(wWi| X, yi) = N (Wi, 1), re

p(Wi| Xk, vi) = < p(yr, Wi Xk), k=1, 2,

. 1 - 1
Wi = (Ek + D) XZX/C) (Ekvk + - Xzyk)
o o
k k

eCTh OIleHKa MaKCUMyMa allOCTEPUOPHON BEPOSTHOCTH, a
~ 1 .
=2+ —QXka, k=1, 2.
Ok
Torma nys s-score JJIsd Mapbl allIOCTEPUOPHBIX PACIPEICTICHIN nTMeeM
1 - 1 T
—2 logs = (VAVQ — Wl)T (21 + —2X1X1> + (22 + —2X12-X2> (Wg — VAV1)

01 b

Haiinem nasee pacrnpenenenne —2 1og s B yCI0BUSIX UCTUHHOCTH TUIOTE3bI Hy 0 coB-
HnajeHnn Mojeseil, To eCTh B YCJIOBHUSIX TOTO, 9TO Wi = Wy = W. B yCJIIOBUSIX HC-
TUHHOCTH rutiore3nl Hy nMmeem

Wk|W ~ N(mk, Qk), rie
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m; =w -+ (Ek + Ak)*lEk(vk — W),
Q= (e +A) IS +A) H = -2 15,21

r7e BBeJleHo obosHaudenne Ay — %X%X,z€
k

PaccMmorpum Tenephb moapobHee BuIpaxkenue st —2 log s. Beegem obo3nadeHust
~ -1
bk; = Ek; Ek(vk — W), k = 1, 2.

3aMeTHM, ITO MPH YCIOBUH Apin (X[ X)) — 00 mpu my — 00, k = 1, 2 nomy«nm,
aro ||by|| — 0 mpu my — oo, Tak kax | Xi|| — oo mpum my — oo. Ccopmymu-
PYEM YTBEPXKJCHNE, aHAJOTUIHOE TIPEABIAYIIAM, OTHOCUTEILHO ACHMITOTHICCKOTO
pacipenenenns —2log s.

YrBepxkaeHue 11. [lycts mmeroTced aBe Momean TUHEHHONW perpeccuu, OMucaHHbIe
Boirre. Ilycerh TakyKe it HEKOTODPOW Bo3pacTraloiieil pyHKIMNI ql(m) TaKOM, 9TO
q1(m) — 0o mpu M — 0O BBIOJHEHO

>\max (X—];Xk)
)\min (X-];Xk>

- O(Ql(mk)) npu my — 00, k= 17 27

Amin(X;{;X’f) - Q(Q%(mk)) opu my — oo, ]{: = 17 2.
Torna —2log s N x2(n) mpu my, mg — 0o, ecrm q1(ms) /q1(my) = O(1).

oxaszamenavcmeo. Tlokakem, 9T0 TpebyeMoe BBITIOJIHEHO B CHJIY BBITTOJHEHUS YCJIO-
BUil yTBepKIeHus 2. BBeem obosuavenue m = max(my, ms). s aroro tpebyercs
MOKA3aTh, UTO BBITIOJHEHBI CJICIYIOIINE YCIOBUS TIPU My, My —> OO

by — by [|*[[(21 + Q) |g1(m) — 0,
)\max(Ql + 92)

Amin (21 + Q)
[AQI[[(21 4 Q2) g1 (m) — 0,

= o(qi1(m)),

rie
AQ = (21 + Al)‘lEl(El -+ Al)_l + (22 + Ag)_lzg(zg -+ Ag)_l.

Paccmorpum jlocraroano 6osibiinme my, mo takue, 9to || Agll > || 2k || v || k]| || (Zr +
Ap)MI<1/2, k=1, 2

Amax(AL) < [[(Z1 4+ A) PN + (B + Ag) P Zs || =
135 135l < %] 33|
(Bi4+A) A28+ Ay) — ALL(A)  ALL(Ay)

min min

= . (4.33)

min
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C yuerom (4.33) momydaem

Amin (21422) > Anin(Z14+AD) (2o A) ™ D) = Anax(AQ) > A (Z1+A1) )+
>

(B4 DA ) = 5 (A
> Ay D&y (A (A (4
C y4eToM pacCMOTPEHHUs JOCTATOUHO OOJNLINNAX 1M1 U My HMEEM
Amax (21 + 29) < A (21) + Anax (22) < 200 ((Z1 + Ap) 1+
P2+ A2) ) = Amm(z:? A Amm(zi Wk Ame(Ag " AmiHQ(?Q)' |
4.35

Breibepem Tenepb mq u msy Tak, 9TO

2
)\min

(Ak:) > 4|‘2k|‘)‘maX(Ak:)a k= 17 2.

DT0 BO3ZMOXKHO CJIeJaTh, WCXOJd W3 yCJoBHs. Torja jijisd Takux mi W Mg C yde-
Tom (4.34) u (4.35) momydaem

L1 a(mi)e(mi) | qi(ma)c(ms)
)\max(Ql + 92) <8 )\min(Al) )\min(A2> <8 )\max(A1> )\max(A2> <
Amin(Q1 + Q2) — 1 I 1 N 1 4 1 N
)\max(Al) )\max(A2> )\max(A1> )\max(AQ)

< 8¢ (max(my, me)) max(c(mq), c(msz)), rie c(m) — 0 mpum — oo.

Orciofia mosrydaemM, u4To

)\max(Ql + 92)
Amin (21 + Q2)

PaccMoTpum Teneph WiIeH, COAepKaIil CMEIeHne U MOKaXKeM, ITO

= o(q1(m)) mpu my, mg — 0.

by — b [[[[(€21 + £22) [l (m) — 0 pum — oo.

b = bu|” < [[bu]|” + [[bal|* < [lvi = WP Zal*1(Z0 + A1) Y1+
1 1
2 + 2 )
)\min<A1) Amin(AQ)
e C = O(1) = max(||[vy — w[?|Zs|?, [[vi — w[?[Z1]%).

V2 = w122 ]*[(Z2 + Ag) H* < €

Bribepem mq 1 ms Kak 1 paHee Tak, 4TO

X2 (AL) > 4|5 Aax(Ag), k=1, 2.

min
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T (A1 dimy) 1
>\2 (Ak) B )\min(Ak) Amin(Ak) )\maX(Ak)

min

rie d(m) — 0 mpu m — 0.

1
by — by | (24 + Q <C =
b2 — by || (221 + 22) 7| { N (A T mm(A )] Amin (1 + Qo) ~
1 1
<C { 5 ] =
< 1 1 B
Amln(Al mln -+

maX(Al) 4>\maX(A2)
am) 1 alm) 1
< 4Cmax(d(mi), d(m2)) ¢1(m1) Mnax(A1) 1 (Mm2) Amax(As)
= a1(m) L1
)\max(Al) )‘max(AQ)

1
0( ) mpu my, me — 00, (4.36)
¢1(m)

YTO MOJIY9EHO C YIEeTOM

OcTraJjioch TPOBEPUTH TPEThE YCJIOBUE, TO €CTh
[AQ|[|(£21 + 22)7 1.

Nmeem

[AQU[(142) " = [(Zi+ A1) ' E1(Zi4A)  +(Za4+An) 'o(To+Ay) 7|
[ +) 7 < (IZl[(B1 4 AD) TP+ [1Z]][(Za + Ag)7H1P) (21 +82) 1| <
2 il

1 1y
Tt AQ)] (9 + ) =

1
0< ) apu msq, mo — 00,

q1(m)

TaK Kak Toc/eHee BhIPpaXKeHne COBMAJIaeT ¢ TOTHOCTHIO JO0 KOHCTAHCTHI C BhIpaXke-
HueM, oreHeHHbIM B (4.36). Takum obpasoM, mosydaem TpebyeMoe, TO eCTh

< max (|| %], %))

—2log s 5 x2(n).
0

Sa,MeTI/IM, qdTO B IpEeAbIJAYIIEM YTBEPKAECHUN CHUTAJIOCH, 9TO AHUCIIEPCUN IITyMa

M3BECTHBI, TO €CTh 03 U 05 U3BECTHBLI. PacCMOTpPUM Tenephb CIydail, KOrja 03 U 03
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Hen3BecTHLI. B sToM CJIyda€ BMECTO O'% n O'%, KaK 1 B CJIy4ae C IIOJXOJOM KJlaCCHh4e-

CKOW CTaTUCTUKH, NUCITOJIb3YyEM WX HECMEIIECHHbIE OILICHKHN

(yr — Xpwi )T (y), — Xpwill

mp —n

)7]{::17 27

6% =

rje vAV,]{/,W L ecTh oleHKa MaKCHMyMa TIPaBJION0L00MsT (4.29) st BEKTOpPA MAPAMETPOB

Mozesin k. Beegem obo3HaueHns

~ 1
A= 5Xi Xy, k=1, 2,

Ok
AQp = (Zr+ A = (Te+A) (S + AN TSNS AN T k=1, 2

Jlns1 s-score i1t mapbl allOCTEPUOPHBIX paCIpeieeHIN NMeeM

o 1 B 1 L
—2 logs = (W2 — Wl)T (21 + §XIX1> + (22 + §X12-X2> (W2 — Wl),
1 2

a 1 T - 1 T
Wi — (Ek + —QXka) (Zkvk + —QXkyk) .

Ok Ok

OTMeTnM, UTO Wi yKe He MeeT HOpMaJbHOe paclpejie/ieHne, MOCKOJIbKY 6,% eCTh

ciaydaitnast BeqnanHa. Bregem obozHnavenne
~ 1 T - 1 T
wy = | X + 5 X1 X}, v+ XYk |
O O

9TO COBITAJIAET C BhIPAXKeHNEM JIJIsT OIIEHKU MaKCHMYMa, allOCTEPUOPHOI BEPOSITHOCTH
B ciydae, Koraa oz, k=1, 2 uzsecrnnr. OGo3HaUMM TakKe

L 1 ! 1 L
—2log§ = (Wo —wy)" (21 + §XIX1) + (22 + §X;X2) (Wo —W1).
1 2

YrBepxkaeHue 12. [lycts mmeroTcesd aBe MOAeIN TUHEHHONW perpeccuu, OMucaHHble
Boirre. Ilycrh TakyKe it HEKOTOPO# Bo3pacTaroiieil pyHKIUNT ql(m) TaKOM, 9TO
q1(m) — 0o u q1(m) = o(m*) npu m — oo BHIMOMHEHO

)\max (XZXk>
>\min (X-];Xk)

- O(ql(mk)) npu myg — 00, k= 17 27

Amin(X;{;X’f) - Q(Q%(mk)) opu my — oo, ]{: = 17 2.

Torma —2log § % x2(n) mpu my, ma — 0o, ecim q1(ma)/q1(m1) = O(1).
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Jlokasamenvcmeo. Tlokaxkem, 4To TpebyeMoe BBIIOJHEHO B CUJTY BLIIOJHEHUS YCJIO-
BUii yTRepKIeHust 2. Beejem obosnadernne m = max(mq, ms). st 9T0r0 Tpebyercs
I0Ka3aTh, YTO BBIMOJHEHDI CJCAYIOIINE YCIOBUA IIPU 1M1, My — OO

Ibs — by |I*[[(Q1 + 22) 7 ||q1(m) — 0,
Amaz(gl + 92) o

Amin(ﬂl i 92) — O(ql(m>)7
|AQ|[[(21 + Q) g1 (m) — 0.

3nech AQ = AQy + AQy, Tre
Aﬂk = (Zk + A/{)il — (Ek + Ak;)il —+ (Ek + Ak)*lﬁk(Ek —+ Ak;)il.

[TepBbie 1Ba CBOICTBA BBITTOJIHEHBI, TTOCKOJIBKY OHU TTOJHOCTHIO COBIAIAIOT CO CBO-
CTBaMU, BBINIOJIHEHUE KOTOPBLIX JOKA3aHO B MPEIbIAYIIEM yTBepxXKaeHun. [lokarkem
BBITIOJIHEHUE T10CJIeJIHEIO CBOMCTBA.

OTrmernM, KakK U paHee, ITO

2

P(|6} — aj| > o) < [y —

¢ yaeroM o3> (my, — n)/oz ~ x*(my, — n). Orciona, B3as e(m) = w(l/y/m) =
g(m)/\/m, rie g(m) — oo npu m — 00, MOJYIUM, UTO

A9

P (O—g el —elmy), 1+ 5(mk)]) — lopumy — o0, k=1, 2. (4.37)

o
k

Beibepem my u mgo mocrarodno Oosbimmu Tak, 9ro £(m) < 1/4 npm m >

min(my, ms). Paccmorpum e ucxojpt € st KOTOPBIX

2
o
0—% €[l —elm), L+e(my)], k=1, 2.

W3 (4.37) umeem P(QY) — 1 npu my, mg — oo. Oboznauum o (my) = o2 /62 — 1.

[AQ]| < [(Zk 4+ Ar) 'Sk (ke + Ag) 7|+

0 Lyl (435) || 3|
[(Zk + Ap) [T+ pAL(Ze +Ag) ) —I|| £ —F—+
)\min(Ak/’)
1 > B 13| 205
- CDHAL(S, + A Y| < .
(A |2 D A A0 < 5 s

Bribepem mq 1 mo Kak 1 paHee Tak, 4TO

X2 (AL) > 4|5 Aax(Ag), k=1, 2.

min
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Torma mogydaum

) M 20, 132 | 205
AQUII(21 + ) < (=2
[AQ[[J(2 + 22) | < (AQ AD) A TR Ay (A)

HllIl 5111111 52
1 >\m1n Al min A2
T 1 =0(am>+8 f - § L <
Amax(Al) )\maX(A2) )\maX(Al) max(A2)
0 () + 8as(m) max(e(my), e(my)) max(3i(m1), 62(ms)),

rie ¢(m) — 0 mpu m — oo. Beibupas

ml/A )2
m) =\ —— ’
g(m) (mmw
oIy yaeM

A (€2 +92) 7 < 0 () +8max(e(my), e(ma))/au(m) = o (75) -

9TO U TPeDOBAJIOCH. O

Bameuanne 1. Ormernm, oHAKO, 9TO BOOOIIE TOBOPST B PACCMATPUBAEMOM CJIyUae
Hesepro, uto —2logs - x*(n). 1o cBaA3aHO ¢ TEM, UTO ||Wi — V~V‘1€Hm,1€/2 = Q(1)
1o BepositHocTH. [Ipu 9ToM, eciin cunTarTh, 4TO MaTPUIH TPU3HAKOB X, k = 1, 2
Amax TEHEPUPYIOTCS CIIyUAHON HE3aBUCUMO IO SJEMEHTaM W3 HOPMaJbHOTO WJIN

PABHOMEPHOTO PACIPEJIEJICHHsT TI0 CTOJONAM, TO Apmax(Ax) = Q(my), Tak kax
Etr(Ay) oc my, a tr(Ax) < nAmax-

4.6. Ausroputmbl BeIOOpa (s, @) — ageKBATHBIX MYJbTUMO/IEIEH

Omnpeaenenne 41. Mysbrumoienb (CMech MOJeJIel Wi MHOTOYPOBHEBast MOJIEIIh )
Ha3bIBACTCS (S, () — aJIeKBATHON, ecau Bce Mojesu fi, ..., f;, BXojdIue B Hee,
SIBJISIIOTCST TIOTIAPHO CTATUCTUUECKN PA3AMIUMbBIMU C TIOMOIIBIO (DYHKIMKA CXOJCTBA
S Ha YypOBHE 3HAYMMOCTH «v. 110JI CTATHCTUYECKON pasIMunMOCTLIO MOJENed mpe-
IOJIAraeTcst CTATUCTUYECKAsl Pa3InINMOCTh allOCTEPUOPHBIX PaclipeeseHuii mapa-
merpoB mojeneit p(wily, X, p, Ay, ..., Ag), k = 1, K jpjist MyabTuMojiesu u
p(wily, X, Ay, ..., Ag), k=1, K st MHOrOYpOBHEBOI MOJIEJIH.

Bameyanue 1. Orverum, 9T0 omnpejesnenue (S, a) — aJeKBATHON MyJIbTHMOIETN
CYIIECTBEHHO 3aBUCUT OT MCHOJIb3yeMoii (DYyHKIMKM cXOucTBa 8. Tak, ecin S = S,
KOTOpast CUUTAET JIOObIE JBE MOJIEIN HEPA3JIUIMMBIMU, TO TOJLKO OJUHOYHAS MO-
JIeJTh MOYKET SIBJISAThCS (S, o) — ajekBaTHO. Hamporus, eciin s = sg, TO ecThb J100bIe
JIBA CKOJIb YIOJHO OJIM3KUX, HO HECOBIAJAIOIINX PACHPEJCICHNI CUNTAIOTCS pas-
JUYAMBIME, TO JAXKe MYJILTUMOJIEEL, COCTOAIIAS U3 MUJINOHA MOXOMKHUX MOJesIei
OyJIeT CauTaThCs aJeKBATHOM.
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Anropurmsbl BbIGOpa (s, &) — aJIeKBATHBIX MHOT'OYPOBHEBBIX MO/IeJIei

IIycts mMmeercst onrtumasbHas oOydeHHAsT MHOIOYPOBHEBAsT MOJIEJIb, 3aJlaHHAas
COBMECTHBIM IIPaBJIONOI00NEM

* * - det Az 1ol T A ¥ T
p(y:wi, ..., wg|X, Aj, ..., Ak) = H W exp(—g Wi ALwp) H o(yiwix;)
k=1 i€T),
rie {1, ..., m} =Z =7, U...UZg ecrb pazbueHne MHOXKECTBA WHJEKCOB OObEK-
TOB 110 MX NPUHAJJIEXKHOCTH O0JIACTH JeHCTBUS KaxK0i n3 Mojeneit. [IycTh Tak:ke
Wi, ..., Wi €CTh OIIeHKM MaKCHMyMa allOCTEDUOPHON BEPOATHOCTH Ha BEKTODbI

mapaMeTpoB MOJIesieil, BXOAAIUX B MHOTCOYPOBHEBYIO MOJEJb, MOJYYCHHBIE B pe-
sysnbTare odyuennst (1.6).

B custy TOro, 9TO MHOIOYPOBHEBAS MOJIETb MTPEJICTABISIET OO0 COBOKYITHOCTD
K wmojeneir, Kaxk 1ast 13 KOTOPBHIX JAEHCTBYET B CBOEH YaCTH MPU3HAKOBOTO TTPOCTPAH-
ctBa X, e R = Xy U ... Xg, Ui alloCTEPUOPHBIX pACIpEeeHN Ha BEKTOPDI
rmapaMeTpoB MoOJiesIeil nMeeM

p(wk‘ya X7 AT? <. A;{) :p(Wk:‘YIk, XIk, AZ), k = 1, K,

e p(Wi|yz,, Xz, A}) ecTb arocrepnopHoe pacipejiesieHne J1jisi BEKTOPa Mapamer-
POB OJIMHOYHON JIOMMCTHUIECKON Mojenu Ha Boibopke (Xz,, yz,). [loab3ysich HOp-
MaJIbHOW alMpOKCAMAIIUEH, MoJIydaeM

p(wk|y1k7 XIk’ AZ:) ~ gk(wk) = N(Wklwlj:v Ek)? e

¥ = (XZRi Xz + AZ)_l , oiie Ry, = diag(o(w'x;)o(—w;'x;), @ € Iy).

Tak Kak MOJesIM, BXOJSIINAE B MHOIOYPOBHEBYIO MOJIE/b, ONTUMU3NPYIOTCS HE3aBU-
CHMO ¥ HUKAKUX OIDAHMUYEHWI Ha MX ITOXOXKECTh He HaKJIaJblBaeTcs, a pasdueHue
IPU3HAKOBOIO IIPOCTPAHCTBA Ha 0OJACTH JIEHCTBUS MOJIEJICH MOXKET He OTPayKaTh pe-
AJILHOI HEOJIHOPOJHOCTH B JIAHHBLIX, MOCTPOCHHAST MHOTOYPOBHEBAS MOJEJH MOXKET
ObITh HE (S, ) — ajekBaTHON. Omuinem Jajee crocoObl MOCTPOEHUS aJIeKBATHOI
MHOTI'OYPOBHEBOI MOJIEJIN 110 JAHHON ONTUMAaJILHON 1 00yUeHHOI.

[Tycrs 3aana Hekoropas MyHKIMs cxoacrBa S. Obo3HATNM
S = |lsu(gr(We), gi(wi))|l, k, I = 1, K marpuny 3Haqenuii TOTapHBIX CXOJICTB
MOJIeJIelt, BXOISIIINX B MHOTOYpoBHEBYT0 MOjiesib, a T = ||ty (gp(wW), gi(wi))||, &k, L =
1, K Marpuily COOTBETCTBYIONIMX JOCTUIAEMbIX YPOBHEH 3HAYMMOCTH B YCJIOBUAX
MCTUHHOCTY TUTIOTE3bI O COBMAJICHUN Mojiesieii, To ectb ty = P(s(gr(wy), gi(w;)) <
skl|wk = Wl).

OTmeTum, 4TO CIydaiiHOCTh 3/1€Ch MPOUCXOAUT U3 TOIO, YTO G W §; €CTh Allo-
CTEPUOPHBIEC PACHPEJIETICHNs Ha Wy, W; COOTBETCTBEHHO, IIOJIYYEHHBLIE 110 BLIOOD-
ke. Tak Kak y ecrhb ciydailHble BEKTOp, TO U gk, ¢; caydaiubl. Tak ggp(wyg) =
N(wi|wi, 3i), gi(wy) = N(wi|w}, X;), npn aToM W 1 W] CIydailHble BEKTODHI,
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IMEIOIIEe HEKOTOPOe PACIpEeeHIe, a X, 2 €CTh CAYIalHDbIi MaTpPHUILI, TaAKXKe
UMeIoIIe HEKOTopoe pactipejiesienne. KOHKpeTHBI BUJL paclpejie/ieHsT 3HATCHW
(DYHKITMH CXOACTBA B YCJIOBUSIX MCTHHHOCTH THIOTE3LI O COBIAJEHUN MOJEEH, TO
ecth Fy(z) = P(s(gr, g1) < z|wp = W;), 10 KOTOPOMY DPACCIUTHIBAIOTCSA YPOBHU
SHAYUMOCTH t};, 3ABUCUT OT (PYHKIIAUA CXOJCTBA S U CUUTACTCS BLIYUCICHHBIM OT-
jgenbno. st nmpegmaraeMoit (hyHKIMU CXOJICTBA S-SCOTe 3TO PACIpPEIEeHNe TaeTCs
TeopeMoii 16.
Hamee paccmarpuBaeM MaTpHUIly JOCTHTAEMbBIX YpOoBHEH 3HaunMoctn T u mpe-
JIO’KVM HECKOJIbKO METOJIOB TOCTpoeHust (S, ) — aJieKBATHOHl MHOIOYPOBHEBO
mojenn. OTMeTHM, 9TO eC/IH BCe JOCTUTraeMble YPOBHH 3HAUUMOCTH B MATPHUIE
T = ||tull, k, | = 1, K ne npesocxogar «, 1o ectb ¥V k, I, k # [ty < «a, 10
MCXOJTHAsT OOy IeHHAST ONTUMAJILHAST MHOTOYPOBHEBAST MOJIEJb YIKe SABJseTCs (S, ar) —
ajgekBarnoit. [lycts masee sTo we tak, To ecth I k, [, k £ [ ty; > a. Paccmorpum
HECKOJIbKO METOJIOB O0beIMHEHNUsT MOJIesieil JIjisi moCTpoeHust (S, ) — aJIeKBATHOl
MYJIBTUMOJIEIH.
Mertoa mocJjie0BaTEeIHHOIO MApPHOr0o O0beAMHEHNs 0 HanMOOJIbIIEMY
CXOJCTBY. DTOT METOJI OCHOBAH Ha IOMCKE JBYX Hambojee OJU3KUX APYT K Jpy-
Iy Mojeseii, oObeuHeHN WX B OJHY ONTUMAJIbHYIO W BHOBbH OOYUEHHYIO. 3aTeMm
IPOUZBOIUTCS MEPECUET IEMEHTOB MATPHUILl T, COOTBETCTBYIOIIUX CXOJCTBY 00D~
eJIMHEHHON MOJIeIN ¢ OCTAJbHBIMK. VTepamnm mpoao/rKaioTess J0 TeX Mop, MOKa
Jk, I, k# Lty > a. Takass ugest TpUBOANT K CJEIYIOMIEMY aJTOPUTMY.
1. Haxomuwm [k*, I¥] = arg max;,_; ty
2. Ecin tp« < «, ocranaiauBaemcsi. [locTpoennast Ha JaHHOM ITare MyJabTHMO-
nestb siBaisiercst (s, a) — ajgekBaTHoi. VHaue mepexognm Ha mar 3.

3. Ob6bemaunsieM MojiesIn ¢ HoMepaMu k™, [* 1 mpou3BOAUM ONTUMUBAIUIO U 00y Ie-
HUE TTOJIyIeHHOW MOJIENN, & TaKyKe Mepecder aroCTePUOPHOro PACIPeIeIeH st
HA BEKTOP IIapaMeTpPOB OOLETUHEHHON MOIEIH.

Ik* L :Z'—l* — Ik*7

Ar. = arimaxp(yzk* Xy Ape),
k*
Wi = argmax p(yz,., Wi+| Xz, A,
W
¥ = (X7, Ry Xz, + AL meRye = diag(o(wiixi)o(—wiTxi), i € T,
G+ (Wie) = N (Wi | Wi, 30

4. Vnansem [*-it cronber marpuil S u T, Tak Kak Mojiesieil cTaJio Ha OJHY MEHbIIIe,
1 MEPECUNTBIBAEM CXOJICTBA, Sk+; M COOTBETCTBYIOINE UM JOCTUTaeMble YPOBHU
SHATUMOCTH tj+; JIsi | # k*.

skt = S(gr(Wee), gi(wi)),

trer = P(s(gr-(Wie), gi(wi)) < spoa|Wie = wy).
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5. Ilepexomnm mHa mar 1.

Mertoa 1mocieJoBaTeJIbHOTO 00'beIMHEHNS MAaKCUMAJbHBIX KJINK MO HaW-
0O0JIBIIIEMY CXOACTBY. DTOT METOJ OCHOBAH HAa TMOCJIEI0BATEIHLHOM TTONCKE HaW-
OOJIBITIErO 110 YMCJIy Mojeseit Habopa Mojiesieil Takoro, YTo BCe MOJIEI BHYTPH Ha-
Oopa SBJISIOTCS CTATUCTHYECKH HEPA3JMUYMMBIMKE Ha YPOBHE 3HAUMMOCTH <. Kcim
MMeEeTCsl HECKOJIbKO HADOPOB OJIMHAKOBOI'O pa3Mepa, BbIOMpPaeTcsi TOT, ¥ KOTOPOIro
CYMMa 3JIEMEHTOB MojMaTpuIlbl MaTpuIlbl T, cooTBeTCTBYIOIIEH 3TOMY HADOPY, MU-
HUMaJIbHA. e Takux HabOPOB HECKOJIHKO, BHIONPAETCST MPOU3BOJIHHBIH. 3aTeM MO-
JIeJT BHYTPH HaNJIEHHOTO HAbOpa OOBEUHSIOTCS B OJIHY, JIJIs Hee MPOU3BOJUTCS
ONTUMU3AINs U oDydeHue. Takas ujiest TPUBOAUT K CJICJIYIONIEMY aJITOPUTMY.

1. Haxoaum Bce KJIMKHM TOMApHO HEPA3IUUUMBIX MOJEJeii MaKCHMAJIbHOTO pa3-

mepa
K = Argmax |K| min [ty > af.
Kceail, ... K} k,lek
Ecin ana K € K ming e[ty > o] = 0, T0 ecth B KJIWKe €CTh Pa3JIntu-

MbI€ MOJICJIN, OCTaHABJINBAEMCs, MOCKOJLKY MOCTPOCHA (s, a) — aJIeKBaTHad
MHOI'OYPOBHEBas MoJie/ib. VHaue nepexoanm Ha miar 3.

Cpenn HallJIeHHBIX KUK HAXOINM KJIWKY ¢ MAaKCHMAaJbLHOW CyMMOI JoCThrae-
MbIX YPOBHEH 3HAYNMOCTHU

IC*:argH}aX E th.
Kek g iek

O0berHsIeM MOJIENN ¢ WHAEKCaMK 13 JC¥ B OHY ¥ TPOU3BOIAM ONTUMUASAIAIO
1 OOyUeHMe MOJIYIeHHON MOJIENH, a TaKKe IepecteT aloCTepUOPHOro pacipe-
JIeJICHUST Ha, BEKTOD MapaMeTpoB obbeannennoi mogenn. [lycrs k* € .

Ugerc=Lr — Ly,

A = ar%maxp(yzk* X7, Apr),
k*
wj. = argmax p(yz,., Wi|Xz., AL.),
W
* T x \ 1 . *T *T .
¥ = (X7 Re-Xz. + AL) , meRye = diag(o(wiix;)o(—wilxy), i € I+,

Wie, 7).

Ynamsiem cronboisr marpur, S u T ¢ nomepamu w3 K\ {k*}, tax kak mose-
JIeif CTajio MEHBITe, W TTEePEeCTUTHIBACM CXOJCTBA Skx W COOTBETCTBYIONIAE WM
JIOCTUTaeMble YPOBHW 3HAUUMOCTH L« miist | £ k*.

G- (W) = N (W

skl = S(ge-(Wee), g1(wi)),

ter = P(s(gu (W), 1(Wi)) < Spet|[ Wi = Wy).

[Tepexomum na mar 1.
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Anroputmsl BeIbOpa (S, a) — aJeKBaTHBIX cMeceil Mo/ieseii

[TycTh mMmeercst onTuMaabHas 00ydeHHast CMeCh MoJIeJIeil, 3aJaHHast COBMECTHBIM
paBJIooa00nem

* *
ply, ™, wi, ..., wg|X, u, A, ..., Ax) =
K K m [ K
F(KM) pn—1 V det A? 1 T A% T
FT() . H W exp (—§Wl Al W[) H 7TlO'(inl Xi)
i k=1 =1 \i=1
[Tycrs Takxke 7, Wi, ..., Wj; €CTb OIEHKH MaKCHMyMa allOCTEPHOPHON BEPOSITHO-
CTH Ha BEKTOD BECOB MOJeJIeil, BXOISINX B CMECh U Ha BEKTOPLI UX IapaMeTpoB,
moJTydeHHbIe B pe3ynbrare obyuenns (1.3), (3.4.), a A}, ..., A}, ecTb OICHKHN MaK-

cuMyMa 0DOCHOBAHHOCTH Jiisi KoBapuannonubix Marpur (1.3), (3.4.). Obosnaunm
gr(wy), k = 1, K amocTepiopHoe pacipesiefenne Ha BeKTOpP MapaMeTpoB MOJCTH
k.

HecmoTpst Ha To, 9T0O B mpomecce 00y IeHunst MyJILTUMOIEIN TPOUCXOINUT €€ IPOpe-
JKUBAHME, TO €CTh MCKII0UeHNe N30BITOTHBIX MOJEJEH, OrpaHUIeHNiT Ha TOXOXKECTh
MOJIeJIeil B MMOJIYYeHHOW CMeCH He HAKJIAJAbIBACTCS, a MTOTOMY CMeCh MOJIeIeil MOXKeT
ObITh HE (S, ) — ajekBaTHON. Omuinem Jajee crocoObl MOCTPOEHUS aJIeKBATHOI
cMecHu Mojiesieil 1o JaHHOW ONTUMaJIbHOW 1 00y YeHHOI.

ITycTs 3aana HeKoTopas (PpyHKIHUs cxoncTBa s. OO03HATNM
S = [|su(ge(wr), gi(w)|, k, I = 1, K marpuily 3Hadennii monapHbIX CXOICTR
MojieTeit, BXomammx B cMech Mogeneit, a T = ||t (gr(Wi), gi(wi))||, k, 1 = 1, K mar-
PHITY COOTBETCTBYIOIIUX JOCTUTAEMBIX YPOBHEH 3HAYNMOCTH B YCJIOBUASIX UCTUHHOCTH
PUTIOTE3BI O COBMaJIeHn Mojieieil, To ecth ty = P(s(gr(Wi), g1(wW))) < sk|wi = wy).

OTMeTuM, 9TO CIyIaiHOCTD 3/1€Ch IIPOUCXOIUT U3 TOTO, UTO §j U §; €CTh AIIOCTe-
PHOPHBIE PACIIPEICICHIST HA W}, W; COOTBETCTBEHHO, MOJIYIeHHBIE 0 BHIDOpKE. Tak
KaK y €CTh CJIyUIaiiHble BEKTOP, TO U (i, §; CAydainnl. KOHKpeTHLIH BUT pacipeese-
HUsI 3HAYEHUI (DYHKIINKA CXOACTBA B YCJIOBUSX UCTUHHOCTH MMITOTE3BI O COBIAICHIH
mogesieit, o ecth Fy(x) = P(s(gr, i) < x|Wj = W), 10 KOTOPOMY PACCINTHIBAIOTCS
YPOBHM 3HAYUMOCTH t;, 3aBUCAT OT (PYHKIUU CXOACTBA § U CUUTACTCS BBLIUUC/ICH-
HBbIM OT/Ie/IbHO. [LJist ipejiyiaraeMoit pyHKIIMU CXOJICTBA S-SCore JIJIst JIBYX Mojieseit u3
CMECH B KQUeCTBE alllIPOKCUMAIIIN PacIpeeaeHs GYHKIINNA CXOICTBA UCIOIb3YEeT s
pacipe/jiesienne, jakiieecst TeopeMoit 16 Jijisi 1ByX 00OOOIIEHHO-JIMHEHHBIX MOJIeIei
¢ HATYpPAJILHON (DYHKIMEH CBSA3M ¢ HEIePEeCeKAIONMMUCSI MHOXKECTBAMU O00LEKTOB.
[Tpn 9TOM B KadecTBe arOCTEPUOPHOIO PACIIPEIC/ICHNST Ha, BEKTOPHI APAMETPOB MO-
Jeeil nCrnomb3yercs nX (pakTOPU30BAHHAS AMITPOKCHMAIIHS.

Hamee paccmarpuBaeM MaTpHUIly JOCTHTAEMbBIX YpOoBHEH 3HaunMoctn T u mpe-
JIO’KVM HECKOJIKO METOJIOB MOCTPOeHNsT (S, () — ajleKBaTHOl cMecn mogiesteit. Orme-
THM, 9TO €CJIM BCe JIOCTUTaeMble ypoBHHU 3HaduMocTu B Marpure T = |[ty||, &k, [ =
1, K ne npeBocxomsaT «, To ecth V k, I, k # [ty < «, To ucxojgHas oOydeHHast
ONTUMAJIbHAST CMECh MOJIeJIelt yike siByistercs (s, «) — ajiekBarHoii. [Tycrs najee aTo
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He TakK, To ecth Ik, [, k # [ty > «. PaccMOTpuM HECKOTBKO METOIOB 00LEINHEHN ST
Mojiesiedt it moctpoerust (S, ) — ajeKBATHOW MYJIBTHMOJIEIIH.

Merto/, Toc/IeI0BATEJILHOTO MAPHOTO O0bEIMHEHUs MO HAMOOJIbIIEeMY
CXOJICTBY. DTOT METOJ OCHOBaH Ha IMOWCKEe ABYX Hawnbosiee OJM3KUX JIPYT K JPY-
Ty Mojesei, oObeInHEeHI WX B ONHY ONTHMAJbHYIO ¥ BHOBH OOYUEHHYIO. 3aTeM
TPONBBOAUTCS TTEPECUET JIEMEHTOB MaTPHUIIbl T, COOTBETCTBYIOIINX CXOJCTBY 00b-
eIMHEHHOR MOJIeNIM ¢ OCTAJbHBIMU. MTepaluu mpoo/KaloTes 10 TeX Mop, MOKa
Jk, I, k# lty > a. Takass ugest TpUBOANT K CJEIYIOMIEMY aJTOPUTMY.

1. Haxomuwm [k*, I*] = arg max;,_; ty

2. Ecmm tp» < «, ocramaBimBaemcs. [locTtpoennast Ha JgaHHOM Tirare Mojesnb
gpasercs (s, «) — ajexsarHoil. Unave mepexomnm Ha mar 3.

3. ObbemunsieM Mojenu ¢ HoMepamu k¥, [* 1 TpPOU3BOIUM HEPEHACTPOIKY CMe-
CW MOjiesieli B COOTBETCTBUU C AJTOPUTMOM COBMECTHOTO ODYUEHWsT W ONTH-
vusarmn (3.4.). Uckimotaem momensb ¢ HoMmepom [*. B kadecTse HaTaIbHOTO
npUOIMKEeHNsT JJIst T, W1, ..., Wk, ..., Wx OepeM CJeyolne

W * +Wl*

T + e = Mg, 00— M) 5= = Wi, Wi — Wy, k #£k*, 1.

4. VYnansem [*-it cronber marpuil S u T, Tak Kak Mojieseil cTaJio Ha OJHY MEHbIIIe,
1 MIEPECUNTHIBAEM CXOJICTBA, Sj+; ¥ COOTBETCTBYIOIINE UM JOCTUTaeMble YPOBHI
SHATUMOCTH tj+; Jisi | # k*.

sk = S(gr-(Wre), g1(wi)),

ter = P(s(gu (W), 1(Wi)) < Spet|[ Wi = Wy).

IIpu 3HAUNTEILHOM W3MEHEHHN BECOB W ITapaMeTpoB Mojenei m, Wi, [ # k*
TpebyeTrcsi mepecueT BCeX MOMaPHbBIX CXOCTB.
5. ITlepexoanm ma mar 1.
Metoa mocJjie;oBaTeJIbHOTO 00beANHEHNsT MAaKCUMAJIbHBIX KJINK T10 HaW-
00JIbIIIEMY CXOJCTBY. DTOT METO]I OCHOBAH Ha IOCJIEJIOBATEJIHLHOM IOMCKE Hau-
OOJIBITIErO 110 YKUCJIYy Mojeseil Habopa Mojeseil TaKoro, 4To BCce MOJIE/N BHYTPH Ha-
Oopa, SIBJISTIOTCS CTATUCTUYECKN HEPA3JIMIMMBIMU Ha, YPOBHE 3HAUMMOCTH «. Ecian
UMEEeTCsT HeCKOJILKO HADOPOB OJMHAKOBOI'O pa3Mepa, BLIOMPAETCs TOT, ¥ KOTOPOIro
CyMMa, 9JIEMEHTOB MTOAMaTPUIILI MaTPHUIlbl T, COOTBETCTBYIOINIEH 3TOMY HADOPY, M-
HuMaJbHa. Ecin Taknx HabOpPOB HECKOJIBKO, BRIOMPAETCSI TPOU3BOJILHBIN. 3aTeM MO-
JleJIi BHYTPH HaiijleHHOro Habopa O0bLeIMHSIIOTCS B OJHY, JJIsi Hee MPOU3BOINTCS
ONTUMM3AIUS U 00ydeHne. Takas ujest IPUBOIUT K CJSIYIONIEMY aJITOPUTMY.
1. Haxoanm Bce KJIMKHM TIOTAPHO HEPA3IMUUMBIX MOJIEIeil MaKCUMAJILHOIO pa3-
Mepa,
K = Argmax |K| min [ty > of.
Kceall, . K} k,leKk
2. Ecom g IC € K ming e[ty > a] = 0, TO ecTb B KJINKe eCTh Pa3IHIMble
MOJIEJTN, OCTAHABIMBAEMCS, TOCKOJIBKY MOCTPOEHA (S, () — aJIeKBaTHAsT CMECh
mopeneit. nade mepexoquM Ha, mmiar 3.
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3. Cpeau HaliIEHHBIX KJIUK HAXOMUM KJIUKY C MaKCHUMAJbLHON CyMMOMR JOCTUTrae-
MBIX YPOBHEHN 3HATNMOCTH

IC*:argH}aX E th.
Kek  k 1ek

4. ObbennusieM MOAENN ¢ WHAEKCaMu u3 K B OJJHY W MPOW3BOIUM MTEPEHACTPOI-
Ky CMECH MoJieJieii B COOTBETCTBUU C aJIlOPUTMOM COBMECTHOIO OOyUYEHUsI U
ontummzarmn (3.4.). [Iycrs k* € K*. Wckmovaem Mozenn ¢ Homepamn [ €
K\ {k*}. B kauecTBe HaAUAIHLHOTO TIPUOIIKEHWST JIUIS 0, W1, ..., Wk, ..., Wi
OepeM cliesyionme

ZW;—)?Tk*, O%WZ,ZGK\{]C*}, ﬁZW;%wk*, Wi — Wi, kQ’C*
le* lekcx

5. ¥Ynamsgem croqonsr matpun S n T ¢ womepamn uz K* \ {k*}, Tak kax moje-
JIeif ¢Tajio MEHBITe, U TTEePEeCTNTHIBACM CXOJCTBA Skx W COOTBETCTBYIONIAE WM
JIOCTUTaeMble YPOBHW 3HAUUMOCTH L« muist | £ k*.

skt = S(gr(Wee), gi(wi)),

ter = P(s(gu(Wre), g1(Wi)) < Spet|[ Wi = Wy).

[Ipn 3HAUNTESLHOM M3MEHEHWN BECOB M IapaMeTpoB Mmojeneit m, wj, | # k*
TPeOYETCST TePecUeT BCEX MOMapHLIX CXOJICTB.

6. Ilepexoanm Ha mar 1.
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I'maBa 5
Anann3 npukKJIagHbIX 33039

5.1. IIpumeHeHuUe s-score Mpu CpaBHEHUUN MojieJieil

[Tokaxkem, Kak npejiaraeMmyio (PyHKIIMIO CXOJICTBA, $-SCOT€ MOYKHO HCIIOJIH30BaATH
JUIST cpaBHEHUWsT Mojesieit. [ljist npumepa paccMOTPUM CJaydail Npu3HAKOBOI'O MPO-
CTPaHCTBa Pa3MEpPHOCTH 2, TO ecTb k = 2.

[Iyctsh uMeeTcst Be pa3HbIX MOJEN JIOTUCTHIECKOH PErPEcCu, 3a/1aBaeMbIX BEK-
TopaMu TapaMeTpoB Wi € R?, wy € R2. IlycTb g HepBOit MOJIEIN H3BECTHA BBI-
bopka pasmepa ny (Xi, y1), a Jijist BTopoii — BbIOOpKa pazmepa na (Xa, y2), mpudem
BBLIOOPKHM HE IIepeceKaroTcs 1Mo obbekTaM. [IyeTh Takske 3ajaH ypoBeHb 3HAUNMOCTH
Q JUUTS 331291 CpaBHEHUs Mojeseit. B kauecTBe anpropHOro pacipe/iesieHust NCIOJIb-
3yeM Ha, MapaMeTpbl Wi U Wy JIjisi 000UX MOJIeJIeit UCIoIb3yeM PaBHOMEPHOE MCEBJI0-
pactpenenenne B R?. Torna MoIyanM cieyioliee COBMECTHOE MPABIONON00He s
KaXKJI0W 13 MOJIeJIeit.

p(yr, Wil Xy) = p(yrXe, wi)p(wi) o< p(yr Xy, wi),

e mpasaononooue p(yr|Xg, Wi) uMeer Buj

Nk

. 1
W = \NT t = .
p(¥r| Xk, W) lel o(wix}), rie o(z) T+ exp(—7)

[Toan3ydach aCMMITOTHYECKON HOPMAJIbHOCTBIO allOCTEPUOPHOTO  PACHpeC/IeHIs
p(Wi| Xk, Yi) BEKTOpa MapaMeTpoB MOJIydaeM CJIEIYIONYI0 ANPOKCUMATINIO

(Wi X, yi) & N (wi |y, Xp),

rie

wj, = arg max p(wi| Xy, yi) = argmax p(yx|Xy, wy)
W W

eCTh OIleHKa MaKCUMyMa alloCTEPUOPHON BEPOsITHOCTH JIJISI BEKTOPa MapaMeTpoB, a

d*(log p(wi| Xk, yi)) A
— dw? |Wk:Wk'

¥, =H. ! H;, =

B coorBercTBUM ¢ METO0M CpaBHEHUsT MOJIeIei /st Taphl HOPMaJIbHBIX paciipe-

nenennit g1 (wi) = N (wi|wy, 31) u go(wa) = N (wa|We, 39) nosmyuaem caeyroniee
BBIpaKeHne Jist (DyHKIA CXOJICTBA, S-SCOTe

~ N -1
s(g1, ) = (W = W1)" (21 +35) (s — wa).

B coorBercTBUM ¢ TeopeMoii 16 11 MPU3HAKOBOTO TTPOCTPAHCTBA Pa3MepHOCTH k =
2 B yCJIOBUSIX MCTHHHOCTH THIOTE3bI 0 coBnajennn mojeneit s ~ U[0, 1]. Torma Ha
YPOBHE 3HAYUMOCTH (v MOJIEJIN CUUTAIOTCS PA3HBIMU, €CJIH

s(g1, g2) < «
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W HEPA3JMIMMBIMU B IIPOTUBHOM CJIyJae.

[TpommmocTpupyeM fajee 3aBUCHMOCTH pactpejesenns (GyHKINNA OJIM30CTH S-
score OT YKCJIa 00BEKTOB N1, Ny B BEIDOPKAX 1 OT OJU30CTU PA3IUIAEMBIX MOJIEIeH.
B kavecrBe nmpumepa pacemorpuM |[wi|| = ||[ws|| = 1, a B kagecTBe Meph! GuimzocTn
PACCMOTPUM KOCHHYCHYIO MEpY, TO eCTh p(W1, Wa) = W] Wa.

st mostyaennst pacripejiesiennst GyHKnw $(gp, go) st (GUKCHPOBAHHBIX W1, Wy
n X1, Xo Oy/IeM MHOTOKPATHO TEHEPUPOBATH Y1, Y2 B COOTBETCTBUM C MOJICTISIMU

y,@ ~ Be (o(w%x};)) .

[Tosyuennbie rucrorpammbl pacrpejesenust s(gy, go) s ny = 10000 B 3aBucwu-
MOCTH OT pa3Mepa BTOPOil BLIOOPKU T JJI CJIydas, KOIJIa BEKTOpa IIapaMeTpoB
MoJieieit Wi, Wo UMeIOT KOCHHYCHOe cXOACTBO p = 0.95 mpuBejieHbl Ha puc. 5.1. OT-
METHM, 9TO TIPU YBEJMYCHUM pasMepa BTOPOil BRIDOPKHM pacnpejeenne PpyHKINn
CXOZICTBA $-score S(g1, go) CMEIMAeTCsT K HYJIIO ¥ CTAHOBUTCS BCEe MeHee OJIM3KUM K
PaBHOMEPHOMY.

[Ipu masom ny (ny = 30, 50) pacmpesenenue s-score OJU3KO K PABHOMEPHOMY.
Ounnako yxke mpu ny = 100 P(s < 0.05) &~ 0.15, ato B 3 pa3a NpeBbIIIaeT cOOTBET-
CTBYIOIICE 3HAUCHUE /IS PABHOMEPHOTO pacipeieenns. BeposaTHOCTh OMmMOKNA BTO-
poro poja P(Hy|Hy), T0 ecTh BepOSITHOCTh MPU3HATH JIBE MOJIEJIN COBMAJIAIONIMH,
XOTsI OHU $IBJISTIOTCS pa3JIndHbIMK, Uit Ny = 100 Torma pasHa 0.85 npu dpukcupo-
BAHHOM ypOBHe ommubKu mepsoro poja o = P(Hi|Hy) = 0.05. [Tpu ny = 300 ona
camxkaercs 10 0.48, a mpu ny = 1000 mo 0.1.

PacemorpuM Teneph Mmenee Osmskue mopenu. Mmocrpanus mast p = 0.9 opu-
BeJleHa, Ha puc. 9.2, a jjs caydas p = 0.5 na puc. 5.3. Tak jjs cayudas p = 0.5
yxke 1mpu ny = 100 BepositHOCTH omubKE Broporo poga P(Hy|Hy) = 0.1, garo jo-
crurasioch Juisi p = 0.95 Tonbko npu ne = 1000. s cayvas p = 0.5 yxe jjis
no = 30 pacupejgesnenue GyHKINUU OJIU30CTH S-SCOTE OTJIMYACTCSA OT PABHOMEPHOTO.
Tak P(s < 0.05) > 0.3, uto maer yposetsb omubku Broporo poga P(Hy|Hy) < 0.7
yoKe JJIs TAKOTO MaJIoro YMCJa 00heKTOB.

Paccmorpum jiasiee 3aBUCHMOCTD YPOBHsT omubKu Broporo poja P(Hy|H;) mpu
dbukcupoBarHOM ypoBHe ormubku nepsoro pojga P(Hi|Hy) = a = 0.05 ot kocunyc-
HOI OJIN30CTH PaCCMATPUBACMBIX MOJEJICH JIJIsi PA3HOr0 KOJIUYECTBA 00BLEKTOB BO
BTOPOIi BHIOOPKE Ny ipu bukcuposarHom n; = 10000 (cm. puc. 5.4).

3 puc. 5.4 3akimo49aeM, 9TO YPOBEHbL OIMOKKM BTOPOrO POJa PACTeT NMPHU yBe-
JTUYEeHUN OJIM30CTH MOJeJeil U yMEeHBIIAETC NIPU YBEJIUUCHUH YHUCIa OOBLEKTOB BO
BTOPOit BhIDOPKE ny. Tak st no = 30 jaxe jjist AByx Mojeneit ¢ p = —0.5 BeposiT-
HOCTH He pasaudauth 31 Mojenn P(Hy|Hy) = 0.1, a ipu p = 0.5 5Ta BeposTHOCTD
jgocruraer 0.7. D10 03HAYAET, YTO €CAU MOJEJN OJIM3KHU, TO S-SCOre HE pasjindacT
MOJICJIN, & IIOTOMY JIJIsl TIPEJCKA3aHUsl KJIACCOB JJI O0BLEKTOB U3 BTOPOH MOJesn
CTOUT MCIOJIL30BATH MEPBYI0 MOJIEIh, KOTOpast, Oyayun CMeIeHHoi, obiajiaer TeM
He MeHee ropas/io MEeHbIIei HeolpeIeJIeHHOCTBIO B OIeHKEe BEKTOPa IIapaMeTpoB Wi.
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Puc. 5.1: T'ucrorpamma pactpesesenust (GpyHKImn Oau3octu s-score S(gi, gz) s
p = 0.95 B 3aBUCMMOCTH OT YHUCJIa OO'HLEKTOB BO BTOPOil BHIDOPKE Mo
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Puc. 5.4: 3asucumocts P(Hy|Hy) or KOCHHYCHO OJIM30CTH MEXKIy HCTHHHBIMU T4~

paMeTpaMu JBYX MOJIeNiell p JIId pa3HbIX 3HAYCHUH IUCTa 0OBEKTOB BO BTOPOi BBI-
OopKe na
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5.2. Iloctpoenme (s, o)-ageKBaTHBIX MHOTOYPOBHEBBIX MoeJieii

Kaxk y:ke yKa3bIBaJOCh, MHOI'OYPOBHEBBIE MOJEHN SABJISIIOTCS CTAHIAPTHBIM 101
XOJIOM, Halpumep, B KpejuraoM ckopunre [1,25,26]. s yaera weopHopoHOCTEIH
JIAHHBIX BBIOOPKY ObIOT Ha HECKOJILKO COBOKYITHOCTEH 1 JIJIs KaXKI0i U3 TOJIYIeHHBIX
YCEUEHHBIX BHIDOPOK CTPOSIT OTJIC/IbHYIO MOJjie/b. [Ipu 310 paszdueHue mpousBonT-
cst OO € TOMOIIBIO Kiaacrepusaiun [25-27|, amubo nyrem jiesieHust Mo 3HaYEHUsIM
HEKOTOPOT'O NPU3HAKA, HAIIPUMEpP, BO3PACTa WU PErhOHa IMPOKUBAHUSA 3aeMIIKUKA.
OrmeTnM, 9TO MPU ATOM HET OTPAHUIEHWH HA CXOICTBO MOJIEEH JIJIsT PA3HBIX MTO/IBhI-
OOpOK, a MOTOMY, TaK KaK KJIACTEPU3AIMsS U paszdueHue Ha MOABLIOOPKU OCYIIEeCTB-
JISIETCST TOJIHKO Ha, OCHOBAHWW MPU3HAKOBOTO OIMUCAHMWSI, TOJYICHHBIE MOJIEN JIJIs
Pa3HBIX MOJBBIOOPOK MOI'YT OBITH CTATHCTUUECKN HEPA3JIUMIUMbl. Kpome m30bITOY-
HOCTH TaKOi MHOTOYPOBHEBOI MOe/N, OHa JaeT DoJjiee HU3KOe KadecTBO MPOrHO3a,
MOCKOJIBKY JIJIST OTIPEJICTICHIST TaPaMETPOB HEPA3IMINMBIX MOJIEIEH BMECTO 00heu-
HEHHO BBIOOPKHU MCIIOJIB3YIOTCS €€ YacTH, UYTO BeJieT K OoJbleil omnbKe B ompe/ie-
jgennu napamerpoB. IIpogemoncrpupyem jajee 3ToT 3pHeKkT Ha CHHTETUUECKUX U
peaJIbHbIX JIAHHBIX.

DKCIEPUMEHT C MOCTPOEHUEM (S, v )-aTeKBATHBIX MHOTOYPOBHEBBIX MO-
aejieii Ha CUHTETUYECKUX JIAHHBIX.

PaccMmorpuM nmpu3HaKoBOe IPOCTPAHCTBO pazMepHocT . = 2. [eHepupyem o6b-
ekThl 13 K = 10 KjacTepoB HE3aBUCHMO CJIEIYIOIIUM 00pa3oM

Vi e Iy X; NN([Sk, Sk]T, I),

rie s = 2.5(2k—11) ecth ¢iBur k-ro Kiacrepa, 00eCeTnBaoInil pacCTOSTHIE, PaB-
HOE 5, MEeXKJIy IeHTpaMHU KJIacTepoB. PazMepnl KJIacTepoB IIPU 3TOM OIPEICIIAIOTCA
mapaMeTpoM dp, KOTOPbIH yKa3bIBaeT Ha OTHOIICHUE pa3Mepa MaKCHUMaJbLHOIO KJla-
cTepa K pasMepy MUHMMaJbLHOro. Ilpu § = 1 Bce KyiacTepbl reHepupyloTcs OJHOIO

1/(K-1) .
pa3mepa. Nnade oboznaunm 6 = 9, 1 TeHepupyeM caydaiinyio mepecTaHoBKY
KJjacTepoB p. Torja Jiisi pa3MepoB KJIacTepoB NMeeM

m(d —1)

Z,,| = | max ( 10, 6! ST

[Tonmygatoruecst BBIOOPKH JIJIsT pa3HbIX 3HAYEHUN M, Oy MpUBEJeHBI Ha puc. 5.5. B
3aBUCHMOCTH OT 0y B BHIDOPKE JIMOO UMEIOTCs MaJIble KJIACTEPhI, /ST KOTOPHIX OICHKA
mapaMeTpoB Mojieselt OyaeT Hanbosee HEYyCTORINBOI, MO0 OHM OTCYTCTBYIOT.

[TpoBesiem magiee cienyioniuii skcriepumMerT. Bo3bMeM B KavdecTBe HCTUHHOTO BEK-
Topa napamerpoB w = wy[l, 1]7. Crenepupyem 3HadeHUst MEJEBOIl TEPEMEHHON ¥ B
COOTBETCTBUY C MOJIEJTBIO JIOTHCTHIECKO# perpeccun (2.1). OTmernm, 90 wy 3a/1aeT
MaKCHMAaJIbHO JIOCTUKUMOE KavIeCTBO JiJisi TPOTHO3a IeJIEBOi ePEMEHHO, TTOCKOJIh-
Ky TPU MAJIOM wWq JJIs KaXKJ0r0 OObEeKTa BEPOSTHOCTD MPUHAIIEKATD K KAXKIOMY
u3 KJjaccoB Oim3ka K (0.5, a 1moToMy Jlarke UCTUHHAS TUINEPIJIOCKOCThH OYJeT UMETh
onmskoe K 0.5 3madenne Kpurepus kadecrsa AUC [49].
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240 -20 0 20 40 240  -20 0 20 40
il X1
(8) m = 350, do = 10 (r) m = 2500, & = 50

Puc. 5.5: [IpuMepbl crenepupoBaHHON CHHTETHIECKOH BHIOOPKH C KJIACTEPHON CTPYK-
TYPOii JIIsT PA3HBIX 3HATEHUI M U .
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[TocTporm Ha MMeOIUXCS JAHHBIX CHAYAJ a MHOIOYPOBHEBYIO MOJIENb, COCTOSI-
myo n3 K = 10 Mozeneit, Kaxk1yio Ha CBOEM KJacTepe JaHHBIX. 3aTeM 10 MOJIy YeH-
HOl MHOTOYPOBHEBOI MOJIEJTH TOCTPOUM (S, (¢)-aJIeKBATHYIO MYJIBTHMOIETH METOIOM
MOCJIE/IOBATE/ILHOTO MaPHOTO 00heIMHEHNs TI0 HAUOOJIBITIEMY CXOJICTBY JIJIst TIpelia-
raeMoit (pyHKIINKM CXOJICTBA S-score Ha ypoBHe 3HaunMmocTu « = 0.05. ['erepanuio u
nozicueT pedysbratroB npoussegeM 10 pas. Iloiaydennbie pe3yiabrarThl OCPEIHEHBI 1

npuBeeHbl Ha puc. 5.0.
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Wo

(a) m =100 (6) m = 1000
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(B8) m = 350 (r) m = 2500

Puc. 5.6: 3asucumocts AUC or m, §y u wy JIJIst MOCTPOEHHO# (S, o) — aJIeKBATHO
MHOT'OYPOBHEBOW MO/ICJIN.

Ha pwuc. 5.6 npuenena 3apucumocth cpenneir AUC mo kjmacrepaMm Ha TeCTO-
BOII BBIOOPKE JIJIsT TOCTPOEHHOM (s, a) — aJICKBATHON MHOTOYPOBHEBOW MOJICJIN OT
dp, OTpaskalolieil cTernenb Pa3aIndns KIaCTEPOB 10 PasMepy, W Wy, ONPEIesTIoei
MaKCHMAJILHO JTOCTHKIMOe 3Hadenne Kpurepus kadectsa AUC. U3 puc. 5.6 3axitio-
qaeM, 9To JIUIsT OCTPOEHHBIN (S, () — ajleKBATHBIX MHOTOYPOBHEBBIX MOJeJIeil HeT
3aBUCUMOCTHU JOCTUTAEMOT0O KaUeCTBa OT CTEIeHU Pa3nunsd KJIaCTepoB MO pa3Mepy,
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9TO O3HAYAET, UTO AJTOPUTM MOCTPOEHUS (S, () — aJeKBATHBIX MHOIOYDPOBHEBBIX
MoJjiesiell TpU3HaeT MOJEJIN, MMOCTPOEHHBIE Ha MaJIbIX KJacTepax Hepa3/ImaInMbIMUA C
MOJIEJIIMU JIJIsI JIPYTUX KJIACTEPOB, UTO IPUBOJIUT K UX 00beunennio. JleiicTBurenb-
HO B 9KCIEepUMenTe HabJIro1a10ch oT 1 10 5 Mojiesieil B TocTpoeHHoil (s, ) — ajiek-
BATHON MYJIbLTUMOJIE/IN, IPUUIEM B OOJILIITHHCTBE CIYyIaeB BCe MOJEIN 00beINHSIINCDH
B oxay. OTMETHM, OJHAKO, UTO JjIst yuera 3hpdeKTa 0T MHOKECTBEHHOI'O TECTUPO-
BaHUsI TUIIOTE3, TIPU OOJILIIIOM YHUCe Mojeseil K mMeeT CMBIC YMEHbBIITUTh YPOBEHb
3HAUUMOCTH (V.
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Puc. 5.7: 3asucumocts Munnmananrnoro AUC mo kiacrepaMm oT m, dg U Wy JJIS TI0-
CTPOEHHOI ($, ) — ajJleKBATHOW MHOTOYPOBHEBO MOJIEJIH.

Ha puc. 5.7 nmpuBenem 3aBUCHUMOCTL CPEIHEr0 3HAYEHHST MUHUMAJILHO HaOJIIO-
nasrerocst AUC 1o kjracrepaM Jijist TIOCTPOEHHO# (S, /) — ajleKBATHOW MYJIbTHMO-
JIeJI TIPU JIECSITH TIOBTOPEHUSIX SKCIEPUMEHTa. 3a HUCKII0YEHHEeM HEeCKOJILKUX BbI-
OpoCoB JJIsi cJIabbIX Mojesieit mpu MajgoMm wy npu m = 100 3aBUCHMOCTH KadecTBa
peJICKa3aHus I XYAIIero IO KaueCTBY KJIacTepa OT CTEICHU Pa3JIndns Pa3MepoB
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KJIACTEpOB 0y He HADIIomaeTcsa. PaccMoTpuM Teneph 3aBUCHMOCTL PA3HOCTH MEXK LY
CpeJIHUM Ka4eCTBOM W CPEJHUM XYM KadyeCTBOM I10 KJlacTepaM MexK/J1y MOCTPO-
€HHOM (s, a) — aJICKBATHOW MHOTOYPOBHEBOW MOJICJILIO U UCXOTHOW MHOTOYPOBHEBOM
MOJIEJ/IbIO.

0.06 0.03
0.05 0.025
004 10 0.02
0.03 0.015
0.02 0.01
001 1 0.005
01 0.2 %é’) 0.5 1 01 0.2 %g’: 0.5 1
(a) m =100 (6) m = 1000

0.04
0.03
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01 02 03 05 1 01 02 03 05 1 0
wo Wo
(B) m = 350 (r) m = 2500

Puc. 5.8: 3asucumocts paznocru AUC jyist mocTpoerHoit (s, «) — ajekBaTHOH MHO-
TOYPOBHEBOI MOJIEIN ¥ UCXOMHON MHOIOYPOBHEBOH MOIENN OT m, dy U wWy.

Ha puc. 5.8 u 5.9 npuBejieHa 3aBUCHMOCTH PA3HOCTH MEXKJIY CPEJIHUM KaueCTBOM
¥ MUHUMAJBHBIM 110 KJIACTEPAM KAadeCTBOM JIJIS IOCTPOCHHOM (S, () — aJIeKBATHOl
MHOT'OYPOBHEBOW MOJICJIBIO W MCXO/IHONW MHOTOYPOBHEBOW MOJICJBIO COOTBETCTBEHHO.
U3 puc. 5.8, 5.9 3akiiouaem, 910 BO BCe CIydasx MOCTPOeHHast (S, ) — aJleKBaTHAsI
MYJIBTEMOECTb OKa3bIBAETCA HE XYy»Ke HMCXOmHO. Kpome Toro, BoO MHOIHX CJayda-
AX OHA OKAa3bIBaETCHd JIy4llle MO CpeJHeMy U MUHUMaJbLHOMY 110 KJacTepaM Kaye-
CTBY IIO0 CPaABHEHUIO ¢ MCXOMHON. [IpenMyIecTBo mocTpoeHHoM (s, a) — aJICKBATHON
MHOI'OYPOBHEBOI MOJIEJIM Te€M BbIIIE, YeM OOJIbIe CTeleHb Pa3JIndust KJIaCTePOB 110
pasMepy dg, UYeM caabee HCXOMHas MOJEIb, TO €CTh YeM MEHBIIEe W, & TAKyKe CHE-
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Puc. 5.9: BaBucumocts paszuoctn munumaabaoro AUC mo kiacrepaM st IIOCTPO-
eHHOI (S, oz) — aJICKBATHOW MHOTOYPOBHEBOW MOJICJN W MCXOJHOW MHOTOYPOBHEBON
MOJIEJIVE OT M, 0g W Wy.
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Tabnmia 5.1: CpaBHeHre UCXOAHONW MHOTOYPOBHEBOH MOJIEN W MTOCTPOEHHO MO Heil
(s, a) — aJleKBATHON MHOTOYPOBHEBON MOJIEJIN JIJIsT JAHHBIX MO0 HEMEIKUM MOTPeOH-

TeabcKuM KpegutaMm npu a = 0.05.

Hanneie/Tpymma | < 25 | (25,45) | >45 |G UG2 UGs
AUGC, i 0.7190 | 0.7658 | 0.8022 0.7663
AUC 4¢q 0.7230 | 0.7655 | 0.8052 0.7686

t-cTaTucTUKA, 12.16 -1.82 6.62 18.2
p-value 0 0.0344 0 0

KaeTcst Tph (PUKCHPOBAHHBIX 0g U Wy TPH YBEJIUICHNN INCTIa OOHEKTOB B BBIOOPKE.
OrmeTnM, 0IHAKO, IYTO KPOME MPENMYIIECTB, CBSI3aHHBIX C YBEJINIEHNEM KaueCTBa,
TPOTHO3a, MOJYYEeHHAsT MOJIENIb SBJISETCH aJIeKBATHOM, TO €CTh COIEP:KUT MEHbITIe
MoJIeJieit, YeM WMCXOJIHAsI, U IPU 9TOM BCE MOJICIU, B Hee BXOJSIIUE, siBJISIOTCS M0~
MApHO CTATUCTUYECKU PA3JMUYUMBIME 110 TTOCTPOCHUIO, YTO MOBBIIMIAET WHTEPIPETH-
PYEMOCTb.

DKCIEPUMEHT C TOCTPOEHUEM (S, (/)-aJ€KBATHBIX MHOTOY PDOBHEBBIX MO-
aeJieii Ha peaJbHBIX JJAHHBIX MO0 HEMEKUM MOTPEONTEILCKNM KPEANTAM.
[TporecTupyem Ternepsb MpejiaraeMblii aJrOPUTM MTOCTPOEHUs (S, () — aJIeKBATHBIX
MHOT'OYPOBHEBBIX MOJIeJiell Ha PeaJibHbIX JIAaHHBIX. B KavecTBe BHIOOPKU PeaibHBIX
JTAHHBIX UCIOJb3YeM BBIOODKY 10 HEMEIKUM TOTPeOUTELCKUM Kpegutam [43], co-
crosiyto uz m = 1000 obbekToB. st mocTpoeHust MHOTOYPOBHEBON MOJIE/IN UC-
noJib3yeM pasbuenue npusHaka Bospacra f, ma Tpu rpymmer: G; = {(X, y) 1 7, <
25}, Go = {(x, y) : x, € (25, 45)}, G3 ={(x, y) : x, > 45}. Pazmepsl nosyans-
muxcsd rpyn: 190, 605, 205 cooTBeTCTBEHHO.

CpaBHUM KauecTBO Ha KPOCC-BAJTUIAINN I NCXOTHONH MHOTMOYPOBHEBOIN MOJICTH
C TIPUBEJICHHBIM pa3bMeHreM Ha TPYIIhl U TOCTPOCHHO 110 Heil (s, a) — a/ICKBATHOMI
MHOT'OYPOBHEBOI MOJIE/N, T/Ie B KadecTBe (DYHKIMK CXOACTBA UCTIOJIb3YEeTCSA MPe/1Jia-
raemast PyHKIMs CXOJICTBa, a ypoBeHb 3HauumMocTn pasen a = 0.05. [Tpoussoguiace
regepanug 5000 pazdbuennit Ha obyUueHne U KOHTPOJIbL ¢ pazmepoM obydenus 0.7 or
oDI1ero pa3mMepa BHIOOPKK ¢ PABHOMEPHBIM BHIDOPOM 0O0HEKTOB U3 KasK IOl BO3paCT-
HOW rpynnbl. Pe3yibrarsl cpaBHeHUsT PUBEJCHBI B TadJ. 5.1.

U3 Tabu. 5.1 3akmouaeM, 9T0 TOCTpoeHuE (S, (v) — aJIeKBATHOI MHOTOYPOBHEBOI
MOJIEJIH TTO3BOJINJIO YBEJIMINTL KauecTBo npumepno Ha 0.35% B Tepmunax AUC st
JIBYX U3 TpeX TPy 6e3 3HAUNMOTO YXYAIIeHUsT KA9eCTBa JIJIsT OCTABIEHCST TPYTITIHI.
st oobeaunenns rpynn kadectso pacrer na 0.23%. Bosee roro, ykazannoe yiyud-
IMIEHUE SBJISIETCS] CTATUCTUYECKN 3HAYUMBbIM C JIOCTUTaEMbIM YPOBHEM 3HAUUMOCTH,
paHbIM 0 ¢ TounocTbio 10710, PaccMaTpuBast pe3ynbTaThl MOCTPOCHUS (s, @) — ayex-
BaTHON Mojiesin, nojiydaeM, 4ro B 36.3% ciyuasix nocrpoerue (8, a) — ajleKBaTHOM
MHOTOYPOBHEBOI MOJIE/IN MTPOU3BOUIOCH TTyTeM O0beIMHEeHUsT TPy 00beKTOB Gy
n Gs3. B 37.5% cayuaes nocrpoennast nexognast MHOrOypOBHEBAst MOJEIIL SBJISIACD
(s, @) — aymekBaTHOl Ha yposHe 3HauuMoctu o = 0.05. B 9.8% ciyuaes mocrpoemue
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Tabnmia 5.2: CpaBHeHWe UCXOAHONW MHOTOYPOBHEBOH MOJIEN 1 MTOCTPOEHHO MO Heil
(s, a) — aJleKBATHON MHOTOYPOBHEBON MOJIEJIN JIJIsT JAHHBIX MO0 HEMEIKUM MOTPeOH-

TeabckuM Kpegutam npu a = 0.001.

Hanneie/Tpymma | < 25 | (25,45) | >45 |G UG2 UGs
AUGC, i 0.7182 | 0.7661 | 0.8027 0.7664
AUC 4¢q 0.7285 | 0.7696 | 0.8146 0.7749

t-cTaTuCTUKA, 24.30 16.93 20.43 45.39
p-value 0 0 0 0

(s, a) — aJeKBATHON MHOTOYPOBHEBOI MOJIEITH TPOM3BOIUIIOCH IyTeM 00'be TMHEeH ST
Beex rpymm. OTMeTnM, 9To NMpH TOJYIeHWH STUX PE3YJbTaTOB MCIOJIB30BAJICS J10-
CTATOYHO BBLICOKHI ypOBeHL ommOKu mnepsoro poja a = 0.05.

PaccMmorpum Tenephb ciydail 60ojee HU3KONH BEPOSITHOCTH OHIMOKHU MEPBOIO POJIA
a = 0.001, coorBercTByIOIIEr0 TPEOOBAHNIO TIOJIYIUTH MEHbIIE MOJIEIeil B MyJIbTH-
Mojiesin. Pe3ynbTaThl cpaBHEHUSI IPUBEIeHbI B TabJI. 5.2.

U3 Tabu. 5.2 3aKI0UaeM, ITo TOCTpoeHue (S, (v) — aJIeKBATHOI MHOTOYPOBHEBOI
MOJIEIN TTO3BOJIMJIO YBEJIUIUTH KAUECTBO 3HATMMO JJIST BCEX TPEX TPYIII, TTPUMep-
1o #a 1.1% B repmunax AUC muia asyx 3 Tpex rpynn u #a 0.35% s maubosee
MHOTOUUCJICHHOM rpynmbl. i obbeannenus rpynn kagectso pacrer na 0.85%. Bo-
Jilee TOTO, YKa3aHHBIE YJIYUIIEHUS SIBISIOTCS CTATUCTUUECKH 3HAYUMBIMH C JIOCTHU-
raeMbIM yPOBHEM 3HadnMocTH, pasubiM 10703, PaccmarpuBast pesyshrarhl ocTpo-
enusi (S, ) — aJleKBATHON Mojeu, nojgydaem, aro B 61.3% ciaydasx mocTpoerue
(s, o) — ajleKBATHOW MHOIOYPOBHEBOW MOJIEJIN TIPOU3BOIUIIOCEH TYTEM 00be [MHEHNUST
rpytn 0bbekToB Go u G3. B 26.5% cayuaes nocrpoenue (8, ) — ajileKBaTHOH MHOTO-
YPOBHEBOI MOJICJIN TPOU3BOIUIOCH IIyTeM oObenHenns Beex rpynn. B 8% ciaydaes
mocrpoenue (S, o) — ajeKBATHOW MHOIOYPOBHEBOW MOJIEJIN TTPOU3BOJUIIOCH MyTeM
obbenunenns rpynn oobekToB G u Go. B 3.6% caydaes mocrpoennast nexopast
MHOT'OYPOBHEBasi MOJIENIb sIBIsJIACh (S, ) — aJeKBATHOW Ha YPOBHE 3HAUYMMOCTH
a = 0.001. OrMmeTum, 9TO MOJOOHBIA PE3YIbTAT MTOKA3LIBAET, UYTO MUCXOIHOE Pas30u-
eHre Ha TPYIIHl OOBEKTOB JIJIsT MOCTPOEHUsT MHOTOYPOBHEBOW MOJIEIN, BUINMO, He
COOTBETCTBYET UCTUHHON 3aBUCUMOCTHA MEXK /Iy IMPU3HAKaMU U IIEJIEBOI ITepEeMeHHOM,
a TOTOMY TIPH TIOCTPOEHUH (§, () — aJIeKBATHOU MYJIBTUMOJIECTH YIATIOCEH YTy IITHTh
KavIeCcTRO.

DKCIEPUMEHT C MOCTPOEHUEM (S, v )-aTeKBATHBIX MHOTOYPOBHEBBIX MO-
aeJjieii Ha peaJibHBIX JaHHBIX MO KadecTBYy Oejioro BuHA. [Iporectupyem Te-
eph MpeJIaraeMblil aJIFOPUTM MOCTPOEHHUsT (S, () — aJIeKBATHBIX MHOTOYPOBHEBBIX
MoJiesieil Ha peajibHBbIX JAHHBIX. B KauecTBe BBLIOOPKHU PeasibHBIX JAHHBIX HCIIOJIb-
3yeM BBIOODKY 110 KaudecTBy Oesioro BuHa [46], cocrosinyio uz m = 4898 00bekToB.
J1st mocTpoeHrns: MHOTOYPOBHEBOI MOJIEIN UCIOIb3YeM pa3dreHue Ipu3HaKa colep-
YKaHUsT ¢BODOJHOrO auokcnga cepbl Ha K = 10 u K = 20 rpynn 1o KBaHTHJISIM
pacIpejiesieHust NPpU3HaKa ¢ OJJMHAKOBBIM IIArOM, YTO JAeT IPYIIbI TPUOIU3UTE b
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Tabsnia 5.3: CpaBHenune MOCTPOEHHOT (S, () — aJIeKBATHOI MHOTOYPOBHEBO# MOJIEH
C UCXOJHON U C OJJMHOYHOI JIOTMCTUYCCKOU MOJICJIBIO.

Hanubie K =10 K =20 K =35

a 0.05 | 0.001 | 0.05 [ 0.001 0.05 | 0.001
AUC,4e, | 0.8149 | 0.8139 | 0.8053 | 0.8069 | 0.8028 | 0.8043
AUC,,;; | 0.8155|0.8155 [ 0.8054 | 0.8058 | 0.7992 | 0.7994
AUC, | 0.8060 | 0.8061 | 0.8029 | 0.8032 | 0.8011 | 0.8009
tinit -20.57 | -34.74 | -1.13 | 15.75 | 42.52 | 53.64

ts 106.29 | 98.60 | 24.43 | 41.60 | 14.42 | 33.74
finit, %0 | 45.3 30.6 49.3 59.2 73.0 77.4
£, % 92.6 91.7 | 64.3 72.4 59.2 71.0
K 7.4 5.4 11.2 7.3 13.8 8.0

HO OJIMHAKOBOTO pa3Mepa.

Bynem npoussoguth 5000 renepariiuii ciaydaitnoro pasouenusi BLIOOPKYU Ha 00y e~
HUE U TeCT, KaK U B JIJI JAHHBIX 10 HEMEIKUM TOTPeOUTeIbCKUM KpeauTaM. Buibop
00'bEKTOB JIJIsi 0DyUeHus, KaK U paHee, paBHOMEPEH 110 rpyrinaM. Pe3yibraThl cpas-
HEHUST TIPeJ[TaraeMoro MeTO/Ia MOCTPOeHusT (S, o) — aJIeKBATHON MHOIOYPOBHEBOIl
MOJICJIN C UCXOJIHON MHOI'OYPOBHEBOW MOJICJIBIO U C MOJIC/IbIO, KOTOPasi KOMOWHU-
pyeT Bce TpyHIbl B ofHY mpuBefeHbl B Tads. 5.3. B tabm. 5.3 AUC,4eq, AUC 1,
AUC, osnagator coorBercrBerto cpeanne 3uadennss AUC mo mrepannsivm Ha Beeit
TECTOBOMW BHIOOPKE JIJIsi TOCTPOCHHO (s, a) — aJICKBaTHO MHOT'OYPOBHEBOI MOJICJIN,
HUCXOJTHON MHOTOYPOBHEBON MOJEIN U OJUHOYHON JIOTUCTUYCCKOU MOJENU, & tjpi¢ U
ts 3HAYEHWs t-CTATHCTUKK JIjisi THIOTE3bI CPABHEHUsI TOCTPOEHHOM (S, a) — ajiek-
BaTHOI MHOTOYPOBHEBOW MOJICJIN MPOTUB MUCXOJHON W OJUHOYHON COOTBETCTBEHHO.
finit © fs €cTh g0JsT pazdbuenn, st KOTOPHIX TTOCTPOEHHAST MHOTOYPOBHEBAsT MOJIEITh
OKa3aJiach JIyUllle Ha TECTOBOM BBIOOPKE, YeM MCXOJHASA U OJMHOUHAS COOTBETCTBEH-
Ho. K TOKa3hBaeT cpejiHee 9MCIO0 MOJeelf B MOCTPOeHHOI (s, a) — ajexBaTHOIf
MHOTOypOBHEBOI Mojiesin. Ha puc. 5.10 npuBejieHbl I'HCTOIPAMMBI PACIIPEIeICHUS
4uCIIa MOJIesIeil B TOCTPOCHHON OMTUMAJILHOM (s, a) — aJICKBATHOW MHOTOYPOBHEBOW
mogiesin. M3 tabi. 5.3 3akirovyaem, 9To O0sIbIlee KauecTBO JIOCTUTACTCs TPUA (, JIJIsT
KOTOPOT'O YHCJOM MOJiesieil B MHOTOYypOBHEBOI Mojenn K = 8. 3amMeTum, 4To pe-
3YJABTATHI I €IMHCTBEHHOW MOJIEN HECKOJIBKO OTJINYAIOTCS TTPU PasHbix K. D10
00BSICHSIETCSI TeM, UTO 00yUaioiast BLIOOPKa Ha KPOCC-BAJIUIAINKE BLIOUPAETCS paB-
HOMepHO 10 K rpynmaMm, a MOTOMY TPU HAJUIUN HEOJHOPOJHOCTH TO TPU3HAKY
UMeeT CTATUCTUIECKN Pa3Hblil cocTaB JIJIs pas3ubix K .

Otrmernm, uto npu K = 10, 20 u ucxomHasi MHOTOYPOBHEBasI MOJEJb, U IIOCTPO-
eHHast 10 Heil ($, «) — ajiekBaTHas pabOTAIOT JIydIle, YeM OJMHOTHAs JIOTUCTHIe-
cKas MOJIeJIb, YTO YKa3bIBaeT Ha HaJUdIue 3HAUNMON HEeOJHOPOHOCTHU MO MPU3HAKY
coJiep»KaHusi cBODOJIHOTO JinoKcu ia cepbl. Kpome Toro, mpu K = 10 mocrpoenHast
(s, a) — ajlekBaTHAST MHOTOYPOBHEBAST MOJIENIb HE3HAUUTEILHO YCTYIACT HCXOIHOM, B
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To BpeMms Kak npu K = 20 u K = 35 nabmogaercs obparnas cutyaiusi. [IpeBbiiie-
HUEe KadecTBa, Y UCXOMHOM Mojesn Hal mocTpoennoit st K = 10 obbsicHsieTcst TeMm,
YTO €CJIU MOJEJN B MHOTOYPOBHEBOI MOJIEIN MCXOTHO pa3Hble, CYIIECTBYET BEPOSIT-
HOCTH MPUBHATH X OJIMHAKOBBIMHU, JIAIOIIASICS BEPOSTHOCTHIO OIMOKYU BTOPOT'O PO/Ia,
qTO YXYIIaeT mocTpoeHHyo Moaenb. [lpn K = 20 u K = 35 nabuoaeTcss mpoTu-
BOTIOJIOYKHAs CUTYAINsT, TOCKOJbKY KOJMYECTBO MOJIeJIell B UCXO/HONH MHOTOYPOBHE-
BOI MOJIeIN, BUJIMMO, 3HAUNTEJILHO MIPEBLIIAeT TpedyemMoe JJIst yaeTa HeoIHOPO/I-
HOCTH I10 TpU3HaKy. TakuM oOpa3oM, IMoJydaeM, 9To IPH HAJHIUU HEOTHOPOTHOCTH
B JIAaHHBIX MOCTpOeHUE (S, () — aJIeKBATHBIX MHOIOYPOBHEBBIX MOJIEJIEH TTO3BOJISIET
COKPATUTHL YUCJIO MOJIeJIel B MHOTOYPOBHEBO# MOJIEJI, UTO MOBBIIIAET UHTEPIPETHU-
PYEMOCTH MYJILTUMO/IE/INA, U OJHOBPEMEHHO 3HAYMMO MMOBBICUTH KaueCTBO MPOTHO3A.
[Ipu oTcyTCcTBUM HEOTHOPOTHOCTH HADJIOIACTCA HE3HAUUTEJHHOE YXY/IIIeHne Kate-
CTBa TIPOTHO3a M3-3a MPUHATHUS OJMHAKOBBIX MOJIe/Iell 3a pa3HbIe.

5.3. Iloctpoenme (s, o)-ageKBaTHBIX cMeceil Mozeei

[IpuBegem jajiee pe3yabTAThl SKCIEPUMEHTOB MO MOCTPOCHUIO (S, ) — AJeK-
BATHBIX CMeceil MOjeseil Ha CUHTEeTHYECKNX W PeasibHbIX JaHHbIX. OTMEeTHM, 9To
YUCJIO MOJeJIell B IOCTPOCHHOW CMECH B OTJINYNE OT MHOTOYPOBHEBOW MOJIEIH, TJe
9TO YUCJIO 3aJ]aHO0 3apaHee, Ui CMEeCH MOJeIeil 3a/1aH0 JTUITh MaKCUMAaJbLHOE YHCIO0
MoOJIeJIeil B CMecH, a B CHJIY TTPOPEXKUBAHUsST CMECH UTOTOBAs MYJbTUMOIEIH MOXKET
UMeTh MeHnbIre mojeneit. [lo aToit mpuunme s 110000 UCXOMHOTO UNCJIA MOJeIei
K BO3MOXKHO MOCTPOUTH (S, () — aJIeKBATHYIO MYJIBTUMOJIENb JIjisi JII0OOTO yPOBHS
3HAUUMOCTH «v. JIsT 5TOro JOCTATOUYHO BBIOPATH JOCTATOYHO CHUJIBLHO MPOPEXKUBA-
folTiee AlPUOPHOE pactipejiesierne p(7r|i), 9mo B UTOre B CMECH OCTAHETCsT TOJHKO
OJIHA MOJIEJIb, KOTOPasi MO OMPEIeIeHUI0 sBisteTcs (s, a) — ajekBarHoil. [IpuBenem
Jlajiee pe3yabTaThbl SKCIEPUMEHTOB Ha, CMHTETHYCCKUX JTAHHBIX, MTOKA3BIBAIOIINE, ITO
0DyUIeHHbIE CMecH MoJieseil MOTyT ObITh He (S, () — aJeKBATHBIMA.

Nnnmocrpaiiusgs MHOTO3KCTPEMAJBHOCTH M BO3MOXKHOII HeaJaeKBaTHO-
cTu OOydYeHHOII cMecu mojesieii. 3ajata 0OyUIeHUSI CMecH MOJeJeil COCTOUT B
OJTHOBPEMEHHOM TTOMCKE BECOB MOJIeJICit 7T 1 BEKTOPOB WX MapaMeTpPoB Wi, ..., Wi
1 SBJISCTCS HEBBIMYKJON M MMEET MHOXKECTBO JIOKAJBHBIX SKCTpeMyMoB. Ilo sroii
MpUYIrHE JlaXke, eCJIu TJI0DAJIbHBI MUHUMYM 00JIaJIaeT CBOWCTBOM aJIeKBATHOCTH,
HaliJICHHBIA JIOKAJLHBIH MUHEMYM MOXKET He ObITh aJeKBaTHBIM.

[Tokarkem cHauaJsa, 9TO 3a7a4a O0OYUEHUs] CMECH MOJeJseil siBIsSeTcss MHOIOIKC-
TpemaJjbHoii. st aToro cremepupyem BoiOOpKY pasmepa m = 1000 u3 npusna-
KOBOT'O TPOCTPAHCTBa pa3MepHOCTH N = 2 m3 cMmecn K = 2 mopeneit ¢ Becammn
7 = [0.6, 0.4]". Ins BoccranoBienust cmecu ucnonbsyem K =2, u = 1.

Ha puc. 5.11 npuBenens! rpaduKi 3aBUCUMOCTH JIOTapudMa COBMECTHOI'O TIPaB-
JIONOI00MsT ¥ MAaKCHMAJILHON OLIEHKU BEPOSITHOCTH MOJE/N maxy My Juisd 20 3amyc-
KOB U3 Pa3HbIX HAYAJBbHBIX TOUeK Ha mpoTssxkeHun 1500 urepammit EM-anropurma.
3eJIeHbIMU TOUKK Ha PHUC. H.110 0003HAUEH MOMEHT HACTYIIEHUST CXOJAMMOCTH JIJIsT
KarKJI0ro 13 3amyckoB. OTMETUM, UTO HApsLy ¢ OOYUIEHHON MOJIETbIO ¢ HAUOOIBIITIM
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logp(y, w1, ..., Wk, m|X) or HOMepa uTepalyu.

Puc. 5.11: Mtroctpaliysi MHOTO9KCTPEMaJIbHOCTH COBMECTHOT'O TTPABJIOTIOI00Ms CMe-
CU MOJIeJICH.

COBMECTHBIM TIpaB;ionogobueM, naorieiics 7 = [0.6639, 0.3361]" u BekTopamu mapa-
merpoB wi = [1.20, 1.28]", wy = [1.08, —1.32]". OTmernm, 9T0 B OKPECTHOCTH ITOTO
MaKCHMYMa HaILJIUCh ellle JIBa, OJU3KUX 110 3HAUEHIIO COBMECTHOIO IIPAaBIOION00HSI,
HO OTJIMYAIONIUXCS TI0 70, W1, Wo, CJIEJYIONIero Buja

o m = [0.6587, 0.3413]" u BekTopamu napaverpos wi = [1.19, 0.41]", wy =
0.53, 0.17]",
e m = [0.6623, 0.3367]" u BekTOpamu mapamerpo wi = [1.20, 1.28]|", wy =
[1.07, —1.31]".
Bropoit n3 3TMX MakCMMyMOB OYeHb OJIM30K K HailJeHHOMY DEIIeHNIO, B TO BPeMs
KaK IEePBLIi 3HAYUTEILHO OTJIMYAETCA. KpoMe STHUX JIBYX MaKCUMYMOB €CThL €Ile
HECKOJILKO HalJICHHBIX JIOKAJLHBIX MAKCUMYMOB C 3HQYUTEJHLHO MEHBITNM 3HAYCHU-
eM COBMECTHOI'O MPaBJIONOI00MS.

e m = [1, 0]" u BekTOpOM mapamerpos wi = [0.92, 0.31]",

o m = [0.9978, 0.0022]" u BekTopamu napaverpo wi = [0.93, 0.32]", wy =

[—0.24, —0.98]".
TaxuMm 0OpasoM, Hapsay ¢ HaJIEHHBIM pPelIIeHneM, CXOAMMOCTh K KOTOPOMY Ha-
6JII0/1aeTCS B IMUPOKOM JIMAIIA30He 3HAUYCHUI MCXOJHBIX MIapaMeTpOB, CYIIEeCTBYIOT
HECKOJILKO JIOKAJBHBIX MUHUMYMOB, YTO FOBOPUT O MHOTOIKCTPEMAJILHOCTH Pellae-
MOM 3a/Ia4u.

NnmocTpanusg HeaaeKBaTHOCTUA OOyYeHHOM cMmecu Mozedieii. [1pusenem
JlaJIee puMep, NOKa3bIBAIOIINIT, 9TO 00y UeHHAs CMECh MOJIENICH MOYKET OBbITH HEaIeK-
BaTHOI. ['eHepupyem BbIOOpPKY pasmepa m = 5000 B IpU3HAKOBOM MPOCTPAHCTBE
pasmepa n = 2 u3 cmecn K = 50 mogeneit. IIpn 3ToM BekTOpa mapaMeTpoB Mojie-
Jleit TeHepUpPYIOTCsl TaK, UTO OHU JOCTATOYHO pa3Hble, ming [|[wy, — wi|| = 0.3334.
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Obyunm cmech mojeneit u3 K = 50 Mojesneit Ha 5TUX JAHHBIX U COCUUTAEM YPOBHU
3HAUMUMOCTH JIJIS CTATUCTUIECKONW Pa3JIMInMOCTH MOJIeNeil, BXOASIIINX B MYJIHTUMO-
neib. Matpuia napubix yposreit 3uaunmoctn T = (ty), k, | = 1, K upusenena Ha
puc. 5.12.

1

0.8

10.6 10.6
10.4 10.4
0.2 0.2
0 0

10 20 " 30 40 50

©) T = (I(tw > 0.05), k, I=1, K

Puc. 5.12: Marpuiia napabix ypoBHEil 3HAUMMOCTH B YCJIOBUSAX UCTUHHOCTH T'UIIOTE-
3bI O COBITQJICHUN MOJeJIe

I3 puc. 5.12 3akmo9aem, 9T0 B MOCTPOEHHO# CMECH ecTh He (§, () — pasuIiMble
napbl Mojeseit Ha yposHe 3HaunMmocTun o = 0.05. Takmux map 464, a ansg a = 0.001
ecth 717 nmap we (s, o) — pasauauMbix Mojeseit. Kpome toro, B 0bydeHHoi cMecn
eCTb ropasJio 6osiee OIM3KUE MOJEIH, YeM B UCTHHHOM Mojesn ming ||[Wi — Wi|| =
0.0305.

CrenepupyeMm Tenepb BBIOOPKY Toro ke pasmepa m = 5H000 B mpusHaKO-
BOM ITpOCTpaHCTBe pasmepa n = 2, HO u3 cMmecu K = 10 wmogesneit. IIpu srom
BEKTOPa MapaMeTpPoOB MoOJeJeil TeHepUpyIOTcsd TaK, UTO OHU JOCTATOYHO pa3HBIE,
ming [|[wy — wy|| = 1.652. Obyunm cmecs mojereit n3 K = 10 mozeseit Ha
9TUX JIAHHBIX W COCUMTAEM YPOBHU 3HAYMMOCTH JIJIsi CTATUCTUYECKON pPas3/InInMO-
CTH MOJIeJiell, BXOJAIINX B MYJbTUMOJIEb. MaTpuiia napHbIX ypoBHEH 3HAUMMOCTH
T = (tx), k, | =1, K npusenena wa puc. 5.13.

I3 puc. 5.13 3akmo9aem, 9TO B MOCTPOEHHO# CMeCH ecTh He (§, () — pa3uIiMble
naphbl Mojiesieit Ha ypoBHe 3uHaunMoctn o = 0.05. Takux map 2, a gnga a = 0.001
ecth b map He (s, ) — pasnauuuMbIX Mojeseil. Kpome toro, B 0byuenHoil cMecn
ecTh ropas/io OoJiee GJIM3KIE MO, YeM B UCTHHHON MOjesn ming ||Wy, — Wy|| =
0.114. Takum obpaszom, MpUBEJICHHBIE TTPUMEPHI TTOKA3BIBAIOT, YTO 0OyUEeHHAs CMECh
MOJIeJIelt MOYKeT He OBbITh (§, () — aJIeKBATHON M3-3a OTCYTCTBHUS MPSIMOTO KOHTPOJIS
Pa3IUINMOCTH MOJIeJiell B CMECH.
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(6) T = (I(ty > 0.05)), k, I=1, K

Puc. 5.13: Marpuna mapHbIX ypoBHEil 3HAUUMOCTU B YCJIOBUSIX UCTUHHOCTU THIIOTE-
3bI O COBITQJICHUN MOJeJIe

5.4. llpumeHeHHEe KOMOMHUPOBAHNS ITPU3HAKOB

[IponemoncTpupyeM paboTy MpeiaraeMbiX aJrOPUTMOB KOMOMHUPOBAHUS IPHU-
3HAKOB Ha CUHTETHYECKUX JaHHBIX. PaccMoTpum ciepyroiye HaOOPOB CUHTETHYE-
CKUX JIAHHBIX, COJIEPXKAIINX TOBTOPSIONINECS TPU3HAKH.

1. ng = 1 dakrop f!, umeonwmit sec wy, f! ~ N(0,1). Henesas nepemennasi
y TeHEepUpyeTcs B COOTBETCTBHU C MOJICJBIO OJIMHOYHON JIOTHCTHYECKOH pe-
rpecenn (2.1) mus w = wy, X = f!. Habmogaemas npusnakosast marpuia X
coctonT n3 n = 100 3amyM/JIeHHBIX KOIHWiI Mpu3HaKa, X = fle; + €0€, €jj ~
N (0, 1), eg 3a1a€T YPOBEHD 3aITyMJICHUS.

2. ng = 2 He3aBUCUMBIX (haKTOpa f'l, f'2, UMEIOIUX Bec Wy, f'l, 2 ~ N(0,1).
[enepas mepemennas y reHepUPYeTCa B COOTBETCTBHM ¢ MOJICNIBIO OJIAHOTHOM
norucruueckoil perpeccun (2.1) s w = [wy, wo]”, X = [f1, £2]. Habmo-
JlaeMast pU3HakoBast MaTpuia X cocTouT 3 n = 50 3alyMJIeHHBIX KONuii
kaxoro npusnaka, X = [f'e] + goe', f2e] + goe”|, €;, €5, ~ N (0, 1), g
3a/1a€T YPOBEHb 3allTyMJICHUST.

3. ng = 2 He3aBUCHMBIX (aKTOPa f'l, f'Q, UMEIINX Beca Wy, —wy, f'l, 2 ~
N(0,I). Lenesas nepeMeHHAA y TEHEPUPYETCS B COOTBETCTBHH C MOJICTIBIO
OJIMHOYHOI JIorncTHIeckoit perpeccun (2.1) ais w = [wg, —wo|™, X = [f1, £2].
Hab6moaemast npusnakoBas MaTpuIa X cocTouT u3 n = 50 3a11yMIeHHbIX KO-
mmit £1 = Bf1+ /1 — 82f2, £2 = Bf2+ /1 — B2f! cmeceit kax10r0 NMpU3HAKA,
X = [f'e] +eoe', f2e] +20e”], €5, €5, ~ N(0, 1), £ 3a1aeT yposennb 3aryu-
nenus. 3neck B € [0, 1/4/2] 3aaeT ypoBeHb KOPPeIANUE MKy TPU3HAKAMHE
(B = 0 coorBercrryer nynesoit koppensmun, a 3 = 1/4/2 ciyuaio egunnanoii

KOPPEJISITIIHT ).
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Cayuaii, Korga npu3HakoBadg MaTpuria coctrout n3 n = 100 kormii of-
HOTO IIpM3HakKa. B paccmarpuBaemom ciiydae onTuMaJlibHOM KOMOMHAIMEH B COOT-
BeTCTBUH C (2.4) siBJIsieTcs1 KOMOWHATIMST TPU3HAKOB C OJTMHAKOBBIM BecoM. [1pu sToM
TaKOii KOMOWHAIIMN COOTBETCTBYET CJIeyIolee MpeJcTaBieHne KOMOMHIPOBAHHOTO
MpU3HaKa MocJe HOPMUPOBKH K €JIMHUTHON JUCIIEPCUN

f* = of' + V1 —a2e, e ~ N(0, 1), o = n/(n+&2).

3nech Dpest = 2 ecTb J0JIS CHUTHAJIA B ONTHUMAJIHHON KOMOWHAIMN MO JUCIEp-

cun. Takoe »Ke IpeicTaBJIeHHE UMEET MeCTO W JIJIsg JAPYTUX KOMOWHAIN, KOTO-
pble 3aJal0TCs BecaMu OOYUEHHON JIOTMCTHYECKONR MOJIENH IOCTEe IMKAJTAPOBAHMSI
K eJuHUYHOi nucrnepcu. OTMeTHM, UYTO OTKJIOHEHHE KOMOUHAIIMU OT ONTHMAJIb-
HOI, KOTOPOE MOXKHO U3MEPUTH 10 BEJUYNHE JIOJIN CUTHAJE [) BIUseT Ha KadeCTBO
nporuo3a. Jamee B Tepmunax poau curtana u AUC ma TecToBO#l BLIOOPKE CpaB-
HUBAEM ONTUMAJIbHYI0 KoMOnHanmio npusnakon (D, AUC,, ), nanboree obocHo-
BAHHYIO MOJIE/Ib, MOJYIEHHYIO C TOMOIIBIO JOTUCTUIECKONR PErpecCur Ha MCXOIHBIX
npusaakax (D.,, AUC,,), Mozenb, mocTpoernyio Ha ogaoM mpusnake (Dg, AUC)
1 HauboJiee 0OOCHOBAHHYIO OOYUYEHHYIO MOJEJ]bh HAa KOMOWMHMPOBAHHBIX ITPU3HAKAX
(Dcomps AUC comp) J1JIsT pASHBIX PA3MEPOB BHIDOPKHU 11, SHAUCHUST Wy U 3AITY MJICHHO-
CTHh &g.

OTrmeTnM, ITO JIJIsT TOr0, YTOOBI IPOBOAUTH KOMOUHAIIUIO IPU3HAKOB C IIOMOIIHIO
peIaraeMbiX METOIOB, TPedyeTcs 3a1aTh TPAHUILY Py TT0 KOPPEJISIINN JjIsT KOMOU-
Hanuu. Ecou pg = —1, To Bce mpu3HaKu KOMOWHUDYETCS B OJIMH, a eclid py = 1,
TO KOMOMHUPOBAHUs He MPoucxoanuT. Tak Kak 3HAUEHUE py HEM3BECTHO, OHO OIpe-
JIeJISTeTCsT KPOCC-BaJIiIaliieil Ha, o0y vaoleil BLIOOpKe, JIJIsT KOTOPO MPOU3BOIUTCS
caydJaiinoe pazouenue Ha ase moasioopku 100 pas. [IpuBegem najee HECKOJIBKO Ipa-
(bMKOB 3aBUCHMOCTH CPEJIHEr0 KadecTBa Ha, KPOCC-BAJIWAAINN OT 3HAUEHUsT pg JIJIs
pa3HbIX 3HAYECHWH M, Wy, €9 (cM. puc. 5.14).

Basucumocth AUC Ha Kpocc-Bajnjalii MMeeT CTyTeHJYaThiii xapakrep (CM.
puc. 5.14). OnTuMaIbHON SIBJISIETCsT KOMOMHAIUST BCEX TTPU3HAKOB, & TPH MAJIOM Ia-
paMerpe pg 3TO U MPOUCXOJUT, UTO BEJIeT K KAUeCTBY, OJU3KOMY K ONTHMAJbHHOMY.
[Tpn yreawaernnn py 10 HEKOTOPOTO 3HAYEHWS MO-TTPEYKHEMY TTPONCXOINT KOMOWHA-
s BCeX MPU3HAKOB B OJMH, a MOTOMY KaduecTBO He m3MeHsiercs. [Ipu jgocrarouno
OOJIBLITIOM py MPU3HAKN HCIOJB3YIOTCS OTIENBHO, 9TO BejeT K 0ojiee HU3KOMY Ka-
gectBy. OTMETHM, UTO TpaHuUIa Mepexoga paBHa Kak pas 1/(1 + €3), mockomabky
9TO M €CTh OXKMIAEMOE 3HAUECHNE KOPPEJSIIIUU MEXKJIy 3alllyMJIeHHLIMUA MpU3HaKa-
Mmu. Bojlee HU3KOE KaduecTBO MpPHU UCIOJL30BAHUHU IIPU3HAKOB OTJIEIHLHO YKA3BIBAET
Ha HEONTHMAJHLHOCTH KOMOWHAIIMU, KOTOPAasl MOJYyYaeTCsl MMPU UCIOJIHL30BAHUU HC-
XOJIHBIX TIPU3HAKOB B OMTHMAJILHOW 00yIeHHON MOJIE/N JIOTMCTHIECKOH PEerpecCun.

CpaBHUM J1ajiee ONTHUMAJIBHYIO OOYUEHHYIO JIOTHCTHIECKYIO MOJIEb Ha KOMOU-
HUPOBAHHBIX MPU3HAKAX C ONTUMAJILHON OOYUEHHON JIOMMCTHIECKON MOJEIbIo Ha,
HCXOJIHBIX MPU3HAKAX, C ONTUMAJLHON 00yUeHHO! JIOTHCTUUIECKONH MOJIEIbI0 Ha O
HOM MPU3HAKE U C MOJEIbIO ¢ ONTUMAJbHBIM KOMOMHUDOBAHUEM MTPU3HAKOB JIJIsI
Pa3HBIX 3HAUYEHUI W, 33Ja0IIEro MaKCUMAaJJIbLHOEe KauecTBO Mojiesn. VCImonb3yoTes
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KOPPEJAIMA pPg JJIA PA3HBIX M, Wo, £Q.
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Puc. 5.15: CpaBHerune MoOJean ¢ KOMOMHUPOBAHHBIMU MTPU3HAKAME C ONMTHUMAJIHHOMN
MOJIEJIBIO U MOJIETbIO ¢ UCXOJIHBIMU Tpu3HakamMu jiisg wy = 0.1
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Puc. 5.16: CpaBuenne Mojean ¢ KOMOMHUPOBAHHBLIMU IIPU3HAKAMHI C ONTUMAJILHOM
MOJIETIBI0 U MOJIEIBIO ¢ UCXOAHBIMH MpU3HaKaMu JJd woy = 0.25
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Puc. 5.17: CpaBHerune MoJean ¢ KOMOMHUPOBAHHBIMU MTPU3HAKAMU C ONMTHUMAJIHHOMN
MOJIEJIBIO U MOJIENTbIO ¢ UCXOJHBIMU Tpu3Hakamu Jiuist wy = 0.5
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CJIe Y IOTIIe 3HAUEHUST TapaMeTpoB m, wy, €9, m € {500, 1000, 3000, 10000}, wy €
{0.1, 0.25, 0.5}, g € {1, 1.7, 2.5, 3.5, 5}.

Pesynbrars! jiist mojenn ¢ wy = 0.1, To ecTh ¢ MaJbiM MaKCHMaJIbHBIM Kade-
CTBOM IPUBEJIEHBI Ha puc. 5.15. OTMeTuM, ITO MOJENb ¢ KOMOMHIPOBAHHBIMU IIPHU-
3HAKaMU OJIM3Ka K ONTUMAJLHOR Jlaxke Mpu OOJIbITOM YpoBH myma mpu m > 1000.
[Tpu m = 500 usz-3a HAJMUMS TITyMa, KOTOPbIH BJIMSAET Ha OINEHKU KOPPEJSIUil MO-
JleJIb ¢ KOMOMHUPOBAHHBIMU IIPU3HAKAMHU YCTYIAET ONTHUMAJBLHON, HO MO-TIPEXKHEM
He MPOUTPHIBACT ONTUMAJLHON 0OYUEHHON MOJIe/N, UCIOJIb3YIOIIei Bce MPU3HAKMN.
OTMeTnM Tak:Ke, ITO U MOJIeJIb ¢ KOMOMHUPOBAHHBIMU IPU3HAKAME, 1 OITUMAJIHHAS
0oDy4YeHHasT MOJIe/Ib, UCIOJIB3YIOIIasi BCe MPU3HAKKW PabOTAOT JIydlle, YeM MOJIe/Ib,
00y4eHHAas TOCIe BEIOOPA OJHOTO PU3HAKA 38, UCKJIIOUEHUEM CJIyUas MaJoii BHIOOD-
ku m = 500 g 60JbiIoro 3Havenus mrymMa. OTMeTHM, OJIHAKO, UTO pPeau3aIlus
0oTOOpa MPU3HAKOB B TAKUX YCJIOBUSAX 3aTPYAHUTE/IHHA, TOCKOJIbKY MaTeMaTUICCKOEe
OKHJIAHIe KOPPEJIAIIN MesKy mpusHakamu pasuo 1/(1 + €2), aro 61mu3K0 K myimo
Py CHJILHOM IITyMe, a TIOTOMY TIPU3HAKW HE BHITJISAIAT MYJIbTUKOJIMHEAPHBIMUA.

Pesynbrarsr giast ciaydae, xKorga wyg = 0.250 m wy = 0.5 npuBenennbl Ha
puc. 5.16u 5.17 coorBercTBeHHO. B 3TOM Cilyvyae MakcuMaJsbHA0E KaueCcTBO JIJIs Oll-
TUMAJbHOU MOJEJN BBIIMIE W paBHO cooTBeTcTBeHHO (.57 m 0.63 mpotus 0.52-0.53
st wy = 0.1. IIpn wyg = 0.5 yxe narke juist BeIiOOpku pasmepa m = 500 s
BCEX 3HAUYEHUIl IIIYMOB MOJIEJb ¢ KOMOMHUPOBAHHBIMY IIPU3HAKAMU TOUTH COBIIAIA-
er (¢ Tounocruio g0 1077 no gone curnana u jo 1073 no AUC) ¢ ontumasbHoit
MOJIEJIbIO, 3HAYUTEIBHO IMODEXKIasi IPU 3TOM OINTUMAJIBHYIO 00yUIeHHYIO0 MOJEIb Ha,
BCEX TPU3HAKAX U MOJIEJIb C OTOOpaHHBIM ITPU3HAKOM BO BCex ciyuasx. laxe B ciiy-
qae Oosbinoit BeIOopkr m = 10000 mpesbimenne AUC,,,,,, nag AUC,, cocraBisier
0.1. OT™MeTuM mpu 3TOM, YTO MPEUMYIIECTBO DOJIBIIE JIJI MEHBIITUX BBIOOPOK U IIPH
OoJibITIeit 3aryMaeHHOCTH £g. st ciydast wg = 0.25 cnpaBeiinBo TO »Ke camoe,
38 UCKJIOUEHUEM cjydas MaJjoit Beibopku m = 500 B 6osbImnoit 3amymMaeHHOCTH
(g0 = 2.5, 5), KorjJa MoJesIb ¢ KOMOMHHPOBAHHBIMU TTPU3HAKAME TTOOEXKIaeT OITH-
MaJIbHYI0 OOYUEHHYIO Ha BCEX MPU3HAKAX U MOJE]b ¢ OTOOPAHHBIM IIPU3HAKOM, HO
3HAYUTEJILHO TTPOUTPHLIBACT HAWUJIYUIIEHl BO3ZMOXKHOA.

Cayuaii, KorJa Npu3HAKOBadg MaTPUIA COCTOUT u3 n = 50 KOmmii Ka>k-
JOTO U3 JABYX NPU3HAKOB.

Kaxk u B npenpliyieM ciaydae, IpuBeJieM CHaUaJa HECKOJIBLKO I'PaUKOB 3aBUCH-
MOCTH CpeJTHEr0 KaueCTBa, Ha KPOCC-BAJUIAINYU OT 3HAYEHUS Pg JIJIS PA3HBIX 3HATE-
"It m, wy, € (cM. puc. 5.14).

Basucumocth AUC Ha Kpocc-BaJIUJAINE MMEET CTYIMEeHUAThIH XapakTep (cM.
puc. 5.18). OnTuManbHbIM SBJIAETCS HAOODP MPU3HAKOB, COCTOSIIIUI W3 JBYX IMDPH-
3HAKOB, KayKJIblil U3 KOTOPBIi siBjsieTcss KomOuHamueir n = 50 Konuii Kaxkjioro m3
JIBYX UCTUHHBIX TPU3HAKOB. [Ipn Masiom mapameTpe py Bce Mpu3HaKu KOMOUHUPYIOT-
cs B ojivH. Ecjin Ob1 pu3Hakn KOMOMHHUPOBAJIUCH C OJIMHAKOBLIMU MOJIOYKUTEJIHHBIMU
BecaMM, TO Takas KOMOMHAIMs ObLia Obl onTuMaanbHoi. OHaKko 3HaK B KOMOWHA-
IIUU OTIPEJICJISIETCS KOPPEJIueil MexK/ 1y pu3HaKaMu. BHyTpU OJ{HO IPYTITbI KOTTH
OKHJIaeMOoe 3HaueHue Koppessiuu pasHo 1/(1+ &2) > 0, uro mozposser gaxe npu
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Puc. 5.18: 3asucumoctr AUC Ha Kpocc-BaJwjalinyd OT TapaMerpa OTCEUYeHUs 110

KOPPEJIAIUA P JUIA Pa3HbIX M, Wy, £0.
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OOJTBITION 3alTyMJIEHHOCTH CKJIAJIbIBATh MPU3HAKKM C MPABUIBLHBIM 3HAKOM. OJTHAKO
MEXKJTy TPYyIIaMyu OXKujaeMasi KOppesius TMPU3HaKoB paBHa, HYJIO, & MOTOMY B
cpeareM 25 n3 100 mpusHakos OyjiyT CJIOXKEHBI ¢ TPOTHBOMOJOKHBIM 3HAKOM, ITO
BeJIeT K HEONMTHMAJILHOCTH 1 PeahbHOMY yUeTy TOJbhKO ofnoro n3 dgpakropos f1, 2.
[To mepe BO3pacTanms py NpU3HAKN U3 PA3HBIX TPYII KOMUN HAUMHAIOT CIUTATHCS
HU3KOKOPPEJUPOBAHHBIMU, & MPU3HAKHU U3 OJIHON I'PYIIHI TO-TIPEXKHEMY 00be IUHSI-
IOTCS. DTOT YUIACTOK ¥ COOTBETCTBYET ONTUMAJIBHOMY KOMOMHUPOBaHUIO. [Ipu maib-
HeHIeM pocTe py TPYIILI MTPU3HAKOB Pa3beINHAIOTC U TPU3HAKT WCIOJIb3YIOTCS
oT/IeIbHO. BoJlee HUBKOE KauecTBO MPU UCTIOIH30BAHUYT TTPUBHAKOB OT/IE/IHHO YKa3bi-
BaeT Ha HEONTUMAJHLHOCTH KOMOMHAIMH, KOTOPas MOJYYaeTCA MPU MCIOTb30BAHUN
MCXOJIHBIX TTPU3HAKOB B ONITUMAJILHOW 00y YE€HHO MOJIE/IN JIOTUCTUIECKON PEIPecCu.
OrmeTnM, OJIHAKO, UTO IPHU MAaJIOM UKCJIe 00BEKTOB U MpU OOJIBIION 3allyMJIEHHO-
CTU YKa3aHHBIN y4aCTOK ONTUMAaJILHOTO KOMOMHUPOBAHWUS MOXKET ObITh Y30K WJIM HE
HAOJTIO/IATHCS B CHJTY 3allTyMJICHHOCTH BBIOOPOYHBIX OIEHOK KOPPEJISIUN.

CpaBHUM [ajiee ONTUMAJIBHYIO OOyUIEHHYIO JIOTHCTHIECKYIO MOJIE/]h Ha KOMOW-
HUPOBAHHBIX MPU3HAKAX C ONTUMAJbHON OOYYEHHOH JIOTMCTHYECKOH MOJIETbI0 Ha
UCXOJIHBIX MPU3HAKAX, C ONTUMAJILHON 00yUYEHHOW JIOTMCTUYECKONH MOJIEIbI0 Ha OJ-
HOM TIPU3HAKE W C MOJIEIbIO C ONTHUMAJIbHBIM KOMOMHUPOBAHUEM ITPU3HAKOB JIJIs
Pa3HbIX 3HAYCHUI W, 33/1a0IIEer0 MaKCUMaJIhHOe KauecTBO Mojiesn. Vcrmob3yrores
CJIe Y IOTIIe 3HAUEHUST TApaMeTpoB m, wy, €9, m € {500, 1000, 3000, 10000}, wy €
{0.1, 0.25, 0.5}, g € {1, 1.7, 2.5, 3.5, 5}.

Pesynbrars! juist mojenn ¢ wy = 0.1, To ecTh ¢ MaJbiM MaKCHMaJIbHBIM Kadve-
CTBOM TIpWBEJIEHBI Ha puc. 5.19. OTmeTnm, 910 MOIENH ¢ KOMOMHIPOBAHHBIMU TTPH-
3HAKaMU OJIM3Ka K ONTUMAJBHOMI J1axke pu OosbioM yposHe 1myMa npu m = 10000.
[Tpu mMenbIIUX paszmepax BBIOOPKHU 1M MOJEIh ¢ KOMOMHUPOBAHHBIMU TIPU3HAKAMU
cnabee ontuMmaJsbHOi B cpeameM Ha 0.015 mo AUC, ogmHako mo-npeskHeMy BLINTPLI-
BaeT y ONTHMAaJILHOW ODYYEeHHOW MOJIe/IM, WCIOJIB3YIONIel BCce NMPU3HAKU, BO BCEX
cydastX, KpoMe JBYX, JOCTHUTasl CXOXKUX TMOoKazaTeseil KauecTBa JIJId MaJbIX BbIOO-
pok m = 500. OTmeTnM Taxk»Ke, ITO ¥ MOJE/Ih ¢ KOMOMHUPOBAHHBIMI MTPU3HAKAMMY, 1
onTUMaJibHasi 00yUYeHHAsT MOJIE/Ib, UCITOJIb3YIOIasi Bce MPU3HAKU paboTaloT JydIle,
geM MOJIeIb, OOYUeHHas TOoce BhIOOpa OJHOIO MPU3HAKa 38 MCKJIIOUYEHUEM OJHOIO
caydasi maJjioir Beioopku m = 500.

Pesynbrarsr gias ciaydae, xKorma wyg = 0.250 m wyg = 0.5 npuBenennbl Ha
puc. 5.20u 5.21 cooTBeTcTBEeHHO. B 9TOM c/iyuae MakCUMaIbHOE KAIeCTBO JIJI OMTH-
MaJILHOW MOJies T BhITe U paBHo coorseTcTBeHno (.57 m 0.63 mpotus 0.52-0.53 s
wo = 0.1. IIpu wy = 0.5 Monesb ¢ KOMOMHIPOBAHHBIMYU IPU3HAKAMU JIJIsT BCEX Pas-
MEPOB BHIOOPKY U JIJIs BCEX ITYMOB, KPOMe HauOOJIBITIEro COBIAJAET C ONTHMAJILHOI,
Oyyau 6JIM3KOM K onTuMaJibHOM 1pn €9 = 5. Kpowme Toro, Mojiesb ¢ KOMOMHUPOBaH-
HBIMU MPU3HAKAMHI BBIUTPBIBACT Y OOy ICHHON ONTUMAJIBHON MOJIETN, KCITOTB3YOITIeiH
BCe IPU3HAKM OT/IEJTHHO BO BCEX CJYIasIX, KpPOME OJTHOTO, M 3HATUTEHLHO OTePEyKAIOT
MOJIeJIb ¢ OTOOpaHBIMU TIpU3HAKAMU BO Bex ciaydasx. s w = 0.25 mabiogaercs
CXOXKUI pe3yJibTar, HO MOJIeJIb ¢ KOMOMHUPOBAHHBIMY ITPU3HAKAMU COBIIAJIAET C OIl-
TUMaJibHON uiib pu m = 10000 1 mpu MaJgoM IIyMe.
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Puc. 5.19: CpaBuenne Mojiein ¢ KOMOMHUPOBAHHBIMU MIPU3HAKAMHU C OINTHMAJILHOM
MOJIETIHIO W MOJIEIHIO C MCXOAHBIMU TTpu3HakamMu st wo = 0.1
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Puc. 5.20: CpaBuenue Mojien ¢ KOMOMHUPOBAHHBIMU MPU3HAKAMHU C OIMTHMAJILHOM
MOJIEIHIO W MOJIEIHIO C MCXOAHBIMU TTpu3HaKaMu s wo = 0.25
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o

Puc. 5.21: CpaBHerune MoJean ¢ KOMOMHIPOBAHHBIMHU MPU3HAKAME C ONMTHUMAJIHHOMN
MOJIETIBIO U MOJIENTBIO ¢ UCXOJHBIMU Tpu3Hakamu Jiuisd wy = 0.5
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OTMeTuM, 9TO B MPEJBIIYIIEM CIydae ONTUMAJIbLHOM cTpaTerueit Ob1I10 KOMOU-
HUPOBAHUE BCEX MMEIOIINXCs MTPU3HAKOB, W TIOTOMY XOTsl HEOOXOJIMMOCTH KOMOWHU-
POBaHUsS U ONpeJIessiecss Kpocc-BaJaualueit, MoJeb, OCHOBaHHAS Ha KOMOWHUPOBa-
HUW TIPU3HAKOB MMeeT npenMynectBo. OQHAKO B PACCMaTPUBAEMOM CJIydae TaKas
CTpaTerns MPUBOJUT, KaK y2Ke YKa3bIBaJOCh, K HEONTUMAJILHOMY Pe3yJabTaTy U3-3a
HYJIEBOI OXKUJaeMO KOPPEJSIUU MPU3HAKOB M3 pa3HbiX rpyri. [lo sroit npuanne
MPaBUJILHOE OTPEJIe/IeHNE Py SABJISETCS ONPEETIONIUM JIJIsT MO ¢ KOMOMHUPO-
BaHHBIMU Npu3HakaMu. [lomydennbie pe3yabTaThl MOKA3bIBAIOT, UTO TIPeIIaraeMblil
METOJI, CIIPABJISETCS C ONPEJICJICHUEM T'PAHUIILI Py U MTOCTPOCHUEM KOMOWHAIUN TTPU-
3HAKOB, OJIM3KO# K ONTUMAJIBLHOI, TayKe B YCJIOBUSX CHIBHOM 3aIyMaeHHOCTH. BoJtee
TOrO MOJIYYEHHbIE PE3YyJIbTaThl IMOKA3bIBAIOT HEONTUMAJIHLHOCTH OIEHKNW BEKTOpPa Ia-
paMeTpoB MOJICTU B OOYUEHHON ONTUMAJBHON MOJIENN, TIOCKOJIbKY YacTh IIPU3HAKOB
VCKJIIOYaeTCs U3 PACCMOTPEHU, XOTd J0JIsl CUIHAJIa BO BCEX U3 HUX OJIMHAKOBA, a
JaCTh MPU3HAKOB MOJIYUAIOT OTPUIATETBHBIN Bec. TakuM oO6pa3oM, Npe/ijiaraeMblii
METOJT KOMOMHUPOBAHUS MPU3HAKOB MO3BOJISIET YIYUIINTH KAdeCTBO MPOTHO3a MPH
HAJIMIUU MYJIbTUKOJIIMHEAPHBIX MPU3HAKOB. [Ipu 9TOM 1pu UX OTCYTCTBUU B CUJTY
BBIOOpa py Ha KPOCC-BAJMIAIMN, KOMOMHUPOBAHUE He Oy/eT MPOU3BOJUTHLCS, UTO
1 HabJII0/IaeTCs BO BTOPOM CJiydae, KOrja KOMOMHUPOBAHUE MPU3HAKOB U3 PA3HbBIX
IPYIII HEXKeJaTeJIbHO.



152

Tabauna 5.4: Vmocrpanys BLIPOXKICHHOCTH HEJMArOHAILHON OICHKN MaKCUMyMa,
0DOCHOBAHHOCTH JIJIsl KOBAPUAIIMOHHON MATPUILI ITAPAMETPOB JIOTUCTHICCKOH MOJIe-
JIM JIJIsT CJTydast TTapaMeTpoB OJJHOTO 3Haka, w = wy = [1, 1]".

Hanmsie / m | 50 100 | 1000 107 10° 10°
min(o], 03) | 6.36 | 10.04 | 39.83 | 132.33 | 422.01 | 1.35 - 10°
K" -0.9939 | -0.998 | -0.9998 -1 -1 -1

Tabsinia 5.5: VitocTpalinsg BhIPOXKIEHHOCTH HEeIUATOHAJBHON OIIEHKN MaKCUMYMa,
0DOCHOBAHHOCTH JIJIsi KOBAPUAIIMOHHONW MATPUIILI IAPAMETPOB JIOMMCTUICCKON MOJ1e-
JIM TS CJTydast TapaMeTpoB Pas3HbIX 3HAKOB, W = w1 = [1, —1].

Hanmsie / m | 50 100 | 1000 | 107 10° 10°
min(o}, 03) | 5.36 | 15.63 | 41.97 | 131.14 | 419.19 | 1.34 - 10°
K" 0.9765 | 0.9966 | 0.9997 1 1 1

5.5. HManrocrpanusa BBIPOXKJAEHHOCTH HeANATOHAJILHOI OIIeHKN MaKCH-
MyMa 000CHOBAHHOCTH KOBAPUAIMOHHOI MaTPUIbI IapaMeTPOB JIO-
TMCTUYECKON MOJEJIN

[TpommmocTpupyeM pesyabTar TeopeMbl 00 aCHMITOTHYIECKON BHIPOYKIEHHOCTH
HeIMAarOHAJIBLHON OIeHKM MaKCHMyMa ODOCHOBAHHOCTHU JIJIsT KOBAPHAIIMOHHON MAaT-
putiel. PacemarpuBaem ciydait omgroit mojgenn K = 1, mpu3HaKOBOTO MPOCTPAHCTBRA,
pasMepHOCTH 1 = 2. B KauecTBe MCTUHHOI'O BEKTOpa MapaMeTpPOB PacCMaTPUBAECM
aBa caydas wi = [1, 1]7 uw wy = [1, —1]". Bapsupyem qucio 06beKTOB B BEIOODKE,
CTeHEPUPOBAHHBIX B COOTBETCTBUU C MOJIEIBIO JIOTUCTHUIECKOi perpeccuu ot 50 10
1000000 u omenuBaeM HeaUArOHAJBHYIO KOBAPUAITMOHHYIO MATPUILy METOJIOM MaK-
cuMyMa 0DOCHOBAHHOCTH B COOTBETCTBUU ¢ (2.5) ¢ momoIbio annpokcumannu Jla-
miraca. Commupyem npusnaku fi, fy nezasucumo nosnementro uz N (0, 1). Iycrs
X = [f}, f5]. Pesyabrarsl skcriepuMenTa Jijisi CJIydast HEKOPPEJIUPOBAHHBIX MTPU3HA-
koB f1, fy mpuBesensr B Tabu. 5.4, 5.5.

*2 * % _k
Coxpansisi 0003HAUEHUST TEOpeMbl, uMeeM A* = *01* . g 0*1202 . B obonx
Kooy 05
CAydasix, U KOTJla MCTHHHBIE Beca MPU3HAKOB MMEIOT OJIMHAKOBBLIN 3HAK, U KOT/IA,
WCTUHHBIE BeCa MPU3HAKOB MMEIOT Pa3HbIii 3HAK, MPU POCTE dncjia 00HEKTOB Ha-
omomaercst yBenmaenue min(oy, o3) B cormacuu ¢ Teopemoii. Bosee Toro, yxe npu
m = 10000 B 0boux ciaydasix OleHEeHHasT KOPPEJsIUs MeXKJy Beca MPU3HAKOB II0
MOJLyJIst paBHA 1 ¢ MANTMHHON TOYHOCTHIO, a 3HAK OMpPEJIEIseTcs: Kak —sign(wiws),

dTO TaK2>K€ HaXOJUTCA B COIJIaCUU C TeopeMoﬁ.

PaccmoTpum Tenephb ciydail 3aBUCUMBIX TpU3HaKOB. B KadyectBe X Bo3MeM X =
If1, %(fl + f5)]. Pesynbrarsr skcniepumenTa npusejiersl B Tabsr. 5.6, 5.7.
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Tabsinia 5.6: Vioctpalinsg BhIPOXKIEHHOCTH HEIUATOHAJBHON OIIEHKN MaKCUMYMa,
0DOCHOBAHHOCTH JIJIsI KOBAPUAIMOHHONI MATPHUIIBI TapaMeTPOB JIOTHCTUUIECKOH MoIe-
JM TS CITy9asi mapaMeTpoB OJHOTO 3Haka, W = Wy = [1, 1|7 B ciyuae xoppenupo-
BaHHBIX TTPU3HAKOB.

Tanueie / m| 50 | 100 | 1000 | 107 | 10° | 10°
min(o;, 03) | 3.00 | 3.98 | 19.48 | 61.52 | 213.74 | 679.63
K -0.9683 [ -0.98 [ -0.9986 | -0.9999 | -1 1

Tabsina 5.7: Vroctpalinsg BHIPOXKIEHHOCTH HEeIUATOHAJBHON OIIEHKH MaKCUMYMa,
00OCHOBAHHOCTH JIJIs KOBAPUAIMOHHONW MATPHUIILI TAPAMETPOB JIOTUCTHUIECKOH MOJIe-
JIM JIJIsT CJIydast mapaMeTpoB pasHbix 3HakoB, W = w1 = [1, —1]7 B ciayuae Koppe-
JIMPOBAHHBIX MIPU3HAKOB.

Tanneie / m | 50 | 100 | 1000 | 107 | 10° 106
min(o], 03) | 11.23 | 16.76 | 57.50 | 191.97 | 611.21 | 1.93 - 103
K 0.9990 | 0.9991 | 0.9999 | 1 1 1

st ciiydasi KOppeJIMpOBaHHBIX MPU3HAKOB TaK»Ke HaDJII0J[aeM, YTO TPU yBeJIN-
JeHUN IUCTa 00bEKTOB pacTeT min(oj, 03 ), a yxke, nauanaas ¢ m = 100000 st Becos
OJTHOTO 3HaKa, n, HauuHas ¢ m = 10000 1715 BecoB pa3HbIX 3HAKOB, OIEHKa MaKCH-
MyMa 0DOCHOBAHHOCTH JIJIsi KOPPEJIAIMN BECOB MPU3HAKOB C MAITUHHON TOYHOCTHIO
paBHa —sign(wjws). PasHas ke CKOPOCTH CXOAUMOCTH B JIBYX PACCMATPHUBAEMBIX
CIydastX O0bsICHSIETCS KOPPEJINPOBAHHOCTHIO MPU3HAKOB. Tak ObLIO MOKa3aHO, UTO
TeopeMa, TIpUMeHNMa, eCJU MPU3HaKU He SIBJSIIOTCS KOJJIMHEAPHBIMUA WA BBIPOXK-
JIEHHBIMK (CM. TPAHUIIBI IPUMEHUMOCTH TeopeMbl). TakuM 0OpasoM, B peIebHOM
caydae, KOTjia MpU3HAKNA WAeAJbHO KOPPEIUPOBAHBI, YTBEPXKIAEMbBIX CXOIMMOCTEM
He HabJII0IaeTcsI, MOTOMY, BHJIUMO, UMEeT MECTO pa3Has CKOPOCTHh CXOJIMMOCTHU B
MPOMEXKYTOTHBIX CITyUdasdX.
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5.6. PesyapTaThl paboThI MIpejiaraeMbIX METO0OB HA PeaJIbHbIX JaHHBIX

CpaBHuM JaJiee pe3yabTaThl pabOThI MPeIaraeMbiX METOIOB MOCTPOSHUST
(s, @) — aJeKBATHBIX MYJBTUMOJIENE ¢ Pe3yIbTaTaMi KJIACCU(DUKAIIN ¢ TTOMOITHIO
UCXOJIHBIX MyJIbTUMOJIeeil. Tak Kak pe3y/abraThl MPUMEHEHUs TPeIaraeMoro moJl-
XOJIa JIJIST MHOTOYPOBHEBBIX MOjIesIeil B ciydae pa3dWeHust Ha MOJEJU 10 3HAYCHUIO
IpU3HAKA PACCMOTPEHBI B MPEABIAYIIEM pa3jese, B JaHHOM pasjese s pasoue-
HUsI OO'BEKTOB TI0 MOJIEJISIM UCIOJIB3YyEeM KJIACTEPU3AIUIO C TIOMOIIbIO ajropuTma k
cpeanux [109].

B kauecTBe JaHHBIX UCIOJIb3YEM CJIEJIYIONINE MsiTh HADOPOB JIAHHBIX U3 PEIo3u-
topust UCL

1. Jamubie mo HeMernkuM morpedbuTesbekuM Kpegutam [43] comepxxar 1000 06b-

€KTOB, 24 mpu3Haka, 2 KJiacca.

2. Jlanubie mo ceppednsim 3abosesanusiM B FOxuoit Adpuke [45] comepxkar 462
o0bekTa, 13 mpu3HaKoB, 2 Kjaacca.

3. Januble 110 kauecrBy Gesioro Buna [46] cogepxkar 4898 obbekron, 11 npusna-
KOB, 2 KJyacca. g aTux JaHHBIX IeseBasd nepeMenHasd MeHsercs ot 0 mo 10,
MOKa3bIBast KauecTBo BuHA. Kitaccy ¥y = —1 COOTBETCTByeT BWHO HU3KOTO Ka-
gectBa (0-5), a kKmaccy y = 1 COOTBETCTBYET BUHO BBICOKOTO KadecTBa (6-10).

4. Mauubie 1o jokajusain 6ejgkos B kiuerke [47| cogepxkar 892 obbekra, 8 npu-
3HAKOB U 2 KJjacca. B pabore ucnosb30BaIuch JiBa CaMbIX DOJIBITUX 110 TUCITY
00BEKTOB KJacca 13 HabOpa JTaHHBIX.

5. Jlanusle 110 nenam joMoB B Bocrone [48] Homa ¢ nenoii e menee 25,0008 6biiu
OTHeCeHBbI K Kiaccy y = 1, a ¢ nenoit menee 25,0008 6b1m1 OTHECEHDBI K KJIACCY
y = —1. Jlannuwie cojgepxkat 506 ob0bekToB, 13 MpU3HAKOB 1 2 KJjacca.

Jltst mocTpoennst aJleKBATHBIX MYJIHTUMOJIEIEH NCIOIh3YeTCsT YPOBEHb 3HATMMOCTH
a = 0.01. Pesynbrarsl ¢ ApyruMu 3HAUEHUSIMA YPOBHS 3HAUUMOCTH CXOXKU U IIPHU-
BOJSIT K TeM >Ke BbIBOjJaM. Pasbuenne oObeKTOB Ha MOJIEJN ITPOU3BOIUM, KaK yrKe
YKa3bIBAJIOCH, C TIOMOITBIO ajgropurMa k cpenaux [109]. [Tocrpoenue cmeceit moseseit
MPOM3BOJINM ¥ ¢ (DUKCHPOBAHHBIM YHCIOM Mojesieil K 6e3 mpopexuBanus (p = 1),
1 C aBTOMATHYIECKHM BBHIOOPOM YHCJIA MOJIEJeil U3 3aBeJIOMO M30BITOYHOIO HabOpa
(K =200, p = 10*6). PesynbraTol mpu Ipyrux 3HaYEHUAX MapaMeTpa (i pacipe-
nenernst Jlupuxie KauecTBEHHO CXOXKHU W TPUBOJSIT K TeM ke BbiBogaM. [Ipuremgem
CHavaJa Pe3yabTaThl JJIsI MHOMOYPOBHEBLIX MOJeeil 1 cMeceil Mojesei st (puK-
CPOBAHHOTO MCXOIHOTO drca Mojesieit K 6e3 mpopesknBaHust JIIsT MyJIbTUMO/Ie e
(u = 1). Pesynbrare!l mpusejiensl B Tabr. 5.8 it JaAHHBIX [0 HEMEIKUM MOTPEOH-
TEJILCKUM KpeanTam, B TabJ. 5.9 s JaHHBIX MO JOKAJW3aInuh DEJIKOB B KJIETKE,
B Tabs. 5.10 jiyist JJAaHHBIX 10 KavecTBy Oesjioro BuHa, B TadJ. 5.11 jijist JaHHBIX 110
cepeunniM 3aboseBanusaM B FOxknoit Adpuke u B tabs. 5.12 Ui JaHHBIX 10 -
HaM 10MOB B Bocrone. [Iist oreHkr KavgecTBa NCMOIH30BAIACH KPOCC-BAJIVIAIAST IO
50 He3aBUCHMBIM pa30MEeHMSIM BBIOOPDKM Ha OOyUeHHe W KOHTPOJb. [IomyKupHbIM
mMpudTOM BBIJIEJICHBI 3HAYEHUST KA9eCTRa, JIJIT WCXOAHON WM TTOCTPOEHHO# (§, ) —
aJIeKBATHOM MYJIBTUMOJIENH, JIJI KOTOPBIX IPEBBIIMIEHHE KadeCTBa COOTBETCTBYET
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3HAUEHUIO t-CcTaTUCTUKH, OOJIbIIeMy JIBYX. Eciu paznnune KaduecTBa HE3HATUMO, TO
BbIJIeJIeHbI 00a 3HavYeHns. B Tabiuiax ncroib30BaHbl CIEIYIONe 0003HATEHNS.
e AUC, — cpesree KauecTBO Ha KPOCC-BAJIWIAINAN JIJIsI OJUHOTHON JIOTHCTHIE-
CKOIl MOJICJIN;
e AUC,, — cpesee KauecTBO Ha KPOCC-BAJIIIAINN JJISI MHOTOYPOBHEBOH MOIEIH
n3 K moperneit;
o AUCHM _ ¢pejiiee KavecTBO Ha KPOCC-BAMMIAIH st (S, (t) — aJIeKBATHOI
MHOT'OYPOBHEBOI MO/IEJIH;
o AUC,ix — cpennee KauecTBO Ha KPOCC-BAJIUIAINN JIJIsT cMecH n3 K Mojereii;
° AUCfiiq — CcpeJlHee KauecTBO Ha KPOCC-BAJIUIANUN Jist (S, ) — aJeKBaTHOI
CMeCH MOJIeJIei;
e 1, — 3HaUEHNE BHIOOPOUHOIN t-CTATHCTHKY MTPU CPABHEHUY (S, (v) — aJIeKBATHOI
MHOTOYPOBHEBOU MOJICJIN C MCXOJIHON MHOTOYPOBHEBOW MOJEJbIO;

® {nix — 3HAUEHHE BHIOOPOUHO! t-CTATHCTUKHU MIPU CPABHEHUU (S, () — aJeKBaT-
HOW CMeCH MOJIesieil ¢ MCXOJHON CMeChIO;

o K4 _ cpennee kosmuecTBo Mojiesei B (s, ) — aeKBaTHOI MHOTOYPOBHEBOIT
MOJICJIN;
o K ix — cpejiHee KOJUUIeCTBO Mojeseil B 00yIeHHO# ONTUMAJILHOI CMECH MOJIe-
JIei;
adeq . . .
o K . — cpenHee KomUuecTBO Mojiesieil B (S, «) — aJeKBaTHON 00y9IeHHON Ofl-

mix
TUMAaJILHOI CMeCU MOJICJICi.

JlobaBieHnst MeTo/1a, KOMOMHUPOBAHUS NPU3HAKOB JJIsSI yUeTa MYJIbTHKOJJINHeap-
HOCTH He NPUBEJIO K KOMOMHMPOBAHMIO NMPU3HAKOB HU B OJHOM M3 PAaCCMATPUBA-
eMbIX HAaDOPOB JIAHHBIX, TaK KaK MapaMeTp OTCeUYeHHUs] MO KOPPEJSIUUA Ha KPOCC-
BaJIMJIAIMY Py ObLJI BHIOPAH MaKCUMaJIbHBIM, OTBEPrafoIuM KOMOUHAIIMIO, UTO yKa-
3LIBAET Ha, OTCYTCTBUE JIMHEHHO! KOMOMHAIIMN IPU3HAKOB, KOTOPAsl ¢ TOYHOCTHIO JI0
ITyMa €CThb HYJIEBOI BEKTOP.

[IpuBesem Tak>ke pe3ybTaThl MOCTPOEHUSI CMeceil Moje/eil ¢ aBTOMaTHIeCKIM
BBIOOPOM THCJIA MOJIEJIC B CMeCH IyTeM mpopexkuBanust (cM. Tadu. 5.13). st sToro
napaMerp pacrpesesnenus Jupuxie 661 yeranosien pasabiM 1 = 1078, a nexomnoe
qucyo mojesein K = 200. DKcrnepuMenTh st JPYrUM 3HaYeHUil mapaMeTpa Jajn
KaueCTBEHHO CXOXKKe pe3yJbTaThbl. B Tab/. 5.13 npuBejeHbl cieayoliye JaHHbIe.

° AUCSp — cpeJiHee KauyeCTBO Ha KPOCC-BAJUJIAIMUA JJId CMECA MOJICJICH;

° AUC?Seq — CpeJiHee KavyeCTBO Ha KPOCC-BAJMAIUAMN JIJIs (s, a) — aJICKBaTHOM
CMeCH MOJIesIe;

® 1y, — 3HaUEHNE BLIOOPOTHON t-CTATUCTUKY TIPU CPABHEHNH (s, a) — aJICKBATHOM
CMeCU MOJIeJIel ¢ UCXOJTHOW CMeChIO;

° Ksp — cpejiHee KOJUYIeCTBO Mojieiell B 00yIeHHO! ONTUMAJILHON cMecH Moje-
JIei;

o K24 — cpenmee konmdecTBO Mojienei B (s, @) — aJeKBATHON OBYUEHHOI OTl-

sp pen )\ 3 )\ y

TUMAaJIbHOI CMECU MOJICJICH.
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Tabsuria 5.8: PesynbraTs! mocTpoennst MyabTuMoiesiedi u (s, a) — ajJleKBaTHBIX MYJTb-
TUMOJIeEH JIUIsd KJIACCH(pPUKAINKA JAHHBIX 0 HEMEIKUM MTOTPEOUTEIHCKUM KPEeIu-

TaM.

Hannsie /| K 2 | 3 | 5 [ 10 | 20
AUC;, 0.7854
AUC,, 0.7716 | 0.7663 | 0.7602 | 0.743 | 0.6789
AUCYMea 10.7758 | 0.7737 | 0.7711 | 0.7702 | 0.7604
AUCpix | 0.7826 | 0.7831 | 0.7824 | 0.7801 | 0.7793
AUC?M [0.7826 | 0.7835 | 0.7823 | 0.7792 | 0.7818
tm 3.62 4.73 6.1 9.39 16.7
tmix 0 2.36 | -0.09 | -0.73 1.4
Kadea 1.56 2.04 2.84 2.8 2.48
Knix 1.9 2.62 3.38 5.78 8.94
s 1.9 2.18 2.16 2.32 2.04

mix

Tabsnia 5.9: Pesyabrarsl mocTpoerust My abTUMOENeH U (S, () — aIeKBATHBIX MYJTh-

TUMOJIeNei st Kyaccu(PUKAIMN JJaHHBIX 110 JIOKAJN3alni OEJIKOB B KJIETKe.

Hannsie /| K 2 | 3 | 5 [ 10 | 20
AUC, 0.7009
AUGC,, |0.6992] 0.6892 | 0.6872 | 0.6949 | 0.6721
AUC™a10.6967 | 0.695 | 0.6943 | 0.6929 | 0.6959
AUC,. | 0.7006 | 0.7003 | 0.6992 | 0.6975 | 0.6971
AUC™ | 0.7006 | 0.7001 | 0.6989 | 0.6978 | 0.6994
t 247 | 476 | 477 1.2 8.83
Foix 0 074 | -0.51 | 045 2.24
Kdeq 1.29 1.42 1.87 | 2.28 2.56
Ko 2 208 | 4.87 | 993 | 19.97
Jdea 2 2.26 2.29 2.18 2.07

mix
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Tabmura 5.10: PesynbraTsl moctpoenusi MyabTuMojiesieii n (s, ) — aJIeKBATHBIX
MYyJIbBTUMO/ENE JJIst KIaccu(PUKaIMy JaHHbIX 110 KadecTBy OeJIoro BUHA.

Hanmbre /| K 2 | 3 | 5 10 | 20 | 50
ATC, 0.7969
AUC,, [0.8144]0.8166 | 0.8179 [ 0.8217 | 0.8185 | 0.8067
AUC™Mea 10,8144 | 0.8166 | 0.8176 | 0.8215 | 0.8189 | 0.8095
AUCpi | 0.8034 | 0.8055 | 0.8063 | 0.8048 | 0.8051 | 0.8054
AUC™  |0.8034 | 0.8055 | 0.8073 | 0.8083 | 0.8101 | 0.8128
tm 0 0 251 | -0.53 | 057 | 249
Frmi 0 0 467 | 742 | 778 | 1224
[ 2dea 2 3 4.6 752 | 9.08 | 10.36
K i 2 282 | 424 | 582 | 918 | 1852
e 2 282 | 406 | 472 | 484 | 5.28

Tabmura 5.11: PesynbraTsl moctpoenusi MyabTuMojeneii n (s, ) — aJIeKBATHBIX
MYJIBTUMOJEEH JJIsT KIacCu(PUKAIIMT JaHHBIX 110 3a00JieBanusaM cepna B HOxkmoii

Adprrke.

Hannsie /| K 2 | 3 | | 10 | 20
AUC, 0.7783
AUC,, [ 0.7514 | 0.7467 | 0.7031 | 0.7137 | 0.6757
AUCYMea10.7718 | 0.7605 | 0.7353 | 0.7527 | 0.7392
AUCi | 0.7765|0.7738 | 0.7725 | 0.7608 | 0.7495
AUC™ | 0.7765 | 0.7745 | 0.7725 | 0.7707 | 0.7635
tm 9.09 | 673 | 975 | 725 | 11.56
Fami 0 127 | 003 | 513 | 4.92
e 1.2 162 | 216 | 214 | 2.44
Kois 2 276 | 424 | 91 | 19.68
R 2 2.2 236 | 244 | 2.62
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Tabawia 5.12: Pesynbrarsl mocrpoenusi MysbTuMogeneii n (s, ) — aJeKBaTHBIX
MyJIbTUMOJIENeH s KitaccnuKanum JaHHbIX MO TleHaM JoMoB B Bocrone.

Hannsie /| K 2 | 3 | 5 [ 10 | 20
AUC, 0.9425
AUC,, ]0.95227 0.947 [0.9471 0.9308 | 0.897
AUCed 10,9522 | 0.9455 | 0.9403 | 0.9482 | 0.9427
AUCnix | 0.9461 [ 0.9461 | 0.9442 0.9441 | 0.9447
AUC™™ | 0.9461 | 0.9456 | 0.9437 | 0.9449 | 0.9448
tm 0 105 | -384 | 76 | 11.34
tmix 0 059 | -051 | 0.63 | 0.09
Kadea 2 2.54 2.5 2.54 2.56
Kmix 2 2.78 3.9 426 | 6.28
R 2 204 | 2.02 2 1.96

Tabawia 5.13: Pesysbrarer mocrpoenusi cmeceit Mojieeil n (s, «) — aJleKBaTHBIX
cMeceil Mojiesieil ¢ aBTOMATHIECKIM BLIOOPOM UHCJIa MOJEJeil B CMECH.

Janmbie AUC,, | AUCE ™| tg, | K, | K29
Kpemgurhb 0.7693 | 0.7784 | 4.53 | 15.5| 2.66
Jlokanuszamusa oeskos | 0.6988 | 0.7001 | 1.67 | 17.4| 2.11
KauecTBo BuHA 0.8038 | 0.8125 |14.01 | 31.5| 6.48
3abonesanust cepama | 0.7644 | 0.7705 | 3.03 | 9.66 | 2.60
Lennr 1oMOB 0.9411 | 0.9461 | 2.46 | 7.66 | 2.10
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st Tpex HADOPOB JTAHHBIX U3 MATH PACCMOTPEHHBIX: JIJIS JAHHBIX 110 HEMEIKUM
MOTPEOUTEILCKIUM KPEJIUTaM, 110 JIOKAJIU3alnu OEJIKOB B KJIETKax, 10 3a00J1eBaHM-
am cepana B FOxmoit Adpuke, — KauecTBoO, JOCTHTAEMOE JIJIsT OJUHOUHON MOIE/IN
JIOTUCTUYECKON perpeccuu, MpeBbilaeT KaueCTBO JJisd MHOIOYPOBHEBBLIX MOJeseil u
cMmeceit Mojiesieit. [Ipu 9ToM KavuecTBO JJ1s1 HCXOIHBIX MHOTOYPOBHEBBIX MOJIE/IeH 3HA-
YUTEJILHO CHUXKAETCS C YBeJMUeHneM 4dncia mojeseit. Kak Ob110 okazaHno Ha, mpu-
Mepe ¢ CHHTETUIECKUMHU JAHHBIMHU 9TO MOXKET O0bSICHSITLCS TeM, UTO [IPH KJIaCTepH-
3allMK He YUUTBIBAIOTCS KJIACCHI OOBEKTOB, a MOTOMY, €CJIU KJacTepHas CTPYKTypa
He CBsi3aHa C IeJIeBOii 1TepeMeHHo, 3O MEKTUBHO TPOUCXOIUT MOCTPOEHNE HECKOJIb-
KX OJIM3KUX MOJIesIell 0 MEeHBIINM BBIOOpKaM, UYTO MPUBOJIUT K OOJiee HU3KOMY
Ka4eCTBY. DTOT K€ BBIBOJ| MOATBEPIKIAETCST PE3YALTATOM, 9TO MOCTPOCHHAS aJeK-
BaTHasd MHOTOYPOBHEBasd MOJE/Jb HE TOJbKO UMeEET ropas3j0o MeHbIe MoJieJieid, HO U
PUBOJIUT K DOJiee BHICOKOMY KadecTBy Kjaccudukaiuu. [Ipn 3rom 3HAUUTEIHHOTO
VXYAIICHUSA KaueCTBa [IPU POCTE YUCIIa MOJIeJIeid He TIPOUCKXOUT.

Jl1s maHHBIX IO KadecTBY O€JI0Oro BHHA U 10 IeHaM JIOMOB B Bocrone mocrpoen-
HbIEe aJICKBATHbIE MHOTOYPOBHEBBIE MOJICJIM U UCXOJHBIC U aJICKBATHbIC CMECU MOJIe-
JIei TPEBOCXOJISAT 10 KAaueCTBY OJAMHOYHYIO MOJIENh JIOTUCTHIeCKO perpeccun. [Ipn
9TOM IIpu MaJjioM K B 000UX CIydasX KauecTBO MHOI'OYPOBHEBO MOJIE/IN BBIIIE, YeM
y CMECH, 9TO yKa3bIBAET Ha TO, UTO JIJIST 9TUX HADOPOB JaHHBIX KJIACTEPU3AIINS 1103~
BOJISIET YYEeCTh HEOJHOPOJHOCTH B JaHHBIX, YTO MPUBOJUT K POCTY KavyecTBa KJIAC-
cudUKAIMKU 110 CPABHEHUIO ¢ OJIMHOTHOM MoJie ibio. [Ipu bosbinnx K cMmecu Mojelieit
[IPEBOCXOJIAT TI0 KQUECTBY MOCTPOCHHBIC UCXOJHYIO U aJIeKBATHYIO MHOT'OYPOBHEBYIO
MOJICJIN.

[Tpu masioMm mexofHOM Umcsie Mojeneii (S, «) — aJleKBaTHasT CMECh COBMAJALT C
NCXOTHOM, HO y2Ke npu I = 5 4ucjio Mojeseil B MoCTPOeHHO (s, a) — aJICKBATHONI
CMECH TOpa3/]0 MEHbIIe, 9eM Y UCXOIHON ONTUMAILHON 00yUeHHO! cMecu Mojiesiei, a
Ka4ueCcTBO 3HAUNMO BhIIIIE MJIK HE XYy2Ke JIJIsT BceX HabDOPOB JIaHHbIX. TakuM obpas3oMm,
HaOJTIOIAETCsT PABHOMEPHOE MTPEBOCXOJICTBO (S, () — aJIeKBATHBIX CMeceii Mojiesiei o
OTHOTIEHUIO K UCXOHBIM. [Ipr 9TOM KavuecTBo JIJIst TOCTPOEHHOI ($, () — aJIeKBaTHOI
CMeCH Mojeseil U KOJIUUeCTBO MoJeseil B Heil ¢j1abo 3aBUCUT OT YHUCJIa MOJeJei B
MCXOIHOM CMEeCH, 9TO NOBOPUT 00 YCTOWYMBOCTH pe3ysibTaTa K M30bITOTHOMY YUCIIY
MOJIeJIell B UCXOIHON CMecCH.

[Ipu aBTOMATHYECKOM BBIOOpE UHCJIA MOJENell B cMecH Mojeseil TakyKe HabJIro-
JlaeTcd HeaIeKBaATHOCTh MOCTPOEHHON CMeCH, TO €CTh HaJIMYue IMOXOXKUX MoJiesiei
B CMECH, HECMOTPsA Ha MPOPEXKUBaAHUE, a YUCJIO0 MOJEJeid B MTOCTPOCHHON 0 UCXOJI-
HOIt OOYUEeHHON ONTHMAJILHOIA (s, a) — aJIeKBaTHOW CMeCHu MOJiesIeil Topa3ao HuzxKe,
a KauecTBo Kjaccuukainnu 3xa1uMo Boirme (cM. tabi. 5.13).

Taxkum obpazom, nocrpoerne (s, o) — aJeKBATHBIX MYJIBTUMOJIEIEH MO3BOJIsIeT
3HAUUTEJILHO COKPATUTH UKUCJIO MOJeIeil B MYJIbTHMOJE]N 0e3 3HATMMOTO COKpa-
IIeHNsI, a Jallle CO 3HAUMMBbIM yJIyUIIeHneM KadecTBa Kiaccudukaimmn. Kpome Toro,
Ka4YeCTBO KJIACCU(DUKAIIMH 1 YUCJIO MOJIeJIeill B pe3yIbTUPYOIeit (s, a) — aJICKBATHON
MYJIBTUMOJEIN YCTONINBBI K M30BITOUHOMY YHUCIY MOJEJEH B MCXOTHON MYJIHTHMO-
JIeJIA. DTH CBOKCTBA, O3BOJIAIOT TOBOPUTDH O IPUMEHUMOCTH IIPEIIaraeMoro moaxoaa,



160

¢ mocTpoeHueM (S, a) — aJIeKBATHBIX MYJbTUMOJEEH JIUIs 3a/1a9 KIacCcuuKaIumg,
a B CJIydae OTCYTCTBUS HEOJHOPOJIHOCTW B JAHHBIX pa3Jndne B KadecTBe MOCTPO-
eHHBIX (S, () — aJIEKBATHBIX MYJBTHMOJIEJE O OTHOIIEHUIO K OJUHOUHON MOJIEITH
3HAQUUTEJIHLHO MEHbBITe, YeM Y UCXOIHBIX MOJIEJIE.
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SaKJ/II0UYeHne

OcHOBHBIE PE3YIBTATHI IMCCEPTAIMOHHON PADOTHI 3aKIIOTAIOTCS B CJIEILYIONIEM.

B riiase 1 paccMoTpeHna 3ajiada JIBYXKJIaCCOBOM KiaccuuKaluy 1 JaHbl Olpe/ie-
JIEHUsI YKEeCTKOM ¥ BEPOATHOCTHON MOJIENIN IBYXKJIACCOBOI KIACCH(DUKAITIH, & TAKXKe
oTTpeJiesIeHO PelieHune 3a/1a9n JIBYXKJIacCcoBoi Kitaccudukaiuu. [IpuBeienbl oHATH S
cMeceil Mojesieil 1 MHOTOYPOBHEBBIX MOJIeJIC, KaK TUIIOB MYJILTUMOICIICH JIJId yUe-
Ta HEOJHOPOJHOCTEH B JJAHHBIX. PaccMoTpeHa MoJjie/ib JIOTUCTUIECKON perpeccuu, a
TaK»Ke 3aJ[aH BUJ| allpHOPHBIX pacIpejiesieHuil Ha Beca Mojeseil B MyJIbTUMOJIETN 1
Ha BEKTOPa MapaMeTPOB MojieJieil, NCIOJIb30BaBIINeCsS B padboTe.

B ryaBe 2 paccMOTpeH MPUHINMIT MaKCHUMyMa, OOOCHOBAHHOCTU W TOHSITHE OIITH-
MaJIbHOI MOJIeSIN, Ha HeM OCHOBaHHOe. JIJIsT MOJen JJOTUCTUUIECKOR PEerpeccuu pac-
CMOTPEHO JIBa, aJIrOPUTMa, MaKCUMHU3aIMKU ODOCHOBAHHOCTHU, OCHOBAHHBIX Ha JBYX
pPa3HbIX NMPUOIMKEeHUsIX: anmnpokcuMannn Jlammaca jisi jgorapudMa COBMECTHOTO
pacipejie/ieHnsT ¥ BapHallMOHHBIX HUXKHUX OIEHKaX Ha Ipapjornogodue. OneHKu
MaKCUMyMa 0DOCHOBAHHOCTH JIJIsi KOBAPUAIMOHHOW MATPHUIIBI BEKTOPa TapaMeTpoB
MOJIeJIA TIOJIYUEHBI B KJIacce JTUaroHaJbHBIX U OOIINX HEOTPUIATEHLHO OIIpejeseH-
HBIX CUMMETPUUYHBIX MaTpuil. JlokazaHo, 4To HeauaroHasbHas OINEHKa KOBapPUAIIN-
OHHOI MATPHUIIBI BEKTOpA IIApaMETPOB JIOTUCTUUECKON MOJETN SBJISIETCS aCHMIITO-
THYECKN BBIPOXKIEHHON M HE MMOKa3bIBAET HAJIUINE MYJIbTUKOJLINHEAPHOCTH MEXKIY
npusHakamu. [losydena cxema onTuMaabHOrO KOMOMHUPOBAHUST ITPU3HAKOB ITPU 13-
BECTHOI CTPYKTYpe 3aBUCUMOCTEH MeXKJy HUMHU U Jucnepcun myma. [is merek-
TUPOBAHUST W yUeTa MYJbTUKOJINHEAPHOCTH IPEJJIOXKEH MeTOJ KOMOWHUPOBAHMS
IIPU3HAKOB.

B riase 3 paccmoTrpena 3ajiada o0ydeHusi cmeceil Mojesieit 1 MHOIOYyPOBHEBbBIX
mogiesieii. Tlpusejen Bapuannonubiit EM-anropurMm st obyuenusi cMecn Mojiesieit
Ipu (PUKCUPOBAHHBIX 3HAUCHUAX THIIEepHIapaMeTpoB. IIpeiyioxKen aJropurmM coBMecT-
HOTO OOYYEeHHMsI M ONTUMHU3AINU CMECH MOJeJseil, OCHOBAHHBI Ha aIlllPOKCHMAIUN
Jlamnaca u Bapuarumonnom EM-anropurMme.

B rnaee 4 paccMoTrpena 3ajavua cpaBHEHHUsI MojeJeil KaK 3ajada OlIpe eIeHusl
MOXOYKECTU allOCTePUOPHBIX pacIipejiesieHnii mapameTpoB Mojeneii. Brejieno onpe-
JleJIeHe KOPPEKTHOM (DYHKITUU CXOJICTBA, YIOBJIETBOPSIONEH TeXHUICCKUM TPeho-
BaHUSIM, & TaK»Ke XapaKTepUCTUICCKOMY TPEOOBAHUIO JIJIsi JaHHON 3aj1auu 00 HeoT-
JUIAMOCTH MaJOUH(MOPMATUBHOIO paclpeiesienns or jrobdboro apyroro. Ilokazano,
9TO (PYHKIIUN CXOACTBA, TOPOXKJIEHHBIE CYIIECTBYIOMIMMU PACCTOSTHUSIMI MEXK /1y PAC-
npejie/IeHusiMI, BKJIOUas JUBepreHnuu Bpermana u f-nuBepreHIum, He sIBJISIOTCS
KoppeKTHbIMU. [Ipejioxkera GpyHKIMsT CXOACTBA, YIOBJIETBOPSIOIIAsS TPEOOBAHMSIM
KOPPEKTHOCTH, OIpeJiesieHHasi B TOM YHUCJIe W JIJIsi Taphl pacipejie/ieHnii, onpe/ie-
JIEHHBIX Ha pa3HbIX HocuTessx. [lokazamo, aTo mpejioxkeHnHas (pyHKIUS CXOICTBA,
obJiajtaer croiicTBoM MoOHOTOHHOCTH. [losiydeHo acumrToruvyeckoe pacrpejeseHne
3HAUCHNI (DYHKIUU CXOJICTBA B YCJOBUSAX UCTHHHOCTH THIIOTE3BI O COBIAJJIEHUH MO-
Jesieii. Ha ocHoBaHUM TIOJIyYEHHOT'O aCUMIITOTHYECKOTO PACITPEICJCHU TTPEJIJIOKEH
METOJI, CTATUCTUIECKOIO CpaBHEHUs Mojiesieii. BBeneHo noHsitre ajgeKBaTHON MYIbTH-
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MOJICJIN, BCE MOJEIN B KOTOPOI MOTAPHO CTATUCTUICCKU Pa3JaudnMbl. [1penao:kenbr
METO/Ibl TOCTPOEHUS aJeKBATHBIX CMecei Mojiesiei 1 MHOrOyPOBHEBBIX Mozedeit. [1o-
JTyUeHbI BEPXHsIsI U HUXKHSISI OTIEHKN Ha, MAKCUMAJIbHOE YHUCJIO MOJIeeill B a/IeKBaTHOM
MYJIbTHMOJIEIN.

B rnape 5 mpousBeieH aHAJIN3 CBOMCTB M IPAHUI] IPUMEHUMOCTH MPeIIaracMbIX
meToj10B. [IpesiaraemMbie METOIbI MOCTPOEHUST aJI€KBATHBIX MYJIHTUMOJIEIEH TecTn-
POBAJINCH HA CHHTETUYIECCKUX JAHHBIX, COOTBETCTBYIONINX PA3HBIM YCJIOBUIM T'eHEPa-
MU BLIOOPKHU. Peasn3oBaH mporpaMMHBI KOMILIEKC, KOTOPBIA MO3BOJISIET KJIACCHU-
durmpoBaTh 0OBEKTHI Ha JBa, KJIACCA MTyTEM ITOCTPOECHUSI, ONTUMU3AINN 1 00y YeHN s
MYJIBTEMOCN, €€ TPOPEKUBAHUS JIJI MOJYUeHUS aJIeKBATHON MYJIbTUMOJETNn. B
paMKax MPOTrPAMMHOI0 KOMIIJIEKCa, Peajin30BaH MOJIY/Ib JeTEKTUPOBAHUS 1 KOMOW-
HUPOBAHUS MYJIbTUKOJINHEAPHBIX MPU3HAKOB. Pe3ynbTaThl KJIaCCH(MUKAIIUN ITOCTIEe
KOMOMHUPOBaHMS NPU3HAKOB CPABHUBAJINCH C Pe3yJbTaTaMU M3BECTHHIX METOJI0B
oTOOpa MPU3HAKOB, OCHOBAHHBIMKM HA MaKCHMHU3AIUU obocHOBaHHOCTHU. [Ipessara-
eMbIii MeTOJ, KOMOMHUPOBAHMS NPU3HAKOB MPH HAJUUUNA MYJILTUKOJINHEAPHOCTH
MoKazaJ JIydlire pe3yJbTaThl Ha CHHTETHUECKUX JaHHbIX. Ha peasbHbIX JaHHBIX
M Ha CHHTETUYECKHX JTaHHBIX MPU OTCYTCTBUHU MYJIbTUKOJJIMHEAPHOCTU 3HAUMMOTO
YXYIIIeHWsT KadecTBa TakyKe He NMPOUCXOJnT. Pe3yiabrarhl IBYXKJIACCOBON KJaccu-
(bUKaIMu ¢ TOMOIIBIO IMOCTPOEHHBIX aJIeKBATHBIX MYJILTUMOJIEIEH CPaBHUBAJIUCH C
pe3yJibTaTaMi KJIACCU(PUKAINN C TOMOIIHIO ONTUMAJILHBIX 00y UEeHHBIX MYJIHLTIMOJIE-
Jeil Ha HecKOoJbKuX Habopax jgaHubiX u3 penosutopus UCI. IIpemnparaembrit MmeTos
IOCTPOEHUS aJIeKBATHBIX MYJBTUMOJEJEH MO3BOJISIET HE TOJBKO MOCTPOUTL DOJiee
MHTEPIPETUPYEMYIO MYJIBTUMOAEIH, YTO COOTBETCTBYET 3HAUWTEIHLHOMY YMEHbBITIe-
HUIO 9HCJIa MOJeJeil B MYJbTUMOJIEH, HO U B OOJIBIINHCTBE CAyYaeB JaeT JIydIlee
Ka4YeCTBO KJaCCU(PUKAIINN.
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Crnucok OCHOBHBIX 00O3HAYEeHUMN

Marpuiib 0603HaTEHBI 3aTJIABHBIMHI MTOJIYKUPHBIMIA OYKBaMU, BEKTOPHI — TTOJIY-
YKUPHBIMHM CTPOUYHBIMU OYKBaMH, MHOXKECTBA — 3arjaBHLIMU OYKBaMMU.
X; — BEKTOp MPU3HAKOBOI'O OMUCAHUS ¢ — I'0 00'bEKTa BHIOOPKHN
Y; — 3HAUYEHHUE IeJIeBO MepeMeHHO /st ¢ — IO 00bEKTa BHIOOPKH
X — marpuIa, comeprkaliasi TpU3HaAKOBOE OMUCAHNE 00HEeKTOB
Y — BEKTOP 3HAYCHUI ICJIeBOIl MepeMeHHon
© = (X, y) — BbIOOpKA JTAHHBIX
f; — BexTop 3HAUEHMit j — ro npuzHaka,
m — KOJIMIEeCTBO 00BHEKTOB B BLIDOPKE
N — YNUCJ0 MPU3HAKOB B MIPU3HAKOBOM OINCAHWUN
K — aucio Mojeneit B MyJIbTUMOJIEIN
W — BEKTOpP TTapaMeTPOB MOJIEJIH
7T — BEKTOP BECOB MOJIeJIeid B CMECU MOJIesIeil
N(:lm, ¥) — nopMasbHOe pacrpejieseHne co CPeJHAM T 1 KOBAPHAIMOHHON MAaT-
pureit
fr — k-1 MoOJiesIb B MYJILTUMO/IE/IH
X} — 9acTh MPU3HAKOBOTO MMPOCTPAHCTRA, T/ JAefCTByeT MOJe h k B MHOTOYPOBHE-
BOI1 MOJIeJIn
T} — MHOXKECTBO WHJIEKCOB 00'bEKTOB BHIOOPKH, KOTOPBIE JIEXKAT B 00JIACTH JICHCTBUS
MOJIeJI ¢ HOMepOM k B MHOTOYPOBHEBOI MojIein
{4 — TUTIEpIIapaMeTp, 3 Ial0IINi allpUOPHOE pacipeieieHle BeCOB MOJIeNIell B CMECH
p(7|p) — anpropHOe pacrpejiesieHne BeCoB MOJieieil B cMecy Mojiesiei
A — runepnapamerp, 3aJIal0IUil AIPUOPHOE paCIIpeie/IeHIe TapaMeTpPOB Wy MO/Ie-
au k B MyanTHMOIENN
p(Wi|Ay) — anpropHOe pacrpejiesieHre TapaMeTpoB MOJET k B MyJbTUMOJIENHI

p(y|X, ™, wi, ..., Wg, i, A1, ..., Ag) — npasgonoobue Boibopkn D = (X, y)
JJId CMeCUu MoJeJiei

p(y|X, wi, ..., wg, Ay, ..., Ag) — npasponogobue Beiboprku ® = (X, y) s
MHOT'OYPOBHEBOUW MO/IeJIN

p(y, ™ w1, ..., Wg|X, 1, Ay, ..., Ag) — COBMECTHOE paCIpeIeJIeHUe JIJIs CMECH
mojiesieit uist Beibopku D = (X, y)

p(y, wi, ..., wg|X, A1, ..., Ax) — COBMECTHOE pacIpejiesieHue Jijist MHOTOYPOB-
HeBOit Mojiesm jiist Beibopku D = (X, y)

p(y|X, p, Ay, ..., Ag) — 0DOCHOBAHHOCTH JIJIST CMECH MOjiejieil s BBIOOPKU
9 =(X,y)

p(y|X, Ay, ..., Ag) — 060CHOBAHHOCTH JIJIST MHOTOYPOBHEBOI MOJIE/IH JIJIs1 BHIOOPKH
9 =X, y)

Amax(*) — MakcuMaIbHOE COOCTBEHHOE 3HAYEHWE MATPUIIHI

Amin(+) — MUHUMAJIBHOE COOCTBEHHOE 3HAYEHHE MATPHUITHI

F — marpuna 3nadennit ¢pakTopos

G — MaTpuna pazaoxKeHus: HAOJI0aeMbIX IPU3HAKOB IO CKPBITHIM (DaKTOpaM
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tr — JOCTUraeMblil ypOBEHb 3HAUMMOCTH B YCJIOBUSAX MCTUHHOCTU THIIOTE3BI O COB-
najeHnn Mojesieir ¢ nomepavu k u [
T — MaTpuna HapHbIX JOCTUTAEMBIX YPOBHEH 3HAYMMOCTU B YCJIOBUAX UCTHUHHOCTH
PUIIOTE3bI O COBIAJICHUN MOJIe/Iel
o(-) — curma-pyHKIHS
R — MHOXKECTBO JEHCTBUTEILHBIX YUCE
R* — MHOXECTBO HEOTPUIATEIBHLIX JCHCTBATENLHBIX THCEIT
M diag — MHOZKECTBO JMATOHAJIBHBIX MATPUI] ¢ HEOTPHUIATEIBHBIMU JIeMEHTAMH Ha
JIMArOHAJII
M — MHOXKECTBO HEOTPUIATEIHLHO ONPEIEICHHBIX CUMMETPUUHLIX MapPTPUI]
Dk (-, ) — mueeprennust Kynnbaka-Jleitbrepa
Djs(-, -) — paccrosiaue Jxxencona-Ilennona
(-, ) — paccrosinne XeJuIMHTEDA
(-, -) — paccrosinne Bxarradapaiia
(v, ) — nuBeprennus Bpermana, mopoxkpennas dbyHkmei F
(-, -) — cumMMeTpH30BaHHas JMBepreriust bpermana, nopoxkaernast GyHkmnuei F
, ) — f — nuBepremnus, nopoxaeHHas GyHknuei f
skL(+, ) — dyHKIMs cxo/cTBA, TOPOXKIeHHas quBeprennueii Kynnbaka-Jleiibmepa
sis(+, ) — dyHKIMs cxOMCTBA, MOpOXKIeHHAsT paccTostaueM [[xencona-Illennona
(v, ) — dyHKIUS CXOACTBA, TOPOKIEHHAST PACCTOSTHHEM XeJTHHTEepa
sg(+, -) — dYHKIUS CXONCTBA, TOPOXKIEHHAST paccTosiHueM BxarTadtapaiia
(v, ) — dbyHKIHUS CXOCTBA, MOPOK/IEHHAs TUBeprenimeii Bpermana
Sp(+, ©) — dyHKIWS CXOACTBa, MOPOXKJEHHAS CUMMETPU30BAHHON JMBEPreHIHEi
Bbpermana
s¢(+, +) — dyHKIMS cxOACTBA, MOpOXKIeHHAsT f — JUBepreHuueit
s(+, +) — mpemaraeMast (PYHKIHST CXOJICTBA S-SCOTE
Ix1.(92|91) — KL-undopmatuBHOCTL g OTHOCHTEHHO ¢
skL(+|-) — Hecummerpuanoe KL-cxomcTBO
Str(+, ) — TpUBHAJbHAS (DYHKIHSI CXOJCTBA
gla(+) — cy:kenme pacrnpenesnennsi g Ha MHOXKeCTBO A
| + | — 9uCII0 9JIeMEeHTOB B MHOXKECTBE JIJIsi CIETHOTO MHOYKECTBA, 00'beM MHOXKECTBa
JIUIST HECUETHOI'O MHOXKECTBA,
[i = j] — wnnukaTopHas QyHKIMST
O — nyseBast KBaJIpaTHas MaTPHUILA
€, — BEKTOp pasMepa N, COIACPKAIIMIA eIUHUIILI



4.1

4.2

5.1

5.2

9.3

5.4

9.9

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

Crmcok mIIOCTpaImii

Vnnroctpanusd pa3andnii MexKIy OTJIHYINEM allOCTEePUOPHBIX pacIpe-
JeJICHU TTapaMeTpPoB Tmapbl MOJIeJIeil U PA3ININMOCTHIO MOJIEJIeH.
[IpruMmep pazHBIX Mojesel, HePa3IuIUMbIX ¢ TIOMOIIBIO CHMMETPH30-
BanHoro KL-cxojcrna, € = 0.02.

['wcrorpamma pachpesenenust GyHkinun 6au3octu s-score s(gy, ga)
st p = 0.95 B 3aBUCUMOCTH OT YHCJIa OOBEKTOB BO BTOPOil BHIOOPKE
['mcrorpamma pacrpeenernst byHKIN Oau30cT s-score s(g1, §2)

165

62

83

122

st p = 0.9 B 3aBUCUMOCTH OT YHUCJIa 00BEKTOB BO BTOPOil BHIOOPKE 79123

['mcrorpamma pacnpeenennst byHKINH Oau30cT s-score s(g1, go2)

Jst p = 0.5 B 3aBUCUMOCTH OT JHCJIa 00BEKTOB BO BTOPOit BHIOOPKE Mo 124

Basucumocts P(Hy|Hp) 0T KOCHHYCHO 6JIM30CTH MEXKTY HCTUHHBIME
mapaMeTpaMu JIBYX MOJIeJei p s pa3HbIX 3HAUEHU I Yncia 00beKTOB
BO BTOPOI BHIDOPKE N9 C

[Tpumepn creHepupoBaHHONW CUHTETHIYECKON BHIODOPKU C KJIACTEPHO
CTPYKTYPOil JIJIsT pa3HbIX 3HAUCHUN m 1 0.

Basucumoctb AUC ot m, &g u wy It mocTpoeHHoit (s, «) — ajiek-
BATHOW MHOT'OYPOBHEBOI MOJIEJIH. . Coe

Basucumocts Mmunumaabaoro AUC mo kipacrepam oT m, 0g U wq JJIs
MOCTPOEHHOI (§, ) — aJIeKBATHONH MHOTOYPOBHEBON MOJIEJH.
Basucumocth pazaoctu AUC st mocTpoeHHoi (s, «) — ajieKBaTHOI
MHOT'OYPOBHEBOW MOJEJIN U MCXOIHONW MHOTOYPOBHEBOUW MOJICJIA OT M,
Basucumocth pasnoctu Muanmaabuoro AUC 1o kiacrepam jist mmo-
CTPOEHHOM (s, a) — aJICKBATHOI MHOTOYPOBHEBON MOIEIN U MCXOTHON
MHOTOYPOBHEBOI MOJIEN OT M, dg U Wy. e
['mcrorpaMMbl pacipe/iesIeHust Tucyia MoJIesieil B OCTPOeHHOM (S, ar) —
aJICKBATHOW MHOT'OYPOBHEBOW MOJEN JIJIST Pa3HbIX 3HavdeHuit K un «.
MiumocTpaliyst MHOTOSKCTPEMAJIbHOCTH COBMECTHOTO MTPaBJI0NOI00MSsT
CMECH MOJIeJIei.

Marpwuiia mapHbIX yPOBHEH 3HAUMMOCTH B YCJIOBUSX UCTUHHOCTH TI'd-
IOTEe3bI O COBIIAIEHUN MOJeJeit

Marpuiia mapHbIX ypOBHEH 3HAUUMOCTH B YCJIOBUSAX UCTHHHOCTHU TI'd-
IMOTE3hbl O COBIAJACHUN MOJIEJICi

Basucumocts AUC Ha Kpocc-Baaugalny OT MapaMeTpa OTCEUeHus 0
KOPPEJISIAN pg JJIsT PA3HBIX M, Wy, £0-

CpaBHeHne MOJIEIN ¢ KOMOMHIPOBAHHBIMU IPU3HAKAMHU C OINTHMAJIb-
HOW MOJIENIHIO W MOJIEIBIO ¢ MCXOAHBIMU TTpu3HakaMu st wy = 0.1 .
CpaBrenne Mojien ¢ KOMOMHUPOBAHHBIMY TTPU3HAKAMHI C OTITHMAJIb-
HOI MOJEJIBIO U MOJIEJIBIO ¢ UCXOMHBIMU Ipu3HakaMu JJisd wy = 0.25 .
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5.17

5.18

5.19

5.20

5.21

Cpaprenne MoJeJ I ¢ KOMOMHUPOBAHHBLIMI PU3HAKAME C OTITHMAJIh-
HOI MOJEJIHIO W MOJIEJIHIO C MCXOMHBIMU Mpu3HakaMu Juisd wy = 0.5 .
Basucnmocth AUC Ha Kpocc-BaJinaliny OT ImapaMeTpa OTCeYeHHUs 10
KOPPEJSIIN Py JJs PA3HBIX M, Wq, £0-

Cpapuenne MoJeJ ¢ KOMOMHUPOBAHHBLIMI PU3HAKAME C OTITHMAJIh-
HOI MOJIEJIHLIO W MOJIEJIBIO C MCXOAHBIMU Npu3Hakamu st wy = 0.1 .
Cpapuenne MoJeJ ¢ KOMOMHUPOBAHHBLIMI MPU3HAKAME C OTITHMAJIh-
HOI MOJEJIBIO U MOJIEJIBIO ¢ UCXOTHBIMU IMpu3HakKaMu g wy = 0.25
CpaBHenmne MOJEIN ¢ KOMOMHUPOBAHHBIMU TTPU3HAKAMU ¢ OMTHMAJIh-
HOIl MOJIEJIBIO M MOJIEJIBIO ¢ UCXOMHBIMU Ipu3HaKaMu JJIsd wy = 0.5 . .
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5.1

5.2

9.3

5.4

9.9

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

Croucok TabJmix

CpaBHeHnne NCxXoQHOH MHOTOYPOBHEBOI MOJIENIN 1 TTOCTPOEHHOI 110 Heil
(s, @) — ajIeKBaTHOIT MHOTOYPOBHEBOI MOJIEJIN JIJIsT TAHHBIX TI0 HEMETT-
KUM noTpedbuTebckum kpejauram npu o = 0.05. . .

CpaBHeHnne NCxXoQHOH MHOTOYPOBHEBOI MOJIENN 1 TTOCTPOEHHOI 110 Heil
(s, @) — ajIeKBaTHOIT MHOTOYPOBHEBOI MOJIEJIN JIJIsT TAHHBIX TI0 HEMETT-
KUM rorpedburesbckum kpejantam npu o = 0.001. S
CpaBHeHHE TOCTPOEHHOM (s, a) — aJIeKBATHO MHOTOYPOBHEBOU MO-
JIeJIN C UCXOHOM U C OJIMHOYHOMN JIOTMCTUYECKON MOJIEJIbIO.
MiutocTpaliyst BHIPOXKJIEHHOCTH HeIMaroHaJibHOM OIEHKN MaKCUMYyMa,
0DOCHOBAHHOCTH JIJIT KOBAPUAIMOHHONW MATPHIILI MapaMeTpoB JIOTH-
CTUYECKON MOJICIIN JIJIs1 CJIyYast apaMeTPOB OJIHOIO 3HaKa, W — W1 —
1, 1]".

MiumocTpaliust BHIPOXKJIEHHOCTH HeIMaroHaJIbHOM OIEHKN MaKCUMYyMa,
0DOCHOBAHHOCTH JIJIT KOBAPUAIMOHHONW MATPUIILI MapaMeTpoOB JIOTH-
CTUYECKOU MOJean JJId cjIydasl mapaMeTpoB Pa3HbIX 3HAKOB, W —
wy=[1, =1]". . . .

NnmocTpanus BHIPOXKIEHHOCTH HeTUArOHATHHOM OMEHKN MaKCUMyMa,
0DOCHOBAHHOCTH JIJIsi KOBapPUAITMOHHON MATPHUIIBI MapaMeTPOB JIOT'H-
CTUYECKOU MOJIEIN JIJI CIIyUas TapaMeTpOB OJHOIO 3HaAKa, W — W1 —
[1, 1]7 B ciry9ae KOppeIMPOBAHHBIX TPU3HAKOB.

MiutocTpaliyst BHIPOXKJIEHHOCTH HeIMaroHaJIbHOM OIEHKN MaKCUMYyMa,
0DOCHOBAHHOCTH JIJIT KOBAPUAIMOHHONW MATPHIILI MapaMeTpoB JIOTH-
CTUYECKON Mojean JJis cjydas IlapaMeTpoB pPa3HbIX 3HAKOB, W =
wi = [1, —1]" B citydae KOppeIUPOBAHHBIX TTPU3HAKOB. o
Pesynbrarsl moctpoenunsi Mysnbrumojeseii n (s, a) — aJleKBaTHBIX
MYJBTUMOJIECH JIJIsT KIACCU(PUKAIINN JIAHHBIX 110 HEMENKUM IMOTpe-
OUTETLCKUM KPETUTAM. Co

Pesynbrarsl moctpoenunsi Mysnbrumogeseii u (s, a) — aJleKBaTHBIX
MYJBTUMOJIETCH I KIACCUMUKAIINNA TAHHBIX 10 JOKAJIU3AIH OeJI-
KOB B KJIETKE.
PesynbraTsl mocTpoeHust MysibTUMOJeael u (S, ) — aJeKBATHBIX
MYJbTEMOJIETeH I KaaccuuKaIu JTAHHBIX 110 KauecTBY Oeoro
BUHA.
PesynbraTsl mocTpoeHust MysibTUMOJEael u (S, ) — aJeKBATHBIX
MyJIbTUMOJICICH  JIJIsT  KJIacCuPUKAIMKU JAHHBIX 110 3a00JIeBaHUSIM
cepana B FOxmnoit Adpuke.
PesynbraTel mocTpoeHust MysibTHMOJEael u (S, ) — aJeKBATHBIX
MYyJIBTUMOJIEEH JIIst KiaaccuUuKaluy JJAHHBIX 110 IleHaM JIOMOB B bBo-
CTOHE.
Pesymnbrarsr moctpoennst cMeceit Mojiesieit n (s, o) — aJIeKBaTHBIX CMe-
ceil Mojiesieit ¢ aBTOMaATHIECKAM BLIOOPOM UHCJIA MOJIENIEH B CMECH.
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